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Some diophantine quadruples in the ring Z[\/—Q]

FapwAa S. ABU MURIEFAH* AND AMAL AL- RASHED'

Abstract. A complex diophantine quadruple with the property
D(z), where z € Z|\/=2], is a subset of Z[\/—2| of four elements such
that the product of its any two distinct elements increased by z is a
perfect square in Z|/—2]. In the present paper we prove that if b is an
odd integer, then there does not exist a diophantine quadruple with the
property D(a + b\/=2). For z = a + b\/—2, where b is even, we prove
that there exist at least two distinct complex diophantine quadruples if
a and b satisfy some congruence conditions.
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1. Introduction

Let n be an integer. A set of positive integers {a; : i =1,... ,m} is said to have
the property D(n), if a;a; + n is a perfect square for all 1 <4 # j < m. Such a set
is called a diophantine m-tuple. It is interesting to point out that although there
are infinitely many diophantine quadruples, no algorithm for generating all of them
has been found. For more details see [2] and [3].

In 1997, A. Dujella [6] extended the definition of the diophantine quadruples
to the ring Z[\/—_Z] He defined the set {ai +bi/—1:i= 1,273,4} of non-zero
elements of Z[v/=2] to be with the property D(a + by/—1) if the product of its any
two distinct elements increased by a + by/—1 is a square of an element in the ring
Z[m Such a set is called a complex diophantine quadruple. He proved that
if bis odd or a = b = 2(mod 4), then there does not exist a complex diophantine
quadruple, and if z = a+by/—1 is not of that form and z ¢ {£2, +-1 & 2i, +4i}, then
there exist at least two distinct complex diophantine quadruples with the property
D(z).

In this paper we consider an analogous problem for the ring Z[v/—2]. We prove
that for any complex diophantine quadruple with the property D(a + bv/—2) b
should be even and then we consider many different forms for the element z in the
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ring Z[v/—2] and prove that for these forms there are at least two distinct complex
diophantine quadruples with the property D(z). To prove the theorems we solve
many polynomial equations of fourth degree and use software (Matlab -5.3).

2. Auxiliary lemmas

We start by stating some known results, which will be used later on.

Lemma 1 [1, 7, 8]. If n is an integer of the form 4k + 2, k € Z, then there is
no set of four natural numbers with the property D(n).

Lemma 2 [5, Theorem 5]. If an integer n does not have the form 4k + 2 and
n¢ S ={3,58,12,20,—1,—3,—4}, then there exists a set of four natural numbers
with the property D(n).

Lemma 3 [4, 5]. If an integer n does not have the form 4k +2 andn ¢ SUT
where T = {7,13,15,21,24,28,32,48,60,84, —7, —12, —15}, then there exist at least
two different sets of four natural numbers with the property D(n).

The proof of the last two lemmas depends on the fact that the sets

{m, m (3k +1)® + 2k, m (3k +2)* + 2k + 2, 9m (2k + 1)* + 8k +4} (1)

{m, mk* =2k -2, m(k+1)> =2k, m 2k + 1)> — 8k — 4} (2)

have the property D(4km + 2m + 1). In the proof of our results we will use the
following formulas which are direct consequences of formulas (1) and (2). The two
sets

{4, 9k* — 5k, 9K + Tk + 2, 36k” + 4k} (3)
{4, k* — 3k, k* + k + 2, 4k* — 4k} (4)

have the property D(8k + 1), the two sets
{2, 18k* + 14k + 2, 18k* + 26k + 10, 72k* + 80k + 22} (5)
{2, 2k — 2k — 2, 2k* + 2k + 2, 8k — 2} (6)

have the property D(8k + 5), the two sets
{1, 9k* — 8k, 9k* — 2k + 1, 36k — 20k + 1} (7)
{1, k* — 6k + 1, k* — 4k + 4,4k — 20k + 9} (8)

have the property D(8k), and the two sets
{4, 9k* — 4k — 1, 9k + 8k + 3, 36k” + 8k} (9)
{4, K* — 4k — 1, k* + 3, 4k* — 8k} (10)

have the property D(16k + 4).
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3. The case when b is odd

Proposition 1. If b is an odd integer, then there does not exist a complex dio-
phantine quadruple with the property D(a + by/—2).

