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Abstract. The paper is devoted to an invertible linear operator whose inverse is a Hilbert
- Schmidt operator and imaginary Hermitian component is bounded. Numerous regular
differential and integro-differential operators satisfy these conditions. A sharp norm esti-
mate for the resolvent of the considered operator is established. It gives us estimates for the
semigroup and so-called Hirsch operator functions. The operator logarithm and fractional
powers are examples of Hirsch functions. In addition, we investigate spectrum perturbation
and suggest the multiplicative representation for the resolvent of the considered operator.
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1. Introduction and statement of the main result

Norm estimates for the resolvent and functions of normal and selfadjoint linear
operators are well known [13]. But if an operator is non-selfadjoint, such estimates
are known in particular cases only. One of the first norm estimates for the function
of a non-Hermitian matrix was established by I.M. Gel’fand and G.E. Shilov [11]
in connection with their investigations of partial differential equations, but that
estimate is not sharp; it is not attained for any matrix. The problem of obtaining
a sharp estimate for the norm of a matrix-valued function has been repeatedly
discussed in the literature, cf. [7]. In the late 1970s, the author has obtained
sharp estimates for the resolvent and matrix-valued functions regular on the convex
hull of the spectrum. They are attained in the case of normal matrices. Later, these
estimates were extended to the Schatten-von Neumann operators, operators with
the Schatten - von Neumann Hermitian components, and operators represented as
a sum of a unitary operator and a Hilbert-Schmidt one. For the details see [12], and
references therein.

Let H be a separable Hilbert space with a scalar product (.,.), the norm ||.|| =

(.,.) and the unit operator I. For a linear unbounded operator A in H Dom(A) is
the domain, A* is the adjoint of A; o(A) denotes the spectrum of A and A~! is the
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inverse to A, Ry(A) = (A —I\)71 (A € 0(A)) is the resolvent; Ag := (A + A*)/2
and Ay := (A — A*)/2i. Recall that K is a Hilbert-Schmidt operator if

No(K) := [Trace(KK*))Y/? < .

Besides, No(K) is called the Hilbert-Schmidt norm. The ideal of Hilbert-Schmidt
operators is denoted by HS5.
Everywhere below it is assumed that A is invertible operator, Dom(A) = Dom(A"),

A7V € HSy and ||Af|| < . (1)

The aim of this paper is to derive a sharp norm estimate for the resolvent of the
considered operator. It gives us estimates for the semigroup and so called Hirsch
operator functions. The operator logarithm and fractional powers are examples of
Hirsch functions. In addition, we investigate spectrum perturbations and suggest the
multiplicative representation for the resolvent of the considered operator. Numerous
regular differential and integro-differential operators satisfy conditions (1), cf. [17]
(see also Section 7 below).

Note that instead of the invertibility and condition A~! € H S5, in our reasonings
below, we can require the condition (A — al)~! € HS, for a regular a.

Put

F(A) = 2 AN (A7), p(AN) = inf |A— s
s€o(A)

and

A )\) = inf
Y(A,N) o

1—2' (AeC).

Now we are in a position to formulate our main result.

Theorem 1. Under condition (1), the inequality

Ly 1 )
(a-ans oo () 0zt

s valid, where

The proof of this theorem is presented in the next section. If A; = 0, then
7(A) = 0 and we obtain the equality ||(A — X\)7t|| = p~1(A,N).
Below we show that instead of ®(x), in the previous theorem one can take

d(x) = 217 (2> 0). (3)

About the recent results on the resolvent see the interesting papers [4, 5] and refer-
ences given therein.
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2. Proof of Theorem 1

Lemma 1. Under the hypothesis of Theorem 1, operator A~' has a complete system
of the roots vectors.

Proof. For any real ¢ with —ic € o(A) we have
(A+icl) ™t = (I +i(Ag +icl) P Ap) " H(Ag +icl) ™.

But (A +icl)™! = A7Y(I +icA7')"t € HS,. So (Ag +icl)™t € HS,, and by
the Keldysh theorem, cf. [13, Theorem V. 8.1] operator (A +icI)~! has a complete
system of the roots vectors. Since (A+icl)~! and A~! commute, A~! has a complete
system of the roots vectors. As claimed. O

From the previous lemma it follows that there is the orthogonal normal (Schur)
basis {ex}, in which A~! is represented by a triangular matrix (see [13, Lemma
1.4.1]). Denote

k
Pk = Z(.,ej)ej .
j=1
Then
A P, =P AP (k=1,2,...). (4)
Besides,
APLAT'AP, = \'AP, (AP, =Py — Py, k=1,2,..; P =0). (5)

Here A\, = Ax(A) are the eigenvalues of A taken with their (finite) multiplicities.
Put

D =Y MAP; (AP.=P;—Py1, k=1,2,.;P =0)and V=A-D.
k=1
Lemma 2. Under the hypothesis of Theorem 1, one has No(VD™1) < 7(A).

