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Abstract. For each of the torsion groups Z/2Z ⊕ Z/10Z, Z/2Z ⊕
Z/12Z,Z/15Z we find the quadratic field with the smallest absolute value
of its discriminant such that there exists an elliptic curve with that torsion
and positive rank. For the torsion groups Z/11Z, Z/14Z we solve the
analogous problem after assuming the Parity conjecture.

1. Introduction

According to the Mordell-Weil theorem, the group of K-rational points
E(K) of an elliptic curve E over a number field K is a finitely generated
abelian group. Therefore, the group E(K) is isomorphic to E(K)tors ⊕ Zr,
where E(K)tors is the torsion subgroup and the non-negative integer r is the
rank. When K = Q, by Mazur’s theorem ([11]) the torsion group is one of
the following 15 groups: Z/nZ with 1 ≤ n ≤ 10 or n = 12, Z/2Z ⊕ Z/2mZ

with 1 ≤ m ≤ 4. If K is a quadratic field, the following theorem of Kenku
and Momose ([9]) and Kamienny ([7]) describes the possible torsions.

Theorem 1.1. Let K be a quadratic field and E an elliptic curve over

K. Then the torsion subgroup E(K)tors of E(K) is isomorphic to one of the

following 26 groups:

- Z/nZ, for 1 ≤ n ≤ 16, n = 18,
- Z/2Z⊕ Z/2nZ, for 1 ≤ n ≤ 6,
- Z/3Z⊕ Z/3nZ, for n = 1, 2, K = Q(

√
−3),

- Z/4Z⊕ Z/4Z for K = Q(i).
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Kamienny and Najman ([8]) described methods that can be used to find
all possible torsions over a given quadratic field. For each possible torsion
group G, they found the exact quadratic field K with the smallest absolute
value of the discriminant ∆ such that there exists an elliptic curve over K
with torsion group G. Curves with positive ranks over quadratic fields can be
found in [2, 5, 6, 12]. In [2], the authors give examples of elliptic curves with
positive ranks and given torsion over fields of degree 2, 3 and 4.

In this article we use techniques from [8] in order to establish, for each of
the torsion groups Z/2Z ⊕ Z/10Z,Z/2Z⊕ Z/12Z,Z/15Z, the quadratic field
with the smallest absolute value of its discriminant such that there exists an
elliptic curve with that torsion and positive rank (the problem is in [8] solved
without the request on the positivity of the rank). In the case of the torsion
subgroups Z/11Z, Z/14Z the problem is solved conditionally - we conclude
that, if the Parity conjecture holds (i.e., the algebraic rank of the elliptic curve
E over a number field K has the same parity as the analytic rank which is
given by the root number (see, for example, [4])), then the elliptic curves that
we find have positive rank.

Torsion groups that we deal with are parameterized by modular curves of
genus 1. Each of the torsion groups Z/4Z⊕Z/4Z, Z/3Z⊕Z/3Z, Z/3Z⊕Z/6Z
appears over only one quadratic field (see Theorem 1.1) and elliptic curves
with some of these torsion groups and positive rank over quadratic field can be
found in [5,6,12]. Other torsion groups which appear over quadratic fields and
do not appear over the rationals (Z/13Z, Z/16Z, Z/18Z) are parametrized by
modular curves of genus 2. We were unable to find any elliptic curve with these
torsion groups and positive rank over quadratic fields which are determined
in [8].

For elliptic curves rank computation we use Cremona’s MWRANK ([3])
(for elliptic curve with rational coefficients) and an implementation of 2-
descent over number fields of Simon ([13]) in PARI/GP. We also use MAGMA
([1]) for computing 2-Selmer ranks and root numbers.