Proof. Suppose that b is an odd integer and the set {ai +bv/—2:1=1,2,3, 4}
has the property D(a + by/—2). Then for all i # j there exist ¢;; and d;; such that

aia; — lebj +a -+ (aibj + ajbi + b)\/ —2= C?j — 2d% + QCijdij\/ -2

50 aib; + a;b; = 1(mod 2). That is, at most one of a; is even. Assume that a1, as
and a3 are odd. Then

b1 + b2 = 1(mod 2), by + bg = 1(mod 2), by + bg = 1(mod 2).
This implies that
2(b1 4 be + b3) = 3(mod 2),

which is a contradiction. O

4. The case when b is even

From Proposition 1 we get that for any complex diophantine quadruple with the
property D(a+by/—2), b should be even. Now we prove some results by taking differ-
ent forms for a and b. We will consider sets {a1, az, as,as} and {—a1, —az, —as, —as}
as one diophantine quadruple.

Theorem 1. If z = (4a + 3) + 4b\/—2 and z ¢ {—1,3,7}, then there exist at
least two distinct complex diophantine quadruples with the property D (z).

Proof. The sets

A = {1, (9a2 + 8a — 18b2 + 1) + (18ab + 8b)v/—2,
(9a® + 14a — 18b* + 6) + (18ab + 14b)v/~2,
(3602 + 4da — 72b% + 13) + (72ab + 44b)\/—2}
B = 11, (a* —2a—2b* — 2) + (2ab — 2b)vV/—2, (a® — 20 + 1) + 2abv/—2,
(4a% — da — 8b — 3) + (Sab — 4b)\/—2}
have the property D((4a + 3) + 4bv/—2). These sets are obtained from formulas (1)
and (2) where m = 1 and k = a 4+ by/—2. It remains to determine the pairs (a,b)
for which the above sets have at least two equal elements or some elements equal

to zero, and the pairs for which the corresponding sets are coincident. It is easy to
check that the above cases appear iff

(a,b) € {(0,0), (2,0), (1,0), (=1,0), (3,0)} .

Consequently, for all complex numbers of the form z = (4a + 3) + 4bv/—2 and
z ¢ {—1,3,7,11,15} there exist at least two distinct diophantine quadruples sat-
isfying the property D(z). But from Lemma 2 we see that there exist at least
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two (positive integer) diophantine quadruples with the property D(11). And since

the two sets {1, 106, 129, 469} and {1, —19 + 8/—2, —22 + 4y/=2, —83 4 24,/-2}

have the property D(15), we conclude that z ¢ {—1, 3, 7}. O
Remark 1. If {a1,as,...,am} C Z[\/=2] has the property D(z), then

1. The set {z1a1,a221, ..., amz1 thas the property D(z2%) where 2, €Z[v/—2].
2. The set {ay,as, ..., am thas the property D(Z).

Corollary 1. If z = (8¢ +2) + 8dv/—2 and z # —14, —6, —2, then there exist
at least two distinct complex diophantine quadruples with the property D(z).

Proof. Multiplying the elements of the sets in Theorem 1 by v/—2, which satisfy
the property D(z), where z = (4a + 3) + 4bv/—2 and 2 ¢ {—1,3,7}, by Remark 1,
we get two distinct sets with the property D(z), where z = (—8a — 6) — 8bv/—2 and
z ¢ {—14, —6, 2}. We can write this z in the form z = (8¢ + 2) + 8d/—2. O

Similarly, multiplying the elements of the sets in Theorem I by 2, we get

Corollary 2. If z = (16a + 12) + 16by/—2 and z # —4, 12, 28, then there exist
at least two distinct complex diophantine quadruples with the property D(z).

