MATHEMATICAL COMMUNICATIONS 511
Math. Commun. 17(2012), 511-524

Stability of Fréchet functional equation in non-Archimedean
normed spaces®

ALIREZA KAMEL MIRMOSTAFAEE!:!

L Center of Excellence in Analysis on Algebraic Structures, Department of Pure
Mathematics, Ferdowsi University of Mashhad, P.O. Box 1159, Mashhad, Iran

Received May 4, 2011; accepted February 13, 2012

Abstract. We will establish stability of Fréchet functional equation

Aiyyen f(y) =0

in non-Archimedean normed spaces for some unbounded control function. Among some
applications of our results, we will give a counterexample to show that the nature of stability
in non-Archimedean normed spaces is different from one in classical normed spaces.
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1. Introduction

In 1821, in his famous book [5] A. L. Cauchy proved that a continuous mapping
f:R — R is additive if and only if there is some ¢ € R such that f(z) = cx for each
x € R. Since then, the additive functional equation f(x+y) = f(z)+ f(y) is known
by his name.

Let X and Y be linear spaces. For a function f: X — Y and x € X, let

Apfly) = fle+y) - fly) (yeX).

Inductively, we define

AL e f) =A% (B f(Y) (g2, 2 € X).
Ifxy ==z, =z, we write A f(y) = A fly), where z,y € X.

It is known that a function f : R — R Witﬁ, f (07)1 = 0 satisfies the Cauchy equation
if and only if A2 f(y) = 0 for each z,y € R (see e. g. [2]).

In 1909, M. Fréchet [7] had showed that a continuous mapping f : R — Ris a
polynomial of degree n if and only if Agi}wnﬂf(()) =0 for each z1,...,2p41 €R
(a simpler proof of this fact can be found in Lemma 2 of [2]).

A function f: X — Y is called a polynomial of degree n if it is a solution of the
Fréchet functional equation of degree n + 1,

A e, f0)=0. (1)

T1,..
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The concept of stability of a functional equation arises when one replaces a func-
tional equation by an inequality which acts as a perturbation of the equation. In
1940, Ulam [21] posed the first stability problem. In 1941, Hyers [10] gave the
first significant partial solution to his problem. Th. M. Rassias [19] improved Hy-
ers’ theorem by weakening the condition for the Cauchy difference controlled by
[lz||” + ||ly||P, p € [0,1). Taking into consideration a lot of influence of Ulam, Hyers
and Rassias on the development of stability problems of functional equations, the
stability phenomenon that was proved by Th.M. Rassias is called the Hyers—Ulam—
Rassias stability.

In [3], L. M. Arriola and W. A. Beyer initiated the study of the stability of func-
tional equations in non-Archimedean spaces [20]. In fact they established stability
of Cauchy functional equations over p-adic fields. In [15], [16] and [18] the stability
of Cauchy, quadratic and quartic functional equations in non-Archimedean normed
spaces were investigated.

The stability of Fréchet functional equation was initiated by D. H. Hyers in [11].
In 1999 this result was generalized by Borelli et al. [4]. Other versions of this problem
have been recently considered by some authors (see, e. g., [1, 6, 8, 12, 14, 17, 22, 23]
and the references therein).

In this paper, we adopt some ideas from [4], [11] and [15] to establish stability
of Fréchet functional equation of degree m — 1, m > 2, in non-Archimedean normed
linear spaces. More precisely, we will show that if f: X — Y satisfies

1AL e FOly < em(llzallx, - llzmllx) (21,0 2m € X)),

(where X and Y are two non-Archimedean normed vector spaces over the same non-
Archimedean vector field K) for a suitable control function ¢, : R — R, there
exists a unique polynomial p,,_1 : X — Y of degree at most m — 1 such that

1 (@) = pma(@)lly < KT om(llz]lx, - ll2llx) (2 € X),

where k is the smallest positive integer k¥ € K with [k| < 1 and 0 < p < 1. In
section 3, among some applications of our results, we will give an example to show
that Hyers’ theorem in [11] cannot be applied in non-Archimedean normed spaces.
Therefore, Fréchet stability phenomenon in non-Archimedean normed spaces is of
different nature from the one in classical normed spaces.