2. Elliptic curves with given torsions and positive ranks over

smallest fields

2.1. Torsion group Z/2Z ⊕ Z/10Z. First we will derive an equation for
elliptic curve with torsion subgroup Z/2Z⊕ Z/10Z.

According to [10], the elliptic curve with equation

E(10) : y2 +
2t3 + 2t2 + 2t+ 1

(t+ 1)2
xy +

t2(2t+ 1)

(t+ 1)2
y = x3 +

t2(2t+ 1)

(t+ 1)2
x2

has a Q(t)-rational torsion point

Q =

(

− t2(2t+ 1)

(t+ 1)3
,− t3(2t+ 1)2

(t+ 1)5

)
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of order 10. It can be shown that the curve E(10) is birationally equivalent to
the elliptic curve

(2.1)
E ′(10) : y2 = x3 − 2(1 + 2t− 5t2 − 5t4 − 2t5 + t6)x2

+ (−1 + t2)5(−1− 4t+ t2)x.

The right hand side of the equation (2.1) has a linear and a quadratic factor.
The curve will have more points of order 2 over the field K if the discriminant
of the quadratic factor is a full square in K. This leads to the condition that
if the parameter t is the x-coordinate of the point on the curve X1(2, 10)(K),
where

X1(2, 10) : s2 = t3 + t2 − t,

then the curve E ′(10)(K) has torsion subgroup Z/2Z ⊕ Z/10Z generated by
the points

T2 =
(

1 + 2t− 5t2 − 5t4 − 2t5 + t6 − 8t2s, 0
)

,

T10 =
(

(1 + t)3(1 + 3t− 5t2 + t3),−4t(1 + t)3(1 + 3t− 5t2 + t3)
)

.

Theorem 2.1. The quadratic field K with smallest |∆| over which there

appears an elliptic curve with a torsion group Z/2Z⊕Z/10Z and positive rank

is K = Q(
√
−2).

Proof. Note that, according to [8, Theorem 8], the minimal quadratic
field K such that Z/2Z ⊕ Z/10Z appears as a torsion group over K is K =
Q(

√
−2). The elliptic curve X1(2, 10) over the field Q(

√
−2) has rank equal

to 1 with the generator P = (−2,−
√
−2). The elliptic curve generated from

(2.1) by the point 2P , i.e., by the parameters

(t, s) =

(

−25

8
,
95

32

√
−2

)

,

is

E(2,10) : y2 = x3 − 261214369

131072
x2 +

75626226572068161

68719476736
x.

This elliptic curve has rational coefficients and we can use MWRANK to show
that it has rank equal to 1 over Q. The rank of this curve over Q(

√
−2) is

then at least 1 and that proves the theorem.

Remark 2.2. It can be shown that the elliptic curve from the last proof
has rank equal to 3 over the field K = Q(

√
−2) (using the fact that if E

is an elliptic curve over Q, then the rank of E over Q(
√
−2) is given by

rank(E(Q(
√
−2))) = rank(E(Q)) + rank(E−2(Q)), where E−2 is the (−2)-

twist of E over Q).
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2.2. Torsion group Z/2Z⊕ Z/12Z. According to [10], the point

Q =

(

−1

8
(t+ 1)(t2 − 2t+ 5),− 1

32
(t+ 1)(t2 − 1)(t2 − 2t+ 5)

)

is a torsion point of the order 12 on the elliptic curve

E(12) : y2 − (t4 − 6t2 + 24t− 3)

4(t− 1)2
xy − (t+ 1)2(t2 − 2t+ 5)

4(t− 1)2
y = x3.

It can be shown that this curve is birationally equivalent to the curve

E(2,12) : y2 = x3 + 256(1− 4t+ 4t2 + 20t3 − 26t4 + 20t5 + 4t6 − 4t7 + t8)

×(1 + 4t+ 4t3 + t4 − 4z − 2t2(1 + 2z))x2(2.2)

+1048576(t− 1)6(t+ 1)2(t− z)6(−1 + t− t2 + z)2x.

Similarly to the previous case, this curve has more points of order 2 over the
field K if (t, z) ∈ X1(2, 12)(K), where

X1(2, 12) : z2 = t3 − t2 + t.

