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Total forcing number of the triangular grid

DAMIR VUKICEVIG* AND JELENA SEDLART

Abstract. Let T be a square triangular grid with n rows and
columns of vertices and n an even number. A set of edges E C E(T)
completely determines perfect matchings on T if there are no two dif-
ferent matchings on T coinciding on E. We establish the upper and the
lower bound for the smallest value of |E|, i.e. we show that
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and show that |E|/|E(T)| tends to 5/12 when n tends to infinity.
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1. Introduction

The connection between graph theory and chemistry is very important (see [7],[8]).
Especially, the concept of perfect matchings [5] from graph theory is related to
study of benzenoids [2]. Therefore, most of the study of perfect matchings has been
restricted to hexagonal systems [4],[10].

Recently, other classes of graphs have been considered too. For example, the
notion of forcing number was introduced by Harary et al. in [4] as follows.

Let G be a graph that admits a perfect matching. The forcing number of a
perfect matching M of graph G is defined as the smallest number of edges in a
subset S C M, such that S is in no other perfect matching.

In [6], the lower and the upper bound for forcing number of a perfect matching
on a 2n x 2n square grid.

A similar problem is considered in this paper and the attention is restricted to
square triangular grid 7" with n rows and columns of vertices and n even number.
We say that the set of edges E C E(T') completely determines perfect matchings
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on T if there are no two different matchings on T coinciding on E. Our main result
establishes the upper and the lower bound for |E|/ |E(T)| which read

5 21 41 5
—n2——n+Z§|E\§Zn2+n—2 (2)

and shows that |E|/|E(T)| tends to 5/12 when n tends to infinity.

2. Preliminaries

In this paper we use standard graph theoretical terminology [1],[9].
Let T be a square triangular grid with n rows and columns of vertices and n an
even number. The figure below shows a triangular grid for n = 4.

Figure 1.

Obviously, this graph is isomorphic to graph in the following figure.

Figure2.

The set of edges E completely determines perfect matchings on T if there are
no two different matchings on 7' coinciding on E. Our goal is to determine the set
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of edges E which completely determines perfect matchings on 7" and has a minimal
number of edges, i.e. |E| is minimal.

Let G denote a subgraph of T for which V(G) = V(T)\E, with v, e, f denoting
the number of vertices, edges and faces in G, respectively. Obviously, if |E| is
minimal, then e is maximal. Since G is planar, v — e+ f = 2. Consequently, f must
be maximal as well.

Let D be a dual graph of the graph T without a vertex corresponding to an
unbounded face of T. The figure below shows a dual graph on the triangular grid
for n = 4.

Figure 3.

Let d; be a vertex in D corresponding to face ¢ in T, then d; belongs to face f of
graph G if ¢ C f. The following figure shows arbitrary graph G on triangular grid
(n = 4). Not all vertices from D are shown, but only those which belong to the
same face f.

L]
L L
L
L]
Figure4.

For each face f in G, the dual graph of face f (denoted by Dy) is defined as a
subgraph of D induced by all vertices d; € V(D) which belong to face f. For each
face f in G, let vy denote the number of vertices in Dy and ey the number of edges
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in Dy. The figure shows dual graph Dy of the same face f chosen on the previous
figure (note that vy =5, ey = 4).

Figureb.

Let vertices in V(T') be denoted as follows, v = v;; if v is in the i—th row
and the j—th column. Vertices {v; ; : ¢ =1,n or j=1,n} shall be called border
vertices in T. All other vertices in T shall be called interior vertices of T.

3. Upper bound

Let us consider subgraph G; of square triangular grid 7' which is shown in the
following figure.

Figure6.

Since the number of vertices is odd, there is no perfect matching of its vertices,
i.e. at least one of the vertices has to be matched with a vertex outside of V(G1).
It is readily seen that there are no two different perfect matchings of the rest of
vertices in G.

Let us define Ry ; = {v;; : 1 +2k <i <342k, 1+20<j<3+2l}fork,l
0,...,(n—2)/2—1. Now, let G,, be defined as a subgraph of T such that V(G,,)
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V(T) and each of the subgraphs of G,, induced by the set of vertices Ry, ; is isomor-
phic to G1. The figure shows such G,, on the square triangular grid for (n = 6).

Figure7.