2. Results

Let K be a field. A non-Archimedean absolute value on K is a function || : K — R*
such that for any a,b € K, |a+b| < max{|al,|b|}, |ab] = |a||b|, and |a| = 0 if and only
if a = 0. The last inequality is called the strong triangle inequality or ultrametric
inequality. It is important to note that all valued field K has zero characteristic. In
particular, this implies that, if (K, |-|) is a non-Archimedean field with a non trivial

absolute value |- |, then Q < K and we will assume in all what follows that Q C K.
Let X be a linear space over a scalar field K with a non-Archimedean valuation
| -|. A function || . || : X — Ry is a non-Archimedean norm (valuation) if it is a

norm over K with the strong triangle inequality (ultrametric inequality); namely,

|z + yll < max{|[«], [[yl|} (z,y € X).
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Then (X,]|| . ||) is called a non-Archimedean normed space. By a complete non-
Archimedean normed space we mean one in which every Cauchy sequence is conver-
gent. It is important, for our objectives, to note that any non-Archimedean vector
space X over a non-Archimedean valued field K is also Q-vector space, since Q C K.

Hereafter, unless otherwise is explicitly stated, we will assume that X and Y are
non-Archimedean normed spaces over a non-Archimedean field K with a valuation
| -] and Y is complete. Furthermore, we suppose that k € K is the smallest positive
integer with |k| < 1 and, for each m > 2, we assume that ¢, : R? — R is a
non-decreasing mapping with respect to each variable on R’ such that for some
0<p<l,

(k|7 1y R ) S K[ TPom(te, . tm) (B, tm) €RT. (2)

For example, @, (t1,. .., tm) = max{t],... 8}, t1,...,t, € Ry, satisfies the above
conditions. We first prove the main result of this paper in the following special case.
Although its proof is similar to that of [15, Theorem 2.1 ], but for the sake of
completeness and self-containment, we give here a direct proof.

Theorem 1. Let f: X — Y satisfy the inequality
1822, FO)lly < @2(llz1]lx, [[22llx) (21,22 € X), 3)
Then there exists a unique additive mapping My : X — 'Y such that
1f (@) = £(0) = Mu(2)[ly < [K["Pa(llzllx, llz]lx)  (z € X). (4)
The function M is given by the formula
My(@) = lim K"Ap, f(0) (z € X).
Proof. By (3), we have
1f (21 + 22) = f21) = f22) + FOly < a(llaallx, [le2llx) (21,22 € X). ()
Let g = f — f(0). Then by (5) we have
llg(z1 + 22) — g(x1) — g(@2)lly < @2(llaallx, [lz2llx) (z1,22 € X).  (6)
We will show that for each x € X and 2 < j <k,
llg(Gz) = dg(@)lly < @a(llzflx,[|z]|x), (z € X). (7)
Put 21 = x2 = z into (6) to obtain
lg(22) = 29(2)lly < @a(llzllx, llzllx), (z € X).

This proves (7) for j = 2. Let (7) hold for some 2 < j < k. Replacing x1 by x and
y by jx in (6), we see that

lg((G + D)) = 9(z) — 9(G2)lly < pa(llzllx; [lizllx) = e2(ll]lx, [l2llx),  (8)
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for each x € X. Since
9(G +Dz) = (G + Dg(x) = 9((G + V)z) — g(z) — 9(jz) + 9(jz) — jg(x)
for each x € X, it follows from (8) and our induction hypothesis that
(G + D)) = (G + Dg(@)lly < max{|lg((j + 1)z) — g(z) — g(jz)lly,
lg(iz) = jg()[ly}
< pa(llzllx, llzllx) (= € X).
This proves (7). In particular,
llg(kz) — kg(x)lly < pa(llzllx,[lzllx) (z € X). (9)
It follows that for each n € N and z € X,
1" D g(k™ D) — kg (k™) |y < [k Do (|lk x|k "2 |x)
< k"o ([fllx ) (10)