Proof. We have
AP, f = P,AP, f (k =1,2,..; f€ Dom(A)) (6)

Indeed, A~'P, is an invertible k x k matrix, and therefore, A~'P,H is dense in
PyH. Since AP;P, = 0 for j > k, we have 0 = AP;AA™'P, = AP;AP, AP
Hence AP;Af =0 for any f € P,H. This implies (6).

Due to (5) we can write

AP, = AP AP, = APLAAT'AP, = )\ ' AP, AAPD,.

Thus,
APLAAP, = AP, DAP, = M\ AP;.
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But APkAPk_l = APkDPk-_l =0. So APkAPk = APkDPk and thus APkVPk =0.
Hence,

VP, = P, VP, (7)

Take into account that |V D e || = [Ai| Y| Verl, Vexr = Pr—1Ver and Pi_1V*e, =
0. Then
[Verll = 2| Pe—1Viex|| < 2[|Viex| (Vi=(V —V7)/2i).

Furthermore, Vyer, = (A; — Dy)ex, = Arer, — I'm Agex, and
2i(V[€k, ek) = (Vek, ek) — (V*ek, ek) =0.

So
||A1€k||2 = ||V16k +Im /\k€k||2 = ||V[€kH2 + (Im )\k)Z.

Hence,
[Ver|® < 4l[Viexl® = 4(|Arex|® — (Im Ar)?) < 4] A%

But by the Weyl inequalities, cf. [13],

DTS NS (AT,
k=1

Consequently,

N3 (VD™ ZIIVD fexll* = Z T |2I\Vekll2 <A ALPNF (AT = m3(A).

As claimed. l

Lemma 3. Under the hypothesis of Theorem 1, the inequality

I(A =27 < O(N2(VD™H) /(A N) (A& o(A))

1
p(A, )
is valid.

Proof. With Iz = z,z € 0(A), we have
(A=) '=D+V—-2)'=(D-2)"'I+VD I -D'2)"H~t (8

Put J := VD (I — D71'2)~!. Due to the previous lemma VD~! is a Hilbert-
Schmidt operator and due to (7) JPy, = Py_1JPx. So J is the limit in the operator
norm of the operators J, = JP, = P,_1JP; as k — oo. Clearly J? has the property
JP, = Pk,QJ,ka, Jng = Pk,gJ,ka, and thus we get J,f = 0. But the limit
of nilpotent operators in the operator norm is a Volterra (compact quasinilpotent)
operator, cf. [13, Theorem 1.4.2]. So the operator VD 1 (I — D712)7! (2 & o(A))
is quasinilpotent. By [12, Theorem 6.4.1] we have

I(I+VD NI —-D ') ™) <®N(VD I -D12)7h).
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Since D is normal, we get

1

—_ -1 -1 _
I =079 =~
But p(1,A712) = ¢(A, z). Thus

No(VD™1)
P(4, 2)

Now (8) proves the lemma. O

No(VD™H I = D™2)™") < Nay(VD (I = D™*2) 7! =

The assertion of Theorem 1 follows from Lemmas 2 and 3.
Due to Theorem 6.4.2 [12],
(I + VDI —-D2) )7 < &(Ny(VD YT — D 12)™Y)).

So Lemma 2 and (8) allow us to replace ® by ®.

3. Spectral variations

In this section we investigate the spectral variation of the considered operators under
bounded and unbounded perturbations. Immediately from Theorem 1 we get

Corollary 1. Under the hypothesis of Theorem 1, let C be a linear operator with
the domain Dom(A) and operator C — A be bounded. If, in addition,

7(4)
(A, N)

then X\ is a reqular point for C, and

w—Am( ><pMA)Q¢dML (©)

@ (T(A)/1(A,N)
(A,0) = [[C = Al|® (7(A) /9 (A, X))

IRA(C)]| < p

Consider now unbounded perturbations.
Let A; and As be boundedly invertible operators in a Banach space X. Then
the quantity

11
s p

is said to be the relative spectral variation of As with respect to Ay. It is assumed
that

rsva, (As) := sup inf
1( 2) SGU(AQ)H'GU(Al)

vi=||(A; — A) AT < 1. (10)
Lemma 4. Let Ay be invertible, and condition (10) hold. Then Ay is invertible,

