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GLOBAL SPACE-TIME LP-ESTIMATES FOR THE AIRY
OPERATOR ON [L?(R?) AND SOME APPLICATIONS

A1cHA CHABAN AND MOHAMMED HICHEM MORTAD
University of Oran, Algeria

ABSTRACT. Let L be the Airy operator. The aim of this paper is to
prove some a priori estimates for L defined as an unbounded operator on
L2(R2). Some applications and counterexamples are also given.

1. INTRODUCTION

Consider the following initial value problem

a1 { (& +Z5) ula,t) = (),
u(z, o) = f(x)
where @ € R and f € L*(R).

The main question asked in this paper is to what space does u belong to
whenever u € L*(R?) such that u; +u,s € L*(R?)? This is a natural question
and it is important since it is about the L2-domain of % + 8‘9—;. It has an
analog for other operators (see [4-7]).

Throughout this paper L denotes the operator % + 6‘9—;, which is an
unbounded linear operator with domain

D(L) = {u € L*(R?) : Lu, as a distribution, is an L?(R?)-function}.

Using the L2-Fourier transform, we see that iL (where i = /—1) is
unitarily equivalent to a multiplication operator by a real-valued function and
hence iL is self-adjoint. So one of the questions asked in this paper is what

"real potential” V' can be added to iL without destroying the self-adjointness
of iL+ V.
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To this end, we first prove some a priori estimates of the type
(1.2) lull < al|Lu| p2®2) + bllull 2 (r2)

for some norm (on the left hand side). The proof is based on a Duhamel’s
principle, which we give without proof in the case of the Airy equation, and on
Theorem 2.2 below. As an application, we use the Kato-Rellich perturbation
theorem to deduce sufficient conditions on V' making ¢L + V self-adjoint.

We also give a counterexample showing that estimate (1.2) with LP-norm
(8 < p < o0) on R? (on the left hand-side) does not hold.

We note that throughout this paper, the value of the constant ¢ may differ
from line to line.

Finally, any result or definition used in this paper will be assumed to be
known by the reader. The references needed are [1,7].

2. MAIN RESULTS

The following lemma is a Duhamel’s principle for the Airy equation. To
our best knowledge, this version of it does not exist for the Airy equation.
However, we omit the proof since the latter very similar to that of the case of
the heat equation (cf. [1]).

LEMMA 2.1. Let us be a solution of

Lus =0, t > s,
us(z,s) = g(z, s).

Then
t
u(z,t) = / us(x,t)ds
is a solution of IVP 1.1 (with f =0).

Before stating and proving the first main result in this article, we recall
the following result which will be a key one for the proof of Theorem 2.3.

THEOREM 2.2 (Kenig-Ponce-Vega [2]). Let u be a solution of IVP 1.1
with g = 0. Then there exists a positive constant ¢ such that

[ull Lsrey < |l fll2w)-
Here is the first main result.
THEOREM 2.3. For all a > 0, there exists a b > 0 such that
(2.1) [ull Ls ey < allLul[L2(r2) + bllul| 2(rz2)
for alluw e D(L).
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PROOF. We first prove the theorem for u € C§°(R?) (the space of infin-
itely differentiable functions with compact support). In the end of this proof,
we will extend this to D(L)-functions. We use the fact that any such w is, for
any a € R, the unique solution of IVP 1.1, where f(z) = u(z,«) and g = Lu.

Let k€ Z and let t and a be such that k <t <k+land k<a<k+1
(hence |t — a] < 1).

Let u be a solution of IVP 1.1. Now we split u into two parts u = uy + us
where u1, us are the solutions of

Luy(z,t) = g(x,t), Lug(z,t) =0,
{ ui(x,a) =0, and { uz(z, @) = f(x)

respectively.
The following estimate is deduced from Theorem 2.2

luallLsrzy < cllfllzzm) = cllua(, @)l 2wy = llul-, @)l L2(®)-
Hence
[uzllLs@xk k1)) < cllul, @)l z2m)-
Squaring both sides of the previous inequality, integrating with respect to «
on [k, k + 1] and taking square roots yield

1wzl s @x ke k+1)) < cllull n2@x ke, k+1))-

For w1, we cannot apply directly Theorem 2.2 and here is where Lemma 2.1
intervenes. Adopting the notations of Lemma 2.1, we see that Theorem 2.2
can be applied to us where

(1) = /at s (s )ds.

The Holder inequality then gives

¢ % t H
|ug(z, t)| < |t — a|§ (/ |u5(m,t)|8d5) <c </ |us(:c,t)|8ds)
« (6%

and hence .
/ luy (,t)[3dx < c// lus(x,t)[3dsda
R RJa

and since [a,t] C [k, k 4 1], one is led to

k+1
/|u1($,t)|8dac < c// lus (2, t)|®dsda.
R RJk

Integrating against ¢ over [k, k + 1] yields

k+1
T /k / s ()| dadt

k+1 k+1
< c/ / / lus (z,t)|®dsdxdt
k RJk
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or

k+1
| s e 1y < C/k s 17 (e 1)) 48

and Theorem 2.2 implies

k+1
||u1||i8(]R><[k,k+1]) < C/k ||LU||?:2(Rx[k,k+1])d3 = CHLUHiQ(RX[k,kJrl])'
Therefore, one has in the end
lull Ls@x k1)) < Nutllzs@x ekt + w2l L er41))
< cf|Lull 2@x g k+17) + cllull 2@x g k+1)-

Summing in k over Z gives us

llull s 2y < allLul|p2(r2) + bl|ullL2®2),

establishing the result. Making the constant a in front of || Lul|2(r2) arbitrary
follows easily from the change of variables

uy(2,t) = u(rz, r3t), r> 0.