Since the right-hand side of the above inequality tends to zero as n tends to infinity,
it follows from the altrametric inequality and (10) that {k"g(k~"x)} is a Cauchy
sequence in Y. Thanks to completeness of Y, Mj(z) = lim,,— o0 k" Ap—n, f(0) =
lim,, o k"g(k~"x) for each « € X exists. Since for each n > 1 and z € X,

lg(z) — k"g(k™"2)||x = ||k 'g(k™ V) — K g(k™'x)|ly
=1

max{ k" g(k~"Va) — k'g(k~'z)|ly : 1<i<n}
kP o(llzllx, 2] x),

IAIA

the inequality (4) holds. The additivity of M follows from the following inequality.
IMi(z +y) — Mi(z) = Ma(y)lly
= lim |[k"g(k™"(z +y)) = k"g(k™"x) = k"g(k"y)|ly

< Tim W0 Pg(lellx, llyllx) =0 (r,y € X).

Let M) be another additive map such that
1f (@) = £(0) = My(@)lly < [E[Pea(llzllx, ll2llx) (2 € X).
Then by the altrametric inequality
[IMi(z) = M (@) < [E]Poa(l2]lx, ll2llx) (2 € X).
Therefore for each n € N and € X, we have
[IMi(z) = M (2)]| = [[F" M (k™" z) — "M (k™" 2)]|
< [k["ea((lk ™" x, 1~z x)
< [k P (||l x, 2] x).

Since the right-hand side of the above inequality tends to zero as n tends to infinity
My = M.
O
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In order to extend Theorem 1, we need to the following definition.

Definition 1. Let X and Y be two arbitrary Q-linear spaces. A function T : X" —
Y is called n-additive if it is additive with respect to each variable. It follows from
the definition that if T : X" — Y is n-additive and f : X — Y is defined by
flz) =T(z,...,x), then for eachr € Q and z € X, f(rz) =r"f(z).

A function M : X —'Y is said to be a monomial of degree n if M(rz) = r" M(x)
forallz € X and r € Q.

We call a function p : X — Y a transformation of degree n if p(z) = Mo(z) +
<o 4+ My (x), where M; is a monomial of degree i for 0 < i < n and M,, is not
identically zero.

S. Mazur and W. Orlicz proved the following.

Theorem 2 (see [13]). Let M : X — Y, where X andY are Q-linear spaces. If M
is a monomial of degree m, then there is a unique symmetric m-additive mapping
T:X™ —Y such that

Mz)=T(z,...,z) (reX).

The mapping T is defined by the formula

1
T(x1,...,Tm) = %AQTMM(:E) (z,21,...,2m € X).
In particular, if M is a monomial of degree at most m, then A;"lf}.7mm+lM(x) =0

for each z,z1,...,2m41 € X.

It follows immediately from Theorem 2 that for any transformation p: X — Y
of degree at most m,

Am+l p(a:):O (33,.131,...,$m+1EX).

L1y Tm+1

The authors in [13] have shown that the converse of this statement is also true. So
that we have the following.

Corollary 1. Let X and Y be Q-linear spaces. Then for a mappingp: X — Y,
the following is equivalent.

(1) p is a transformation of degree (at most) m;
(2) p is a polynomial of degree (at most) m.

Lemma 1. Let f: X — Y satisfy the inequality

1f(z+y)=f (@)= f(y)+f(0) = Qx, y) = M(z, Y)lly < e2(llzllx, llyllx) (z,y € X),
(11)

where Q(x,y) is a polynomial of degree at most m — 2 with respect to x and M(x,y)

is a monomial of degree m — 1 with respect to x, (m > 1). Then

M () = %M(m,x) (€ X)
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defines a monomial of degree m. Moreover, we have

1

Mipn(z) = — lim K"™ARL f(0) (@ € X)),
and 1
M(z,y) = ——— lim k""I"ATTL 6(0,y)  (z,y € X)

(m — 1)! n—00
where g(z,y) = f(z +vy) — f(z) for each z,y € X.

Proof. By Theorem 2, there exits a function 77 : X™ — Y which is additive and
symmetric with respect to the first m — 1 variables such that

M(z,y) =Ti(z,...,z,y) (z,y € X) (12)

and

1

mAwl,...,wmflM(xvy) (T, 21, Tp—1,y € X).