At <A d|ATY =AY < x
L . 2 I <x:

AT
1—v °



604 M. G’

Proof. We have Ay = A; + (A — A1) = (I 4+ (A2 — Al)Afl)Al. Now from (10),
the invertibility of Ay follows. But A7 — A5 = —A; ' (A; — A2)AT'. Hence we get
the required result. O

Lemma 5. Let Ay be invertible, condition (10) hold and there be a continuous
strongly increasing function ¢ : [0,00) — [0,00), such that ¢p(c0) = o0, ¢(0) =
0, and ||(A7* = AXI)7Y| < ¢(1/p(ATH ), where p(ATYHN) = inf a1 [s — Al
Then rsva, (A2) < zo(x), where zo(x) is the unique positive root of the equation
xo(1/z) = 1.

Proof. Due to [12, Lemma 8.4.2], we have

sup inf |s1 — pa| < 20(x)-
si€o(Ay )y mi€o(ALT)

But 0(4;) ={1,s ¢ A7'}. This proves the lemma. O

Now let us return to the operator A in H, satisfying (1). By Theorem 6.4.2 from
[12] and [12, Lemma 6.5.2],

—1_yp-1 1 - g9(A™h)
™ =201 < s ()

where N
gQ(Afl) = N22(V71) = [N22(A*1) _ Z |>\k(A71)|2 }1/2.
k=1

Here V_; is the nilpotent part of A=!. That is, V_; a Volterra (a qusinilpotent
Hilbert-Schmidt operator), such that

At =v_ 4+ DL,

where D is a normal operator with o(A~!) = o(D~!). In addition, V_; and D!
have the same invariant subspaces. For more details see [12, Theorem 6.3.4].
The following properties of ¢(.) are valid, cf [12, Section 6.4]

g (A7) < NJ(A™) — [Trace (A™1)?].
If A=! is a normal Hilbert-Schmidt operator, then g(A~!) = 0. Moreover,
(A7) < ANB((A1);) where (A1) i= (471 — (A71)") 2
Now Lemmas 4 and 5 imply

Theorem 2. Let A satisfy conditions (1) and A be a linear operator in H, such
that ~ ~
v(AA) = ||[(A—- A)AY| < 1.

Then A is invertible,

_ 474, 4)

_ —1
ja-y < A 2,
1 1-v(AA)

m and Hflfl —A*1H <<(:

)
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Moreover, rsvs(A) < z(C), where zo(¢) is the unique positive root of the equation

Ca 1y

=P(g(A7)/z) = 1. (11)
yg(A~1) into (11) and apply [12,

Furthermore, substitute the equality x =
Lemma 8.3.2]. Then we can assert that z(¢) < 6(¢), where
6(C) L {GC if g(A_l) S €<7
L gAYl (g(ATH Q)2 i g(ATY) > e¢

Thus
rsva(A) < 6(¢). (12)

4. Fractional powers and logarithm

In this section it is assumed that
B(A) :=inf Reo(A) > 0.

Obviously,
p(A,—t) = 1nf |s+t\>t+ﬂ( )>0 (t>0).
sco

In addition, with s = x + iy, we have

. 2
t —
(Z‘ 'Ly)‘ _ (1 +tl‘|8|_2)2 + (yt)Q‘S‘_4

2 2
:1 _—
’* BE

t
i+
s

Vv

=
v
=
8
Vv
=

Thus
(A, —t) = inf |1+1t/s|> 1.
s€o(A)

Consequently, by Theorem 1,
[(A+tD)™| <3 o(r ;ﬁ)) (t >0). (14)

Define the function
(15)

m:/‘ﬂmA+m*@
0
where the scalar function f satisfies the condition

/OOO If®)](1+ )" tdt < . (16)

The formula (15) is a particular case of the Hirsch calculus, cf. [18]. Thus we have

proved the following
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Theorem 3. Let conditions (1) and (13) hold. Let h(A) be defined by (15). Then

= @)
h(A)]| < o(r(A / ———dt.
Iy < o) [ S50
In Section 7 we present an example of the operator illustrating Theorem 3.
Recall that the fractional power of A can be defined by the formula
M/ tV(A+TH) Mt (0<v <), (17)
0

™

A7V =

provided (13) holds, cf. [16, Section 1.5.2, formula (5.8)]. Now the previous theorem
implies the inequality

14— < sin (7TV)7T<I>(T(A)) /0°° o —:ltﬂ(A))