In that case, the points

T2 = (−4096t3(t2 − t+ 1)(1 + 4t+ 4t3 + t4 − 4z − 2t2(1 + 2z)), 0),

T12 =
(

−1024(t− 1)5(t+ 1)(−2t− 2t3 + z + t2(2 + z)),

− 16384(t− 1)5(1 + t+ t2 + t3)(−6t7 − z + t6(−2 + z)− 5t2(2 + z)

+6t5(1 + 2z) + t(2 + 4z) + 2t3(7 + 8z)− t4(20 + 11z))
)

.

generate a torsion subgroup Z/2Z⊕ Z/12Z on E(2,12)(K).

Theorem 2.3. The quadratic field K with smallest |∆| over which there

appears an elliptic curve with a torsion group Z/2Z⊕Z/12Z and positive rank

is K = Q(
√
13).

Proof. According to [8, Theorem 9], the minimal quadratic field K such

that Z/2Z⊕ Z/12Z appears as a torsion group over K is K = Q(
√
13). The

elliptic curve X1(2, 12) over the field Q(
√
13) has rank equal to 1 with the

generator P = (−2,−
√
−2). The elliptic curve generated from (2.2) by the

point P is

E(2,12) : y2 = x3 +
1

65536
(−4289032

√
13 + 15673889)x2

+
1

4194304
(−32028469200

√
13 + 115490749725)x,

and has rank equal to 1. A point of infinite order is

Q =

(

−153

256

√
13 +

4473

2048
,−9046125

131072

√
13 +

130609215

524288

)

.
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2.3. Torsion group Z/15Z. According to [12], the general equation of the
elliptic curve with points of order 15 is

(2.3)

E(15) : y2 + axy + by = x3 + bx2,

a =
(t2 − t)s+ (t5 + 5t4 + 9t3 + 7t2 + 4t+ 1)

(t+ 1)3(t2 + t+ 1)
,

b =
t(t4 − 2t2 − t− 1)s+ t3(t+ 1)(t3 + 3t2 + t+ 1)

(t+ 1)6(t2 + t+ 1)
,

with (t, s) ∈ X1(15), where

X1(15) : s2 + st+ s = t3 + t2,

and

t(t+ 1)(t2 + t+ 1)(t4 + 3t3 + 4t2 + 2t+ 1)(t4 − 7t3 − 6t2 + 2t+ 1) 6= 0.

Theorem 2.4. The quadratic field K with smallest |∆| over which there

appears an elliptic curve with a torsion group Z/15Z and positive rank is

K = Q(
√
−7).

Proof. According to [8, Theorem 5], the minimal quadratic field K such

that Z/15Z appears as a torsion group over K is K = Q(
√
5). The elliptic

curveX1(15) over the field Q(
√
5) has rank equal to 0 and torsion group Z/8Z.

It is easy to see that only 4 torsion points generate elliptic curve from (2.3),
i.e., they are not the cusps, and that all of them generate mutually isomorphic
elliptic curves with ranks equal to 0.

Next we look at elliptic curves over the fieldQ(
√
−7). We find thatX1(15)

over this field has rank equal to 1 with the point

P =

(

1

8
(−

√
−7− 5),

1

16
(
√
−7 + 5)

)

of infinite order. The elliptic curve generated from (2.3) by the point −P i.e.,
the point with parameters

(t, s) = −P =

(

1

8
(−

√
−7− 5),

1

16
(
√
−7− 11)

)

∈ X1(15)(Q(
√
−7)),

is

E(15) : y2 + (−2
√
−7 + 15)xy + (26

√
−7− 14)y = x3 + (26

√
−7− 14)x2.

The 2-descent procedure implemented in ell.gp shows that this curve has
rank ≤ 1 over Q(

√
−7). The root number calculated by MAGMA and the

Parity conjecture suggest that this curve, conditionally, has rank 1. Finally,
in the set

{

a+ b
√
−7 : |a|, |b| ≤ 100

}

we successfully find x-coordinate of the non-torsion point

Q = (6
√
−7− 98, 136

√
−7 + 1064)
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on the curve E(15)(Q(
√
−7)) and this completes the proof.