Since there are no two different matchings on Gy, the set of edges E = E(T)\E(G»)
completely determines perfect matchings on T.
So, graph G,, can serve as a lower bound for G.

Theorem 1. |E| < 2n? +n —2

Proof. First note that

|E(Gn)|:2g(n—2)+3<n;2) :£n2—5n—|—3 (3)

and
|E(T)| =2n(n—1)+ (n—1)*> =3n* —4n + 1. (4)

Since G is such graph that E = E(T)\E(G) completely determines perfect match-
ings on T and |E| is minimal, it obviously follows that |E(G)| > |E(G,,)|. Hence,

[B] = |E(T)| ~ |EG)] < |E(T)| ~ |EGy)| = Sn+n—2. (5)

O
Herefrom it readily follows that:

Corollary 1. When n tends to infinity then |E|/|E(T)| < 5/12.
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4. Lower bound

We start with two arbitrary results.

Lemma 1. In G there are no cycles of length 4 with all 4 vertices in interior
of T.

Proof. Let us suppose there is cycle C' of length 4 in G with all vertices in
interior of T. There are three possibilities for such cycle:

a) (Vijr1Vig1,j410ig2,0i41,5), 1=2,...,m—=3, j=2,...,n—2,
b) (Vij41vijroVier j41Vig1,5), =2,...,m—2, j=2,...,n—3,
) (VijVij41Vig1,j+1Vig1j), 1=2,...,n—2, j=2,...,n—2.

In each of these cases, vertices from V(T')\V(C) can be perfectly matched in T'
as shown in following figures.

Figure 8.

Since vertices in V(C') can be perfectly matched in two different ways, there are

two different perfect matchings in 7" which coincide on E and that is a contradiction.
O

Lemma 2. Let C be any cycle in T and G¢ a corresponding dual graph. The
number of vertices in C' and the number of vertices in G¢ have the same parity.

Proof. The proof is by induction on v(G¢). If v(G¢) = 1, then v(C) = 3, so
they are obviously of the same parity. Suppose that v(G¢) and v(C) are of the
same parity for every cycle C' such that v(G¢) = n.

If a vertex is added to G¢ in order to obtain G where G¢» is a new cycle in
T, then v(G¢r) = n+ 1 and thus parities of v(G¢) and v(G¢r) are different. It is
sufficient to prove that parity of v(C) and v(C”) are different too.

A vertex can be added to G¢ in two different ways:

a) new vertex is of degree 1 in G¢v and

b) new vertex is of degree 2 in G¢r.
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In case a) cycle C’ has one vertex more than C, and in case b) one vertex less,
and so in both cases parities of v(C) and v(C") are different. O

Face f in G will be called an i—face if v; = 4. 1—faces will be called triangles
and i—faces for ¢ > 2 will be called multifaces. Lemma 1 immediately yields that
there are no 2—faces in G (i.e. each face in G is a triangle or a multiface) and also
that two triangles cannot be neighboring (i.e. each triangle is neighboring to three
multifaces in G). Multiface f is said to be cyclic (acyclic) if Dy is a cyclic (acyclic)
graph.

Let F'(G) denote the set of faces in G. Let

_ Xjer(@) Vs
U(wg(G) = W (6)

Since
_ Lyer@ ¥ _ 2(n—1)?
Vavg(G) Vavg (G)

if Vgug(qyis determined, number |F(G)| which is of our interest is also determined.

|F(G)]

(7)

Lemma 3. Let G1 be a subgraph of G induced by vertices
{vij:2<i<n-1, 2<j<n-—1}.

Then vayng(G1) > 8/3.

Proof. To prove the lemma, partition of F(G) will be made, but prior to that
the following notions will be needed. Let f be an arbitrary acyclic multiface and ¢
a triangle neighboring to f. Let Dy denote subgraph of dual graph D induced by
vertices d; which belong to f or ¢. Triangle ¢ is said to make face f cyclic if Dy is
cyclic.

Set F'(G1) is then divided in the following subsets:

1. set FY| of all triangles in Gy,

2. set F} of all cyclic multifaces in Gy,

3. set F3 of all acyclic multifaces in G; with even vy,

4. set Fy of all acyclic multifaces in G with odd vy and no neighboring triangles,

5. set FY of all acyclic multifaces f in G; with odd vy with neighboring triangles
at least one of which does not make f cyclic,

6. set Fg of all acyclic multifaces f in G; with odd vy with neighboring triangles
all of which make f cyclic.