Theorem 2. For all z =(8a+1)+8b\/—2 there exist at least two distinct complex
diophantine quadruples with the property D(z).

Proof. The two sets

A = {4, (9a% — 18b% — 5a) + (18ab — 5b)v/—2,
9a® — 18b* + Ta + 2) + (18ab + Tb)v/—2,

(
(862 — 7207 + da) + (72ab + 4)v =2}
B = 4, (a® —2b* - 3a) + (2ab — 3b)V/~2,
a® — 26> + a +2) + (2ab + b)V -2,

(
(4a® — 8b* — 4a) + (Sab — 4b)\/—_2}

have the property D((8a + 1) + 8by/—2). These sets are obtained from formulas
(3) and (4), by putting k = a + by/—2. It remains to determine the pairs (a, b) for
which the above sets have at least two equal elements or some elements equal to
zero, and the pairs for which the corresponding sets are coincident. It is easy to
check that the above cases appear iff

(a7b) € {(070)’ (4’0)7 (170) (_170)’ (370)’ (_2’0)}

Consequently for all complex numbers of the form z = (8a + 1) + 8bv/—2 and
z ¢ {15, =7, 1, 9, 25, 33} there exist at least two distinct diophantine quadruples
satisfying the property D(z).

From Lemma 3 there exist at least two (positive integer) diophantine quadruples
with the property D(33). Also there exist an infinite number of (positive integer)
diophantine quadruples with properties D(1), D(9) and D(25) [5]. Finally, the
two sets {1, 8, 11, 16} and {1, 3+ 8v/—2, 4y/=2, 5 + 24y/=2} have the property
D(—7), while the two sets {4, 24, 46, 136} and {1, 7, 8 + 4\/=2, 24 + 8/=2} have
the property D(—15). O
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It is easy to prove:

Corollary 3. For all z =(16c+14)+16d~\/—2 there exist at least two distinct
complex diophantine quadruples with the property D(z).

Theorem 3. If 2 = (8a+5) +8bv/—2 and z # —3, then there exist at least two
distinct complex diophantine quadruples with the property D(z).

Proof. The sets

A = {2, (1842 — 36b2 + 14a + 2) + (36ab + 14b)v/=2,
(18a% — 36b% 4 26a + 10) + (36ab + 26b)v/—2,

(7242 — 144b% + 80a + 22) + (144ab + 80b)\/—2}
B = {2, (2a% — 4b% — 2a — 2) + (dab — 2b)V/—2,

(2a% — 4b* + 2a + 2) + (4ab + 2b)v/—2,

(8a® — 160> — 2) + 16ab\/—2}
have the property D((8a + 5) + 8b/—2). These sets are obtained from formulas
(5) and (6) by putting ¥ = a + by/—2. It is easy to check that these two sets
for all complex numbers of the form z = (8a + 5) + 8bv/—2, z ¢ {3, 5, 13, 21}
give two distinct diophantine quadruples satisfying the property D(z). But from
Lemma 2 there exists at least one diophantine quadruple with properties D(13)
and D(21). Also the sets {1, —22+ 18y/=2, =15+ 24y/=2, =75+ 84y/=2} and
{1, =14+ 6v/=2, =19 + 4v/=2, —67 + 20/—2} have properties D(13) and D(21),
respectively. Finally the two sets {—\/—2, TV—2,446y/—-2, -4+ 6\/—2} and
{1, =6 +2y/=2, =3+ 4y/=2,-19 4 12y/=2} have the property D(5). O

