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ABSTRACT

We generalize the arbelos and its Archimedean circles, and
show the existence of the generalized Archimedean circles
which cover the plane.
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Sveprisutne Arhimedove kruZnice kolinearnog ar-
belosa

SAZETAK

Generaliziramo arbelos i njegove Arhimedove kruZnice
te pokazujemo postojanje generaliziranih Arhimedovih
kruznica koje pokrivaju ravninu.
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1 Introduction 2 Thecollinear arbelos

For a pointO on the segmemB in the plane, the area sur-  In this section we generalize the arbelos and the twin cir-
rounded by the three semicircles with diamet&@ BO cles of Archimedesto a generalized arbelos. For two points
and AB erected on the same side is called an arbelos. ItPandQin the plane(PQ) denotes the circle with diameter
has lots of unexpected but interesting properties (for an PQ- LetPandQ be point on the liné\B, and leta = (AP),
extensive reference see [1]). The radical axis of the in- B = (BQ) andy= (AB). Let O be the point of intersection
ner semicircles divides the arbelos into two curvilineartr  Of AB and the radical axis of the circlesand and let

angles with congruent incircles called the twin circles of u= |A_B|’ s=|AQl/2 andt - |BP|/2' Weuse a regtangular
Archimedes. Circles congruent to those circles are Saidcoordmate system with origi® such that the points, B

to be Archimedean. In this paper we generalize the arbe-have coo.rdlnat.éa, 0). (b, 0.) respectively ywtha— b=u .
The configuration(a,B,y) is called a collinear arbelos if

los and the Archimedean circles, and show the existence,

. . . ) the four points lie in the order (B, Q, P, Aor (ii) B, P, Q,
of the generalized Archimedean circles covering the pIane,A’ or (i) P, B, A, Q. In each of the cases the configura-

which is a generaliza_tion of the ubiquitous Archimedean tion is explicitly denoted byBQPA), (BPQA) and(PBAQ)
circles of the arbelos in [4]. respectively.(BQPA) and (BPQA) are the generalized ar-
The arbelos is generalized in several ways, the generalizedelos of non-intersecting type and the generalized arbelos
arbelos of intersecting type [7], the generalized arbefos o Of intersecting type respectively.

non-intersecting type [6] and the skewed arbelos [5], [8]. | et (p,0) and(q,0) be the coordinates & andQ respec-

For the generalized arbelos of intersecting type and non-tively. Since the poinO lies on the radical axis af and
intersecting type, the twin circles of Archimedes are con- B, the powers oD with respect tax andp are equal, i.e.,
sidered in a general way as Archimedean circles in aliquotap = bq holds. Hence there is a real numbet 0 such
parts. But Archimedean circles are still not given except thatb = ka andp = kg. Therefore we get

them. In this paper we unify the two generalized arbeloi

with one more additional generalized arbelos. ta+sb=tg+sp=0. (1)
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For pointsV andW on the lineAB with x-coordinates
andw respectivelyV < W describess < w, and Ry de-
notes the perpendicular &B passing througiv. The part

(i) of the following lemma is proved in [3]. The proof of

(ii) is similar and is omitted (see Figure 1).

Lemma 1 Thefollowingcircleshaveradii |AN||BV|/(2u)
for pointsV and W on the line AB.

(i) Thecirclestouching the circlesyinternally, (AV) exter-
nally and the line Ry from the side opposite to the point B
inthecaseB<V <AandB<W <A.

(il) The circles touching y externally, (AV) internally and
Ry from the side opposite to the point A in the case
V<B<W<A

&
<
=
>

\4 B W

S

Figure 1: Circles of radii |AW||BV|/(2u).

For collinear arbelo{BQPA) and(BPQA), &, is the circle
in the regiony > 0 touching the circley internally,a ex-
ternally and the linePo from the side opposite tB. For
a collinear arbelo$PBAQ), 9 is the circle in the region
y > 0 touchingy externally,a internally and?o from the
side opposite té\. The circledg is defined similarly (see
Figure 2).

Theorem 1 For acollinear arbelos (a, 3,y), thecircles dq
and dg are congruent with common radii st/(s+t).