2.4. Torsion group Z/11Z. According to [12], the general equation of the
elliptic curve with points of order 11 is

(2.4) E(11) : y2+(st+t−s2)xy+s(s−1)(s−t)t2y = x3+s(s−1)(s−t)tx2,

with P = (t, s) ∈ X1(11), where

X1(11) : s2 − s = t3 − t2

and

∆E(11) = t(t− 1)(t5 − 18t4 + 35t3 − 16t2 − 2t+ 1) 6= 0.

Theorem 2.5. Assume the Parity conjecture. The quadratic field K with

smallest |∆| over which there appears an elliptic curve with a torsion group

Z/11Z and positive rank is K = Q(
√
−7).

Proof. According to [8, Theorem 2], the minimal quadratic field K such
that Z/11Z appears as a torsion group over K is K = Q(

√
−7). The elliptic

curve X1(11) over the field Q(
√
−7) has rank equal to 1. The point of infinite

order is

P =

(

−4

7
,
1

98
(49 + 19

√
−7)

)

,

and generates, from (2.4), the elliptic curve

E(11) : y2 + (−209
√
−7− 579)xy − (10486784

√
−7 + 57953280)y

= x3 + (26752
√
−7 + 147840)x2,

with the torsion group Z/11Z. The root number of this elliptic curve over the
field Q(

√
−7) is -1 so, according to the Parity conjecture, we can conclude

that this is elliptic curve has conditionally positive rank. Unfortunately, we
were unable to determine any point of infinite order on this curve.

2.5. Torsion group Z/14Z. The general equation of the elliptic curve with
points of order 14, according to [12], is

E(14) : y2 + axy + by = x3 + bx2,

a =
t4 − st3 + (2s− 4)t2 − st+ 1

(t+ 1)(t3 − 2t2 − t+ 1)
,(2.5)

b =
−t7 + 2t6 + (2s− 1)t5 + (−2s− 1)t4 + (−2s+ 2)t3 + (3s− 1)t2 − st

(t+ 1)2(t3 − 2t2 − t+ 1)2
,

where P = (t, s) ∈ X1(14) and

X1(14) : s2 + st+ s = t3 − t,

∆E(14) = t(t− 1)(t+ 1)(t3 − 9t2 − t+ 1)(t3 − 2t2 − t+ 1) 6= 0.
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Theorem 2.6. Assume the Parity conjecture. The quadratic field K with

smallest |∆| over which there appears an elliptic curve with a torsion group

Z/14Z and positive rank is K = Q(
√
−11).

Proof. According to [8, Theorem 4], the minimal quadratic field K such
that Z/14Z appears as a torsion group over K is K = Q(

√
−7). The elliptic

curve X1(14) over the field Q(
√
−7) has rank equal to 0. It can be shown

that the torsion points of this curve which are not the cusps generate two
non-isomorphic elliptic curves with ranks equal to 0. Over the fields Q(

√
−2)

and Q(
√
2), the elliptic curve X1(14) has rank equal to 0 and torsion Z/6Z.

All the torsion points are cusps so we conclude that an elliptic curve with the
torsion group Z/14Z over these two fields does not exist.

Over the field Q(
√
−11) the curve X1(14) has rank equal to 1, with the

generator

P =

(

−5

4
,−1

4

√
−11 +

1

8

)

.

The linear combination −2P + T , where T = (1,−2) is a torsion point on
X1(14)(Q(

√
−11)), generates the elliptic curve

E
(14) : y

2 + (−2601888534886283704
√

−11 + 154252733407512581857)xy

−(43286504429925775681153399339981518914403432663035092419000
√

−11

−239448337641930912934754848966237361950084593095601008052000)y

= x
3 + (−313766195076761969526071169866614175160

√

−11

+1735663223649526033628839600302712469280)x2

with the torsion group Z/11Z. The root number of this elliptic curve over the
field Q(

√
−11) is -1 so, if we assume that the Parity conjecture holds, we can

conclude that this is an elliptic curve with a conditionally positive rank.
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