Tl(l‘l,...,.]?m_l,y) =

Put T(xla cee axm—lay) = (m_ 1)!T1($1, cee 7xm—1ay)7 (xlw - Tm—1,Y € X) Then
Azl,...,xm_lM(xay) = T(‘Tla oo axm—lay) (xaxla oy Im—1,Y € X)

Let P,,—1 denote the set of all permutations on {1,...,m — 1}. Thanks to (11), it
follows that for each x1,...,Zm_1,y € X,

||A’rxnl,..4,a;m,1,yf(0) - A;nij.l.,xmfl Q(O7 y) - T(.I‘l, sy Tm—1, y)HY (13)

J
< max{pa(|| Y zollx, llyllx) : 1< j <m—1,0 € P}
i=1

.....

= 0 for each z1,...,2,-1,y € X. Moreover, by the ultrametric inequality for each
T1,...,Tm_1 € X, we have
J
1D 2o@llx <max{|la][x :1<i<m—1} (1<j<m-—1). (14)
i=1

Since ¢ is non-decreasing, it follows from (13) and (14) that

HAwlwn;Im—hyf(x) - T(xla <y Im—1, y)HY
< max{pz(|[zi||x, [[yllx) : 1 <i<m—1}. (15)

Since m-th difference in the above inequality is symmetric in all its increments, by
interchanging x; with y in (15), we obtain

||Am1,xg ..... :cm_l,yf(o) _T(yvaP",l'mflvxl)HY (16)
< max{@s(||zillx, [|lz1]lx), e2(|lyllx, [[z1]|x) : 2 < i <m — 1}
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for each x1,...,2m—1,y € X. It follows from (15) and (16) that

||T(.’E1,...7$m,1,y) _T(y7x27'~'71’m717x1)||y (17)
< max{epa([zi|]x, [[yllx), w2 (1] Lx [lellx), e2(1yllx llza]lx) -
1§z§m—l,2§j§m—1} (xlv"'axm—lvyeX)'

Since T is (m — 1)-additive, by replacing x1 by k=™ in (17), we get to the following
inequality
IT(x1,. .y Zm—1,y) — K" T(y, 22y .., Tm—1, kK~ "21)||y (18)

< |k max {ea([K["[z1]lx [lyllx)s w2l x [lyllx),
<i<m-—1

ea(lkaal e, 161l 1), @2yl (B~ llallx)}
< K ookl ol L Tr ol ), @l s 1ol ),

Pk (il L, [K[™"[[z1llx ), e[k [yl x, (K17 [l ]|x)}

< |J|7(1=p) ) .
< [K| resem Bax ezl llyllx), e2(llzgllx [lelx),

ea(llyllx, lleallx)} (@1, wmor,y € X).

Since 0 < p < 1 and |k| < 1, the right-hand side of (18) tends to zero as n — oo.
Therefore

T(z1,...,Tm-1,y) = lim E"T(y,x2,...,Zm-1,k "x1) (T1,...,Zm-1,y € X).

n—oo

By the additivity of T" with respect to first variable, we obtain

T(x1,. . Tm—1,Y1 + Y2) = nlirréok”T(yl F Y2, X2y ey T, k1)

= lim k"T(y1,x2,...,Tm-1,k "x1)
n—oo
+ lim k"T(y2,x2,..., Tm-1,k "x1)
n—oo

=T(x1,...,Zm-1,y1) + T(21,. .., Tm—1,Y2)

for each x1,...,Zm—1,y1,y2 € X. This means that T is additive with respect to
each variable. Replace x; by k~"x; for each 1 <i < m—1in (15) and multiply both
sides of this inequality by &"("~1) to obtain

H kn(m_l)Ak*”ml,...,k*"zm_lg(oa y) - T(xla vy Tm—1, y)”Y (19)
< okl yllx)

n(m—1-p) .
<[k Lmax_ ol failx, lyllx)

for each x1,...,xym_1,y € X. Since the right-hand side of the above inequality tends
to zero as n — 0o, we have

T(wla sy Tm—1, y) = lim kn(mil)Ak_"wl7...,16_"9;,,",19(07 y) (mla ey Tm—1,Y € X)

n—oo



518 A. K. MIRMOSTAFAEE
In particular,

1 m
WT(x,...,x,y) = lim EPm=DATL 00,y)  (2,y € X).