Recently, many interesting papers are devoted to fractional powers of linear op-
erators, cf. [2, 3, 8, 9, 10, 19, 20] and references therein. In particular, in [22],
the authors use the means of positive operators to establish Furuta-type operator
monotonicity results for negative powers. Let A, B be bounded linear operators
on a Hilbert space satisfying 0 < B < A. Furuta showed the operator inequality

(0<v<l). (18)

(A’"BPA’)% §A% as long as positive real numbers p, g, r satisfy p+2r < (14 2r)q
and 1 < ¢. In the paper [21], the author shows that this inequality is valid if negative
real numbers p, ¢, r satisfy a certain condition. Of course we could not survey the
whole subject here and refer the reader to the excellent book [18] as well as to the
above listed papers and references therein.

The operator logarithm arises in numerous applications, in particular, its im-
portance can be ascribed to it being the inverse function of the matrix exponential.
Moreover, if we consider a vector differential equation with a T-periodic matrix,
then according to the Floquet theory, its Cauchy operator U(t) is equal to V (t)el*
where V (t) is a T-periodic matrix and I' = Lin U(T), cf. [7]. Put

In(A) = (A-1) /Ooo(tf + A)*ll%.

see [18, Theorem 10.1.3]. Now the previous theorem implies the inequality

lin(a)e] < o) [~ ey (4 - Dell (@€ Dom(a). (19

About the interesting recent results on the operator logarithm see [6, 15, 14] and
references given therein.

5. The Lyapunov norm

In this section we establish an estimate for the semigroup e~4? generated by —A.
Will say that an operator —A is a L?-stable, if

I(A) = 2/ lle= A% 2dt < oo. (20)
0
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Thanks to the Parseval equality

1 [ LN
)=+ [ A+ ipD Py
Put
W = 2/ e A e A% s, (21)
0

Recall the generalized Lyapunov theorem [7, Theorem 1.5.1]: in order for the spec-
trum of a bounded operator A to lie in the interior of the left half-plane, it is
necessary and sufficient that there exists a positive definite Hermitian operator W,
such that

WA+ A*W = —21I. (22)
Besides W is defined by (21). Obviously,

W1 < 1(A). (23)
Define the scalar product
(z,y)w = (Wz,y) and the norm ||z|lw = v/ (z,z)w.
Recall that (.,.) and |.|| are the scalar product and norm in H, respectively; so

[Rllw < /(A HWhEH

Furthermore, with s = « 4+ iy, t € R and a = ||Af||, under (13), we have
[s+it]” =l +ily + 1) =2+ (y+)* = f(4) >0 ([t| <a)
and |s +it]? > B%(A) + (|t| —a)?> >0 (|t| > a). Put

(VP T (A= TANE il > Al
60 = {6> if [t < 4]

Then p(A, —it) > £(t),t € R. In addition,

‘1+zt| \s—l—it|2:|x+i(y+t)|2:x2+(y+t)2> x?
EE e T C Py
32(4)
> 9% = L (x> B(A); |y| < ||Af],t € R).
= ﬁQ(A>+HAIH2 (I—ﬂ( )7 ‘y|—H 1”3 € )

Thus ¥(A, —it) > ¥,t € R, and by Theorem 1,
O(7(A)/9
MA+#YW§AELJL2@6R)

Hence, [(A) < 1(A), where
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As it is well-known, [7, Section 1.5]

t
e~ z|w < exp [—} llz|lw (x € H; t>0).
Wil
Thus we arrive at the following result.

Theorem 4. Let A satisfy conditions (1) and (13) and W be defined by (21). Then

— At 3 .
le~Mallw < eap [—Z( A)} lelw (xe H: 1> 0). (24)

6. The multiplicative representations for the resolvent
Since A~' € HS,, and has the Schur basis, we have
A =D 4V (0(A7Y) =a(D7Y),

where V_; is a quasinilpotent operator. In addition, from [12, Theorem 10.3.1] it
follows that

—

(M—AYH ' =(I-D ) 1<]}€100 (I T Y;:j’il)> (A g a(Ah)). (25)

Here the arrow means that the indexes increase from left to right. The product in
(25) is the limit in the operator norm of the products

— V_1AP, )
H I+ —— "
1<k<n< A — \e(AD)

as n — oo. Now taking into account that (A —21)"t = A=1(I —24A71)71, we arrive
at the following result.