Corollary 4. For all z = (16¢+6) 4+ 16dv/—2 and z # 6 there exist at least two

distinct diophantine quadruples with the property D(z).
Theorem 4. If z = (8a+ 1) + (4b+ 2)v/—2 and

z ¢ {1 + 2\/—2,9:t6\/—2,9:t2\/—2} ,
then there exist at least two distinct complex diophantine quadruples with the prop-
erty D(z).
Proof. The sets
A = {\/—2, (36ab + 12a + 2b) — (18a® + 2a — 9b% — 6b — 1)v/—2,

(36ab + 24a + 2b+ 2) — (18a? + 2a — 9b* — 120 — 4)v/—2,

(144ab + 720 + 8b + 4) — (720% + Sa — 365 — 36b — 9)v=2 |
B = {\/—_2 (4ab — 2b— 2) — (2a% — b% — 2a)v/—2,

(4ab + 4a — 2b) — (2a* — b? — 2a — 2b — 1)/—2,

(16ab + 8a — 8b — 4) — (8a2 — 4b> — 8a — 4b — 1)\/—_2}
have the property D((8a + 1) + (4b + 2)y/—2). These sets are obtained from for-
mulas (1) and (2) for m = /=2 and k = a — by/—2. It is easy to check that these
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two sets for all complex numbers of the form z = (8a + 1) + (4b + 2v/-2),2 ¢

{1 +2/-2,9+6y/-2,9+ 2\/—_2} give two distinct diophantine quadruples satis-

fying the property D(z). O
Corollary 5. If z = (16¢ + 14) + (8d + 4)v/—2 and

z¢ {-2+4V-2,-18+£12V-2,-18 £ 4V/-2},

then there exist at least two distinct complex diophantine quadruples with the prop-
erty D(z).

Theorem 5. For all z = 8a + 8b\/—2 and z # 8, then there exist at least two
distinct complex diophantine quadruples with the property D(z).

Proof. The sets

A = {1, (9a% — 8a — 18b?) + (18ab — 8b)V/—2,

(9a% — 2a — 18b* + 1) + (18ab — 2b)v/—2,
(362 — 20a — 72b% + 1) + (72ab — 20b)\/—2}

B = {1, (a2 — 6a — 26% + 1) + (2ab — 6b)v/—2,
(a? — 4a — 2b% + 4) + (2ab — 4b)V/ -2,
(4a% — 200 — 8b2 + 9) + (8ab — 20b)\/—2}

have the property D(8a + 8by/—2). These sets are obtained from formulas (7) and
(8) by putting k = a+by/—2. It is easy to check that these two sets for all complex
numbers of the form z = 8a+8bv/—2, z ¢ {0, 8, 16, 24, 32, 40, 48} give two distinct
diophantine quadruples satisfying the property D(z). But for numbers 0 and 16,
the assertion of the theorem is valid since they are a perfect square [5]. Now,
by Lemma 2, there exists at least one set of four positive integers with properties
D(24) and D(—12). Multiplying elements of the set with the property D(—12) by
v/—2, we get a complex diophantine quadruple with the property D(24). Similarly,
from Lemma 3 it follows that there exist at least two (positive integer) diophantine
quadruples with properties D(40), D(—16) and D(—24), so we also get two distinct
sets with properties D(32) and D(48), which completes the proof. O

Theorem 6. For all z = (16a + 4) + 16by/—2 there exist at least two distinct
complex diophantine quadruples with the property D(z).

Proof. The sets

A = {4, (9a® — 4a — 18b2 — 1) + (18ab — 4b)v/—2,
(92 + 8a — 18b> + 3) + (18ab + 8b)\/—2,
(36° + 80 — T20%) + (72ab + 8)v/~2}
B = {4,(a®—4a—2b>—1) + (2ab — 4b)V/—2,
a® — 20 + 3) + 2abv/—2,

