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On the Ishikawa iterative approximation with
mixed errors for solutions to variational inclusions
with accretive type mappings in Banach spaces®

Gu FEng'

Abstract.  Using the new analysis techniques, the existence and
iterative approximation problem of a solution for a class of nonlinear
variational inclusions with accretive type mappings are discussed in ar-
bitrary Banach spaces. The results extend and improve some recent
results.
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1. Introduction

Throughout this paper we suppose that X is a real Banach space, X* is its dual
space, (-, -) is the pairing of X and X*. D(T) and R(T) denote the domain and the
range of T', respectively.

Let T, A: X - X, g: X — X* be three mappings and ¢ : X* — RU {+oc}
be a proper convex lower semicontinuous function.

In 1999, Chang [1] introduced and studied the existence and approximation
problem of solutions for a class of nonlinear variational inclusions with accretive
mappings in uniformly smooth Banach space as follows:

For any given f € X, to find an u € X such that

{ g(u) € D(9y), 0
(Tu— Au — f,v—g(u)) > ¢(g(u)) — p(v), Yo € X*,

where ¢ denotes the subdifferential of ¢.
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The purpose of this paper is to study further the existence and uniqueness of
solutions and the convergence problem of Ishikawa and Mann iterative processes
with mixed errors for a class of accretive type variational inclusion in arbitrary
Banach spaces. The results presented in this paper not only extend and improve
the main results in Chang [1], but also extend and improve the corresponding
results in Chang [2,3], Chang, Cho, Lee et al [4], Ding [5,6], Hassouni and Moudafi
[7], Huang [8-10], Kazmi [12], Noor [15,16], Siddiqi and Ansari [17], Siddiqi, Ansari
and Kazmi [18] and Zeng [19].

2. Preliminaries

A mapping J : X — 2% is said to be a normalized duality mapping, if it is defined
by

J@)={f € X" (z, f) = IfII” = ll=]*}, VzeX.

Definition 1. A mapping T : D(T) C X — X is said to be accretive, if for any
x,y € D(T), there exists j(x —y) € J(x —y) such that

(Tz =Ty, j(x —y)) > 0.

If T is accretive and R(I +1T) = X for all > 0, then T is called m-accretive.
In the sequel we shall use the following Proposition and Lemmas.
Proposition 1 [14]. Let X be a real Banach space, T : D(T) C X — X is
accretive and continuous, and D(T) = X. Then T is m-accretive.

Lemma 1 [13]. Let {an}, {bn} and {c,} be three nonnegative real sequences
satisfying the inequality. :

Gp41 < (]- - tn)an + bntn + Cn, vn > 07
where {t,} C [0,1], ZZOZO t, = oo, lim,_ oo b, = 0 and Zf;o ¢, < 0o. Then
lim, o an = 0.
Lemma 2 [20]. Let X be a real Banach space, T : D(T) C X — X an m-
accretive mapping. Then the equation x + Tx = f has a unique solution in D(T)
for any f € X.

Lemma 3 [2]. Let X be an arbitrary real Banach space, dpog: X — 2% a
mapping, then the following conclusions are equivalent to each other:

(i) «* € X is a solution of variational inclusion problem (1);
(ii) x* € X is a fived point of the mapping S : X — 2%

S(x) = = (Tx = Az + 0p(g(x))) + 3

(i1i) x* € X is a solution of the equation f € Tx — Az + Jp(g(x)).
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3. Main results

Theorem 1. Let X be an arbitrary real Banach space, T, A: X — X,g: X — X*
three mappings, and ¢ : X* — RU{+oo} a function with a continuous Gdateauz
differential Op. For any given f € X, define a mapping S : X — X by

Sz =f— (Tx — Az + 0¢(g(x))) + =.

Let xg € X be any given point and {x,} the Ishikawa iterative sequence with mized
errors defined by

Tnt1 = (1 —ap)Tn + @nSyn + tn, @
Yn = (1=Bn)zn+ BnSzp + vy, Yn >0,

where {a }, {Bn} are two real sequences in [0, 1], and {un,}, {v,} are two sequences
in X such that u, = u,, +ul for any sequences {u,} and {ull} in X satisfying the
following conditions

(i) T—A+0pog—1:X — X is accretive,

(ii) T — A+ 0pog: X — X is a Lipschitz operator with constant L,
(i) Kn = (1+ L.)(1+ L)y, + Lu(1+ L)B, <1—7 and Y~ an = 00,
(i) Y50 | < 00, 4] = ntn and [[on]l — 0 (n = o0),

where L, =14+ L, r € (0,1) is a constant and v, — 0 (n — 00). Then the following
conclusions hold:

(1) The nonlinear variational inclusion problem (1) has a unique solution x* € X,

(2) The Ishikawa iterative sequence {x,} with mized errors converges strongly to
the unique solution x* € X of the variational inclusion problem (1).

Proof. (1) First we prove that the variational inclusion problem (1) has a unique
solution z* € X.