Proof. If (a,B,y) = (PBAQ), by (ii) of Lemma 1 and (1)
the radius 0By is

|AO|[BP| _a(b—p) a(-ta/s+tq/s) &

2u 2(a—b) 2(a+ta/s) s+t
Similarly the radius oy is equal tost/(s+t). The other
cases are proved similarly. O

We now call the circle, and &g the twin circles of

Figure 2: Thecircles &y and dg.

3 A pair of Archimedean circles generated
by a point

We use the following lemma [4], which is easily proved by
the properties of similar triangles.

Lemma 2 For atriangle RGH with a point S on the seg-
ment GH, let E and F be points on the lines RG and RH
respectively such that SERF is a parallelogram. If T and
U are points of intersection of RSwith the lines parallel to
GH passing through E and F respectively and g = |GS),
h=|HS|, then |[ET|=|FU| = gh/(g+h).

Theorem 2 For a collinear arbelos (a,p,y), let R be a
point which does not lie on the line AB, and let E and F
be points on the line AR and BR respectively such that EP
and FQ are parallel to BRand AR respectively. If thelines
passing through E and F parallel to AB intersect the line
OR at points T and U respectively, the circles (ET) and
(FU) are Archimedean.

Proof. Let EP andFQ intersect the lin€OR at pointsS
and S respectively (see Figures 3, 4, 5). The triangles
RAO and SQO are similar. Also the triangleBBO and
SPO are similar. WhiledQO|/|AO| = |PO|/|BO]| for O lies

Archimedes of the collinear arbelos. Circles congruent on the radical axis of the circles and3. Therefore the
to the twin circles are called Archimedean circles of the ratios of the similarity of the two pairs of the similar tri-

collinear arbelos.
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S=S. LetA’ andB' be the points of intersection of theline 4  Ubiquitousness and par allelograms

passing througl$ parallel toAB with the linesAR andBR
respectively. ThepA'S| = |AQ| =2sand|B'S =
Thereford ET| = |FU| =2s/(s+t) by Lemma 2, i.e., the

circles(ET) and(FU) are Archimedean.

Ae

Figure 3

BP| =

However the word “ubiquitous” is used in the title of the
paper [2], their Archimedean circles do not cover the plane.
In this section, we show that our generalized Archimedean
circles of the collinear arbelos cover the plane.

Let (a,B,y) be a collinear arbelos. If a poiKtdoes not lie
on the lineAB, letY andZ be points such that the midpoint
of YZisX,YZ andATj are parallel with the same direction,
and|YZ| = 2ra. Let R be the point of intersection of the
linesAY andOZ. Using the poinR, let us construct a par-
allelogramSERF and a poinfl as in Figures 3, 4, 5. Then
(ET) is an Archimedean circle with centXr.

If a pointX lies on the lineAB, we choose a point’ lying
inside of the Archimedean circle with centér so thatx’
does not lie orAB. If we use the poinkK’ instead ofX, and
construct the parallelogra®ERF and the poinfT as in
Figures 3, 4, 5 just as mentioned above, the Archimedean
circle (ET) with centerX’ containsX. Therefore there is

an Archimedean circle containing the pokin any case,

i.e., the Archimedean circles cover the plane. In this sense
our Archimedean circles are Ubiquitous.

However the five point#\, B, P, Q and O are involved

in the construction of the Archimedean circles, the three
circlesa, B andy are not. Therefore it seems that the
Archimedean circles are not so closely related to the
collinear arbelos. But we can show that for a pdit
which does not lie on the lin&B, the parallelograrERF

in Figures 3, 4, 5 are constructed by the cirde$ andy
(see Figure 6). Let the circigintersect the line&\R and

BR at pointsl andJ respectively, and leAJ intersecto at

a pointK andBlI intersectB at a pointL. ThenKP and

JB are parallel, als@.Q andl A are parallel. Therefore if
E, F, Sare the points of intersection of the lindR and
KP, BRandLQ, KP andLQ respectively, thelsERF is a
parallelogram.

Figure 6
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