M(z,y) =

Let M,,(z) = 2 M(z,2). The additivity of T with respect to all of its variables
implies that M,, is a monomial of degree m. Since for each x € X and n € N, we

have g(0,k™"x) = Ap-n, f(0), by putting z1 = ..., 21 = y = k~ "z in (19) we see
that )

My, (x) = mT(az, e T) = E nlingo EMTATL, F(0) (ze X). (20)
This completes our proof. O

Lemma 2. Let f,Q and M satisfy the conditions of Lemma 1 for some m > 1 and
f'(x) = f(x) = My (x) for each x € X. Then there are @', M’ : X x X — Y, where
Q' (z,y) is a polynomial of degree at most m — 3 in x and M'(x,y) is a monomial
of degree m — 2 in x such that for each x,y € X,

1 (z+y) = f(@) = f'(y)+ £(0) = Q (2, y) = M'(z,9)|ly < @2(llzllx,lyllx). (21)
Proof. We have

fla+y) = flx) = fy) + f(0) — Qz,y) — M(z,y)
=f'(z+y) = f(z) = f(y) + F(0) + M (z +y)
~Mup(z) = M (y) — Qz,y) — M(z,y) (22)
Thanks to (20), we have
Mm(z + y) - Mm(x) - MWL(y)
= %(T(ery,...,quy)fT(:E,...,:v)fT(y,...,y))

for each x,y € X. Since T is m-additive and symmetric, for each z,y € X,

——

i—terms (m—i)—terms

" /m
T(x+y,...,c+y) = (Z_>T(m7...,:lc7 Yyooos )
0 v

=T(z,...,x)+mT(z,...,z,9) + T(y,...,y)

m—2
+ ( ) "7x7 y?"')y )'
i=1

- i—terms (m—i)—terms

Therefore for each z,y € X, we have

M (@ +y) = Mm(2) = M (y)
Trlﬁ (mT( x,y)+z (m)T(aﬁ,...,x, Ysoros )) (23)

i—terms (m—i)—terms

1m 2
= W < > ey Yy Y )a

= i—terms (m—i)—terms

—
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for each x,y € X. Since T is m-additive, for each 1 <i <m — 2,

T(x,....,z, Y,...,y )
—_——  N——

i—terms (m—i)—terms

defines a monomial of degree i in 2. Therefore, the last term in (23) is a polynomial
of degree at most m — 2, which vanishes at z = 0. Let

m—2

1 m
h(zr,y) = — )T (xy. .oy, Yy, z,y € X).
(z,y) !;:1(1)( Yooy ) (zy€X)

i—terms (m—i)—terms
Then for each z,y € X, we have

/\/lm(aj + y) - Mm(x) - Mm(y) - M(‘T7y) - Q(J’J,y) = h({E,y) - Q(:my)
- Ql(xay) +Ml(x7y)a (24)

where Q'(x,y) is a polynomial of degree m — 3 in = and M’(z,y) is a monomial of
degree m — 2 in x. Therefore, the Lemma follows from (11), (22) and (24). O

Now, we are ready to state the main result of this paper.

Theorem 3. Let f: X — Y for some m > 1 satisfy

1Az,,.an fOly < om(llzallx, .. lomllx)  (21,...,2m € X)) (25)
Then there exists a unique polynomial p,,—1 of degree at most m — 1 such that
1f(@) = pm-1(@)lly < (k7" P (lz]lx, .., llzllx) (z€X).  (26)

The polynomial p,,_1 is given by the formula
Pm-1(2) = f(0) + Mu(z) + -+ + Mma(2) (2 € X),

where each M; is either a monomial of degree i or identically zero (1 <i <m—1).
Finally, for each x € X,

1 : n(m— m—
Min-1(w) = o Jim k™ALL F(0)
and for each 1 <i<m—1,
1 ) . m—1 )
Mi(x) = 5 lim k' Aj, £(0) — S ALL M(0)p (zEX). (27)

j=i+1

Proof. We first prove uniqueness assertion of the theorem. Let p,,_1 and p/,_; be
two polynomials such that for each x € X