The following redistribution from F] to F} and F{ is then made: for each mul-
tiface f in F{ we add to F} one triangle from F] which makes it acyclic, and for
each multiface f in F} we add to F§ one triangle from F| which neighbors f. This
results in new sets Fi,... , Fg.
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Since Fi, Fy, F3, Fy, F5, Fg is a partition of F(G1), we have|F(G)|

6
Vavg(G1) = % (8)

For each face f in G let t¢ be the number of triangles from F; neighboring f. Since
each triangle in F} neighbors three multifaces it follows

Z?:z dser, (vr + %tf) 9)
[F(G))] '

Vavg (G1) =

Let ¢ be an arbitrary constant. If 3, (vf + 3t5) > €Y ter (14 3ts) for every
i=2,...,60rvs+ 2ty >c(1+ its) for every i =2,...,6 and every f € F;, then

Z?:z ZfeF,i (Uf + %tf) > Z?:z EfeF,i ¢ (1 + %tf)

Vavg(G1) = \F(Gy)] Z \F(GY)]
_ CZ?:z ZfGFi (1 + %tf) . CZ?:Q (|Fl| * ZfeFi %tf>
|F(GY)] B [F(Gh)]
_c|F(Gy)| _
|F(GY)

So it is sufficient to prove vy + %tf > %(1 + %tf) or simplified vy > 24 + 5ty
for every i = 2,...,6 and every f € F;. Note that for every multiface f in G,
ty < 3vy — 2eyp.

Case i=2:
Suppose contrary, i.e. 9vy < 24 4 5ty. Since t; < 3vy — 2ey for every f € Fy it
follows
vy < 24+ 5ty < 24+ 5(3vy — 2e5) = 24 4 1505 — 10ey, (10)

6vs > 10es — 24. (11)

Since each f € Fy is cyclic we have ey > vy so
6vy > 10ey — 24 > 10vy — 24, (12)

vf > 6, (13)

which is a contradiction because only cycles in D are of length > 6, so in order for
f to be cyclic it has to be vy > 6.

Case i=3:

Suppose contrary, i.e. 9vy < 24 4 5ty. Since t; < 3vy — 2ey for every f € F3 it
follows 6vy > 10ey — 24. Every multiface f € F3 is acyclic so ey > vy — 1 and thus
it follows vy < 8.

Let Cy denote a cycle consisting of edges and vertices on the border of the face
f. Since vy is even, according to Lemma 2 so is |V(Cy)|, and therefore vertices in
Cy can be perfectly matched in two different ways. If vertices in V(T)\V(C}) can
be perfectly matched, then there are two different perfect matchings on 7" which
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coincide on E (those two perfect matchings differ only on the cycle Cy which is in
G and thus not in E).

To prove that all vertices from V(T')\V(C) can be perfectly matched first note:
if v; ; € V(Cy), then, since vy < 8, one of the following statements is true:

a) there is no I, m such that | < i < m and v; j,vm ; € V(Cy), v j € V(Cy) or
b) there is no I, m such that | <i < m and v;;,v;m € V(Cf), vij € V(Cy).

Without loss of generality suppose a). Subgraph of T" induced by set of vertices
{vij 141 <1 <i9, j1<j<jo} will be called a rectangle. Furthermore, the set of
vertices {v; j : i =11, j1 <j <jo} will be called the upper border of a rectangle,
and the set of vertices {v; j : i =12, j1 <j < jo} will be called the lower border
of a rectangle.

Let

imin = min{i: v, ; € V(Cy)},
imax = max {i:v;; € V(Cy)},
Jmin = min{j : v; ; € V(Cy)},
Jmax = max{j :v;; € V(Cy)}.

If jmax — Jmin is 0odd, let /.. = jmin — 1, else let j/ . = jmin. Let R; denote the rec-
tangle induced by {v; ; : imin < < imaxs Jiin < J < Jmax + 1} and Ry denote the
rectangle induced by {v;; : imin —1 <@ <imax + 1, Jhin < J < Jmax + 1}. Note
that the number of vertices in Ry is even and that vertices from V(R1)\V(Cy) can
be matched so that only unmatched vertices remain on the upper and the lower
border of R;.