To finish off the proof, we now show the validity of the theorem for functions
win D(L). Since C§°(R?) is dense in D(L) with respect to the graph norm
of L (the proof is similar to the density of C§°(R™) in Sobolev spaces, cf [3]),
for each u € D(L), there is u,, € C§°(R?) such that

|lter, — ull]2 — 0 and || Luy, — Lulj]s — 0

and hence
[unll2 — [lull2 and [[Lunll2 — || Lull2.

We also know there is u, ) such that w, ) (z,t) — u(z,t) a.e. Applying (2.1)
to up(x) and using Fatou’s lemma yield

/ |u(:c,t)|8d:cdt:/ lim inf u,, ) (2, t)[Pdzdt < liminf/ U (k) (z, )| Pdadt
R2 R2 k—oo k—oo  Jr2
<liminf(al| Ly ll2 + blluncyl12)* = (all Lull2 + bl|ull2)®.
k—o0
Thus, for all u € D(L) one has
ullLs@e) < all Lul L2®2) + bllul|2@2)
and the proof is over. O

Using a simple interpolation argument, we see that the inequality in the
previous theorem holds for any LP(R?)-norm on the left hand side where
2 < p < 8 and hence we have
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COROLLARY 2.4. Let 2 < p < 8. For all a > 0, there exists a b > 0 such
that

(2.2) lullLr @2y < allLufl L2y + bllull 22
for alluw e D(L).

An application of the previous result is based on the following famous
theorem of Kato and Rellich (for convenience of the reader, a proof may be
found in [7]).

THEOREM 2.5. Let A and B be two densely defined operators and B is
A-bounded with relative bound a < 1. If B is also symmetric and if A is
self-adjoint, then A+ B is self-adjoint on D(A).

COROLLARY 2.6. Let % < q < oco. LetV be a real-valued function
belonging to LY(R?). Then iL +V is a self-adjoint operator on D(L).

PROOF. Let 2 < p < 8. Using the generalized Holder inequality (and
(2.2)) we can write

IV 2 < VIl fllp < allVilglliLullz + bl V][q]lull2

where ¢ = %. Since a may be made arbitrary, we deduce that V is iL-
bounded with relative bound a||V||; < 1. Thus iL+ V is self-adjoint on D(L)

by the Kato-Rellich theorem. O

The next theorem settles the question of global space-time LP estimates
of the Airy operator on R?. We have

THEOREM 2.7. Let p > 8 (this includes the case p = oo). There do not
exist positive constants a and b such that

llull o2y < allLul|2re) + bllullL2(re2)
for allu € D(L).

Proor. We will show the existence of such a function u. Let § > 0.
Consider

us(z,t) = F~(g5(1,€)) where gs(n, &) = (an)V (n° + &)
and where F~1! is the inverse L2-Fourier transform, ¢ is a smooth function
with compact support whereas V is a nonnegative smooth function of one
variable with compact support (yet to be determined).

We want to show that us € D(L) which is equivalent (by means of the
Fourier transform and the Plancherel theorem) to s and |¢ + 7%|4s both
belonging to L?(R?) which implies (1 + | + n3|)as € L*(R?). To get this
condition we need an appropriate choice for support of V since s € L?(R?)
(see below). We take the support of V' to be {y : |y| < 3} so that

supp iis C {(n,€) € R* : [¢ + 7% < 1}
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and hence (1 + |¢ + n?|)is € L?(R?). Thus we have us € D(L).

The next step is to show that us does not belong to LP(R?) for any p > 8.
We are going to show that the ratio of the LP-norm of us and the L?-norm of
ugs goes to infinity in a suitable limit.

We first compute the L?-norm of us. We have by the Plancherel theorem

lusl3 = lsll? = llgsll? = / / oSV (i + ) 2dnde.
RZ

3

Then by the change of variables n = s and £ = z — s° we obtain

lluslle2 = 0~ 2 |l¢ll L2m) IV | L2 (w)-

As for the LP-norm we get

us(o,t) = 7 gs(n.€)) = [ [ olomVrt + e s
R2
By the same change of variables used for the 2-norm one gets

1
us(z,t) = / /2 <p(5s)V(z)eis”_isththzds.
RJ—

1
2

Setting §s = r gives us

us(,t) = 5_1V(t)/ p(r)e s S dr
R

which is equal to
. x t
H=0"WHH(=, =
wle) = VO (5.5
where H is some function of two variables. Thus

]| = 64 / / o, 1)V (857 P
R2

We need to investigate how the integral on the right hand side of the last
equation behaves as § — 0.

Since V' is continuous, lims_,oV (537) = V(0) = ||[V|piw) (as V is
nonnegative). So

; T(53-)|P — D p
i [ H (1, 1)V (5 7) P = |H (0, 7) PV s

Using the Fatou lemma gives us

timint [ [ 1H G 7)V 6°7) P > [H I ) IV
RQ
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In the end, since

S 1H (p, 7)V(837) [Pdpdr
leslly _ 533 V&
l|usll2 ”¢”L2®©”‘/”L%R)
using the argument above and sending § — 0 yield
sl
l[usll2
Finally, the last expression allows us to say that no inequality of the form

lully < allLull2 + bfull2

N

— 400 for p > 8.

can hold unless p < 8 and hence establishing the theorem. O
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