I1f (@) = £(0) = prn—1(2)I] < om(ll2][x, - [|2][x),
Pm—1(x) = f(0) + My(z) + -+ + Mp—1(x)
and
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1f (@) = £(0) = pr—1(@)]ly < @m(llallx, -, [lzllx),
p{m—l(x) = f(O) +M/1(CC) +oeet M;n—l(x)a

where M; and M/ are either a monomial of degree i or identically zero (1 < ¢ <
m — 1). We have

Pm-1(2) =P 1 (2) = Mi(z) = Mi(z)+ -+ Mpa(2) =M, () (z € X). (28)
Let pm—1 # pl,_, and i be the greatest index for which M; # M}, 1 <i<m —1.
By the ultrametric inequality for each x € X, we have

i
B2 ([l [[2]5) 2 1o (@) = Pl @)1y = || My (@) — Mi(2)l|y
j=1
> [[Mi(z) — Mi(2)lly
- max M) - My(a)lly  (x € X). (29)

By replacing z by k~"z in (29), we obtain

k===, (el . fe]lx)
> k=22 0y (K]l 1)
> [k M () — M ()] (30)
_ —nj . ~_ M
Lmax | [K7|[M,(x) = My(@)]ly (@ € X).

It follows from (30) that for each z € X,

IMi(z) = Mi(@)[ly < [K"P =Pl (|lallx, o ] x)
2= M. () — M
+ Jax [k [IMji(z) = M)y -

Since |k| < 1 and ¢ > max{p,j;1 < j < i — 1}, the right-hand side of the above
inequality tends to zero as n — oo. It follows that M;(z) = M/ (z) for each z € X.
This contradiction proves the uniqueness assertion of the theorem.

Next, we will prove the existence of p,,_1 by induction on m. For m = 2, the
result follows from Theorem 1. Let the theorem hold for some m > 2and f: X - Y
satisfy the inequality

1AL, e SOy < @mnr(lzallx - [lemrallx) (@€ X)), (31)
Fix some y € X, and let

Om(1y o xm) = emar(z1lx, -« 5 l2mlx, ||yl x) for each x4, ..., 2, € X.

Then we have

AT e, Ay H)O)ly < emlllzallx,. o lomllx) (@1, zm € X)) (32)



STABILITY OF FRECHET FUNCTIONAL EQUATION 521

By our hypothesis, there exists a polynomial p,,_1(z,y) of degree m — 1 in x on X
such that

18y (@) = pm—1 (2, 9)lly < (k7P Dopia (2]l x, - llzllx, yllx) (@ € X).(33)
Moreover,
Pm—1(2,y) = Ay f(0) + Q(z,y) + M(z,y) (v € X), (34)

where Q(z,y) is a polynomial of degree m — 2 in z, Q(0,y) = 0 and M(x,y) is a
monomial of degree m — 1 in z. Define

m—1)

e2(llallx, yllx) = (K77 Do (llzllx, - llzllx lyllx) - (2y € X).

By substituting (34) in (33), for each z,y € X, we obtain

I[f(x+y) = f(z) = fly) + f(0) = Q=z,y) — M(z,y)|ly < p2(llz]lx,[[yllx). (35)

The inequality (35) shows that the conditions of Lemma 1 hold. Therefore

Mo () = — lim E"™ Ay vy f(0) (€ X)

m. n—oo

is either zero or a monomial of degree m. Thanks to Lemma 2, f1(z) = f(2)—M,,(x)
defines a mapping from X to Y which satisfies the conditions of Lemma 1 for m — 1.
Therefore

1 : m—1)n A m—
Mn-1(2) = Gy J K AL A(O)

1 1 m—1)n m— m—
= mnler;o L(m=1) (Ak,nlx (0) — Ak—nlrMm(OD (z € X)

defines a mapping from X to Y which is either identically zero or a monomial of
degree m — 1. By continuing this manner, we get to f,,—2 : X — Y, which is defined
by