Let us prove that all unmatched vertices on the upper border of R; and vertices
on the upper border of Ry can be perfectly matched. The proof is by induction by
number of pairs of matched vertices on upper border of R;.

If there is only one pair of matched vertices, i.e. vertices v;; and v;,, then
vertices v; 1, for kK <1 < m, are matched by v; 19,1141, vertices v;_1; and v;—1 141
are matched with each other, and all other unmatched vertices on the upper border
of Ry can be matched by v; jv;_1.

Upper border of Rz

Upper border of R,
® - matched O -unmatched

Figure9.

Suppose perfect matching is possible when there are n unmatched pairs on the
upper border of R;.

If there are n + 1 matched pairs on the upper border of R;, one pair can be
matched like in the base of the induction, and the rest by supposition.
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Analogously, a perfect matching of all unmatched vertices on the lower border
of Ry and vertices on the lower border of Ry can be obtained. Thus, we have a
perfect matching of vertices from V(R2)\V(C}). Since the rest of the vertices in T’
is readily matched, a perfect matching of V(T")\V(C}y) is obtained.

Case i=4:
Note that ¢ty = 0 for every f € Fj. So what has to be proved is 9vy > 24. Since
each f € Fy is multiface vy > 3, so it has to be vy > 27 > 24.

Case i=5:

Set Iy consists of all acyclic multifaces f in Gy with odd vy which have neigh-
boring triangles at least one of which makes f acyclic and that one triangle is added
to Fy for each multiface F5. So each pair of multiface f and the corresponding tri-
angle can be considered as a new face f’ which is acyclic in G; with vy < 8 and
vy even. Then this case reduces to case i = 3.

Case i=6:
In this case Y pc g (v5 + 5t5) > § 2 pep, (14 3t5) will be proved. Since vy =1
and ty = 0, when f is a triangle, this inequality can be written as

1 8 1
14+ -t | > < 14+1+ =t 14
> <Uf+ +3f>3 > (+ +3f> (14)
feFs fEFs
f—multiface f—multiface

so it is sufficient to prove (vf +1+ %tf) > % (1 +1+ %tf) for each multiface f € Fg
or simplified 9vy > 39 + 5t;.

Suppose contrary, i.e. 9vy < 39 4 5ty. Note that in this case a better upper
bound for t; can be obtained, i.e. ty < (3vy —2ey —2) /2, since every triangle
neighboring multiface f € Fg makes f cyclic. Thus,

vy —2ef — 2
v < 39 + 5ty g39+5%, (15)
vy < 68 — 10ey. (16)
Since every multiface f € Fg is acyclic, we have ey > vy — 1 and therefore

3vy < 68 — 10ey <68 — 10 (vy — 1) = 78 — 10vy, (17)

78
— =6. 18
vr < I3 (18)

Since vy is odd and there must be at least one triangle neighboring to f which
makes f cyclic, only possibility is vy = 5. But in that case t; = 0, so it must be
vy < 39 which is a contradiction because vy =9 -5 = 45 > 39. O

Now the upper bound for |E(G)|/|E(T)| in the asymptotic case can be deter-
mined.

Theorem 2. |E| > 2n? — Zn+ 1L
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Proof. Since v4.,4(G1) > 8/3, and EfeF(Gl) vy < 2(n —1)% it follows

v n—1)2
|F(Gy)| = ZJ;ZEZE) LA 8/31) : (19)

Furthermore, since |F(G)\F(G1)| < 8 + 8(n — 2), it follows

2(n 1) 3., 13 29
F < - —2) = = n - = 9
|[F(G1)| < 83 +8+8(n—2) " + 5" (20)
Since G is planar, |V (G)| — |E(G)| + |F(G)| = 2. Consequently,
7 13 37
[B@) = V(@) +|F@G) -2< n*+ n— . (21)
Therefore, |E| = |B(T)| - |E(G)| > 3n? — Zn + 4L, 0

Herefrom it readily follows that:
Corollary 2. When n tends to infinity then |E|/|E(T)| > 5/12.

We can conclude from Corollary 1 and Corollary 2 that |E|/|E(T)| tends to
5/12 when n tends to infinity.
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