(
(4a% — 8a — 8b2) + (8ab — 8b)\/—_2}
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have the property D((16a+4)+16by/—2). These sets are obtained from formulas (9)
and (10) by putting k = a+by/—2. It is easy to check that these two sets for all com-
plex numbers of the form z = (16a+4) + 16by/—2, 2 ¢ {4, 36, 20, 52, 84, —12} give
two distinct diophantine quadruples satisfying the property D(z). But for numbers
4 and 36, the assertion of the theorem is valid since they are a perfect squares [5].
Now from Lemma 3 there exist at least two (positive integer) diophantine quadru-
ples with the property D(52). Also the sets {—2, 14,12 — 4/—2, 12+ 4\/—_2} and
{27 —648y/—2, =124+ 4/—-2, -8 + 24\/—_2} with the property D(20). And the
sets {4, 204, 268, 940} and {4, —38 4 61/=2, —30 + 18y/—2, —140 + 48\/=2} have
the property D(84). Finally, from Lemma 2 there exists at least one diophantine
quadruple with the property D(—12) and since the set

{2+2vV-2, -14+V-2,1-3V-2, —2-6V-2}

has the same property we get our result. O
Theorem 7. If z = (24c+18) + (12d+10)/=2 and z # —6 —2y/—2, then there
exist at least two distinct complex diophantine quadruples with the property D(z).
Proof. The result is obtained by multiplying the elements of the two sets in
formulas (1) and (2) by /=2 and putting k = (2a+b)+(b—a)v/—2 and m = 1+@
. O
From Remark 1 and Theorem 7 we get the following:
Corollary 6. If z = (24c+ 18) + (12d + 2)y/—2 and z # 4 — 6y/—=2, then there
exist at least two distinct complex diophantine quadruples with the property D(z).
Theorem 8. If z = (24c + 2) + (12d + 14)v/=2 and z # 2 + 2y/—2, then there
exist at least two distinct complex diophantine quadruples with the property D(z).
Proof. The result is obtained by multiplying the elements of the two sets in
formulas (1) and (2) by /=2 and putting k¥ = (2a + b) + (b — a + 1)v/—2 and
m=1++-2/2. O
From Remark 1 and Theorem 8 we get the following
Corollary 7. If z = (24a + 2) + (12b + 10)v/=2 and z # 2 — 2y/—2, then there
exist at least two distinct complex diophantine quadruples with the property D(z).
Remark 2. For the exception elements from our theorems the following holds:

1. (Theorem1) the set {1, —2, —3, —11} has the property D(3) whereas the set
{1, 18, 29, 93} has the property D(7).

2. (Theorem4) the sets
{—V=2, 26 +16v-2, 12+ 19V/-2, 76 + 71y/—=2},
{V-2,26-16V-2, 12— 19v/-2, 76 — 71v/-2} ,
{V=2, 50— 4v-2, 64+ 5v/-2, 228 + -2},
{Vv=2, =50 — 4v/=2, —64 + 5v/—2, —228 + V/-2}

have properties D(9 — 2v/—2), D(9+42v/—2), D(9+6v/—2) and D(9—6v/—2),

respectively.

3. (Theorem5) the set {—4, —2, 2, 4} has the property D(8).
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5. Conclusion

From our results proved in Proposition 1, Theorems 1-8 and the corresponding corol-
laries we can get the following:

If there is a complex diophantine quadruple with the property D(a + by/—2),
then b should be even, and we have 8 possibilities for a and b modulo 4. Let
a’ = a(mod 4), ¥ = b(mod 4) with a’,b" € {0, 1, 2, 3}. The case (a/,b’) = (3,0)
is solved completely. The case (a’,b) = (0,0) is considered modulo 16, and we
solved 6 of 16 possible subcases, while for (a’,b") = (2,0) we solved 8 of 16 possible
subcases. The cases (a/,b') = (1,0) and (a/,b’) = (1,2) are considered modulo
8, and in both cases we solved 2 of 4 possible cases. The case (a/,0') = (2,2) is
considered modulo 24, and we solved 8 of 36 possible cases. We did not obtain any
result in the cases (a’,b’) = (0,2) and (a’, ") = (3,2).
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