Jm—2(z) = f(2) = Ms(z) = = M (2) (2 €X),

where M is given by (27) and

fm—2(z +y) = fin—2(2) = fm—2(y) + fm—2(0) = T (2, y)lly
< palllzllx, [lyllx) (2,9 € X),

where either 7 (x,y) = 0 for each x,y € X or 7 (x,y) defines a monomial of degree
one in z. Apply Lemma 1 once more and put My(z) = %T(x,x), x € X, then

1
My (z) = o1, Jim E*"AZ_, fm-2(0) (z€ X).

! n—oo
Define fr—1(z) = fm—2(z) — Ma(z) = f(z) — > ity M;(z) for each € X. By
applying Lemma 2 once again, we see that
[[fm-1(z +y) = frm-1(2) = fr—1(y) + frn—1(0)|ly
< @a(llzllx, [lyllx)  (z,y € X). (36)



522 A. K. MIRMOSTAFAEE

Thanks to Theorem 1, there exists an additive (monomial of degree one) M;j :
X — Y such that for each z € X

| fm-1(2) = fm-1(0) = Mu(2)[ly < [K]"Poa(ll2llx, [|2]]x)
= k"™ empr ([lllx, - [l x)-

Since f,,—1(0) = f(0), we have
I1f (@) = pm(@)lly < BT ompr([|2llx,- ... ||zllx) (z€X),

where py,(z) = f(0) + Mq(z) + -+ + M,,(x) for each z € X. This proves our
theorem with m replaced by m + 1. Thus by induction on m, the existence assertion
of our theorem has been proved. This completes the proof of the theorem. O

3. Applications

In [11], D. H. Hyers proved the following.

Theorem 4. Let X be a vector space over the rational numbers, S be a conver cone
in X and B be Banach space. If B is fived positive number and if f : S — B satisfies
the condition

AR f(@)lly <8 (z,h€S), (37)
then there exists an additive mapping T : S — B such that || f(z)—f(0)—=T(z)|ly < 8
for all z € S. The function T is given by the formula T(x) = lim,, . n~ ! f(nz).

The following example shows that the theorem of Hyers is not true in non-
Archimedean normed spaces.

Example 1. Let p > 2 be a prime number. For any nonzero rational number
a = p"*r such that m and n are coprime to the prime number p, define the p-

adic absolute value |a|, = p~". Then | -| is a non-Archimedean norm on Q. The

completion of Q with respect to |-|, is denoted by Q, and is called the p-adic number

field [9]. Define f: Q, — Q, by f(z) = x +p for each x € Q,. Then A% f(z) = 0.
Therefore (37) holds. However, lim,, .o, n~tf(nz) is not Cauchy. In fact for the
subsequence {p™} of {n}, we have p~" f(p"x) = v + p~ ", Therefore

" fp ) —p T " )|, = e+ pm T —2 —p7,
= |pin|p|p - 1‘1) =p".

Since the right-hand side of the above equation tends to infinity as n — oo, the
subsequence {p~" f(p"xz)} is not Cauchy. Hence lim, o n~'f(nx) in (Qp,| - |p)
does not exist.

Here we give some applications of Theorem 3.
Corollary 2. Let f: X — Y for some 0 < p <1 and € > 0 satisfy the inequality
AL e, SOy < emax{|lzi|lk, ... [lzmllk} (21,0 2m € X).
Then there exists a unique polynomial p,,—1 of degree m — 1 such that

1/ (@) = prm—1(2)lly < ek~ VP[] % (2 € X).
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Proof. Take

QOm(HxIHXa---7||meX) = 5max{||$1||g(""7me”g(} (T1,. ., om € X),
in Theorem 3. O

The following result can be considered as a generalization of the main result in
[19].

Corollary 3. Let f: X — Y for some 0 < p <1 and € > 0 satisfy the inequality
AT o fOly <Dzl (21,00 2m € X).
i=1

Then there exists a unique polynomial p,,—1 of degree m — 1 such that
1/ (@) = prm-1(@)|ly < melk|" " VP||z| 5 (x € X).

Proof. Apply Theorem 3 for

m
em(llz1llx, - llemllx) = 52”%“?{ (@1, .. 2, € X).
i=1
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