Theorem 5. Under the hypothesis of Theorem 1 we have

(A-Ix)'=A"'1-2D7H" ] (I+ W) (= ¢ o(A)) (26)

1<j<o0

Since, AP, V_1AP; =0,j < k, we can rewrite (26) as

“omea Jz_; /mj+1l<_£<oo (I i W) (=2 o Anen
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7. An example and concluding remarks

Let L2(0,1) be the complex Hilbert space of scalar functions with the scalar product

(fih) = ; f(a)h(z)dz (f,h € L*(0,1)).

On the set
Dom(A) = {u e L*(0,1) : u™ € L?(0,1) (k = 1,2); u(0) = u(1) = 0}

define the operator A by

(Aw)(x) = — sz / K(z,s)w(s)ds (w € Dom(A)),

where K(x, s) is a scalar real kernel, such that the operator K defined by

x) = /01 K(z,s)w(s)ds

is bounded in L?(0,1). In addition, K (x, ) —K(s z). So A = E 4+ K, where
E is defined on Dom(A) by (Ew)(z) := d . Since FE is self-adjoint, we have
A= IA(L where

- 1

1
(Kjw)(z) = 2—2/0 (K(z,s) + K(s,z))w(s)ds.

The Green function G(t,s) of F is

_Jz(l-s) if0<2z<s<,
G(x’s)_{s(l—x) fo<s<z<1?’

cf. [1]. Besides, the inverse operator
1
(B~ f)(x) :/ G(z,s)f(s)ds
0
is a Hilbert-Schmidt one and
N}(KE~ / / / K (z,21)G(x1, s)day |2 ds de < N2(E~Y)|| K%
Assume that Ng(KE_l) < 1. Since A= (I + KE_I)E, we obtain
S No(E~1
No(A™Y = Noy(E*I+ KE™ ) ™h) < 2(F )

= 1-N,(BE 1Y)

Now one can apply Theorem 1.
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To apply Theorem 3 to the considered operator we use the matrix representation

of A. Let ex(z) = %sin (rkx) be the normalized eigenfunctions of F. In addition,

let K be represented in {ej()}5%, by a (real) matrix (bjk)5%=1- So A is represented
by the matrix (a;x) with a;; = j2+b;; and a;, = bj (j # k). We will consider A as a
perturbation of the operator T represented by the triangular matrix 7' = (tjk)?,ok:p
where tj; = a;; (j < k) and tj5, =0 (j > k). Then, with the notation ¢gr = ||[A—T,
we have

oo j—1
Gr <SNJ(A=T)=>"> " |bpl”.
j=1k=1
Put Dy = diag(k2 + bk‘k)a Vr =T — Dt and
oo k—1 |b ‘ 1/2
= No(Vr D) = L
T 2(VrDr™) kz::l; k2 + b |?

Since the inverse to T is compact, the eigenvalues of T" are the diagonal values of the
triangular representation. So A\, (T) = k2 +byy. Besides, p(T, \) = infy, |k? + bgr — A|
and (A, \) =infy |1 — %| By Lemma 3,

_ 1
1T =27 < m@(TTW(T» A))- (28)

Assume that
B(T) := i%f k% + b > 0.

Then

k2 + bk

3 | >1(ReA>0).

p(T, =) = B(T) + Re A, (T, ~A) = inf |1 +

Obviously, any A satisfying the inequality qr|(T — A7 < 1 is regular for A.

Hence, according to (28), if ¢r® (ﬁ) < p(T, ) then A & 0(A). Suppose 5(T) <
qr®(rr). If Re A+ B(T) > qr®(rr), then —X is regular for A. Hence, 8(A) >
B(T) — qgr®(rr). Now we can apply Theorem 3.

It should be noted that (A, \) essentially depends on o(A). Indeed, for example,

if 0(A) is real and positive, then

iw w? 1/2
Aiw) = inf |1-2|= 1+) ,
1/}( ) s€o(A) ( ﬁQ(A)
for w € R. Moreover, ¥(A,w) = 1+ % for w € (—00,0), and Y(A,w) = 0 for

w € a(A).

Finally, note that to the best of our knowledge, estimates for the resolvent of a
non-selfadjoint operator under condition (1) in the available literature are unknown.
As it was above shown, in the selfadjoint case Theorem 1 gives us the equality.
In addition, Theorem 3 allows us, in particular, to estimate the fractional powers
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of nonselfajoint operators, which play an essential role in the theory of differential
equations. Observe also that (24) gives us the estimate for a semigroup via I(A)
which is calculated by Theorem 1. Besides, the semigroup does not need to use
inequality (24).

In conclusion, I would like to thank the referees for their really helpful remarks.
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