From conditions (i) and (ii), the mapping T — A+ dpog—1 : X — X is
continuous and accretive. By Proposition 1 we know that T'— A+ dpog — I is
m-accretive. Therefore, by Lemma 2, for any given f € X, the equation

f=z+ (T —-A+0pog—1I)(z)

has a unique solution 2* € X. Hence, by Lemma 3, we know that x* is a unique
solution of the variational inclusion problem (1), and it is also a fixed point of S,
ie., Sx* =uz*.

(2) Next we prove that the Ishikawa iterative sequence {z, } with mixed errors
converges strongly to x*.

By condition (i), for any z,y € X, there exists j(z — y) € J(z — y) such that

(Sz—8y,j(r—y))=—((T-A+0po g—I)z—(T—A+0pog—1I)y,j(x—y)) < 0.
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It follows from Lemma 1.1 of Kato [11] that
[z —yll < llz —y — t(Sz = Sy)|| 3)

for all z,y € X and t > 0. Using (2), we easily conclude that for all n > 0,

Ty = Tptl+ QuTn — Sy — Uy
= (14 an)Zni1 — nSxpi1 + an’(x, — Syn)
+ O‘n(an—O-l - Syn) - (1 + an)un~ (4)
Note that
¥ =1+ ap)z" —a,Sz* (5)

for all n > 0. It follows from (3), (4) and (5) that

low =2 = (4 an) |onn —a” j"an (STnp1 — Sac*)‘
- O‘inn = SYnll = an|STpi1 — Synll — (1 + an)|Jun |
> (I+an)|zny — 2" - an2Hxn — Synll

— an||STpt1 — Synll — (1 + an)|[ual,
which implies that

”xn_x*H+an2”xn_5yn”+anHan+l_Syn”"'HunH- (6)

_x* <
e —a"l| < oo
Since T'— A + Oy o g is a Lipschitz mapping with the constant L, it is easy to
verify that S is also Lipschitz with the constant L, = 14 L. Furthermore, we have
the following estimates:

[2n = Synll < lzn — 27| + [[Syn — Sz7||
< e — 27| 4 Lullyn — 27|
< e =2 |4+ Lu[ (1= Bn)[len =27 4 Bn Ll 2n — 27|+ [[on]]
< A+ LD)lzn — ™[+ Lallval (7)
and
[Sznp = Synll < Lullznp —ynll = Ls|lon (Syn — @) + Bn(2n — Szn) +un —vn ||
< Luan||@n = Synll+ Lufn (|2 =2+ 1520 —27(|) + Lullun || + Lufvn |
< L (WLE ) erntLs (L) Bp) | =™ WL (1Lt [ Lo 10| (8)
Substituting (7) and (8) into (6), and by conditions (iii) and (iv), we infer that
1 %
[ —2™| < o {H’[(H‘L*)(H‘Li)an"f'L*(H‘L*)ﬂn]an} |n —a"|
1
+1+0ln L*[H‘(H‘L*)an]an”UnH"’m[H'(H‘L*)an] [l
1-K, .
< (1-T5azan )l L @Lanlon L) ()
r *
< (1-Fan) lon—a" L on ) @HL)anH L)l . (9)



ON THE ISHIKAWA ITERATIVE APPROXIMATION 5

Set

r 2
an = |len =27l tn = Fan, bo = —(Lulloall+70)(2+Ls), and c, = (24 L) [|uy,|

Then (9) is equivalent to the following inequality:
an+1 < (1 —tp)an + bty + ¢y, Yn > 0.

In view of Lemma 1, conditions (iii) and (iv), we know that a,, — 0 (n — o00), that
is, ,, — * (n — 00). This completes the proof. O

Remark 1. Theorem 1 improves and extends the corresponding results of [1] in
its four aspects:

(1) It abolishes the condition that X is uniformly smooth,

(2) The Ishikawa iterative process is replaced by the more general Ishikawa itera-
tive process with mixed errors,

(3) It abolishes the condition that the range R(S) of S is bounded,
(4) Sequences {ay,} and {B,} need not converge to zero.

Remark 2. Theorem1 extends and improves the main results of [2] in the
following ways:

(1) Sequences {c,} and {B,} need not converge to zero,
(2) It abolishes the condition that the {Sx,} and {Sy,} are bounded,

(8) The Ishikawa and Mann iterative process with errors is replaced by the more
general Ishikawa iterative process with mixed errors.

Remark 3. Theorem1 also extends and improves the corresponding results of
Chang [3], Chang, Cho and Lee et al [4], Ding [5,6], Hassouni and Moudafi [7],
Huang [8-10], Kazmi [12], Noor [15,16], Siddigi and Ansari [17], Siddigi, Ansari
and Kazmi [18] and Zeng [19].

In Theorem 1, if 3, =0, v, =0, ¥Yn > 0, then y,, = z,, hence we have the
following result.

Theorem 2. Let X be an arbitrary real Banach space, T, A : X — X, g :
X — X* be three mappings, and ¢ : X* — RU{+00} a function with a continuous
Gdteaux differential Op. For any given f € X, define a mapping S : X — X by

Sz = f— (Tx — Az + 0¢(g(x))) + =.

Let g € X be any given point and {x,} the Mann iterative sequence with mized
errors defined by

Znt1 = (1 — ap)xpn + @ Sxy + tp, Yn >0, (10)

where {ay,} is a real sequence in [0,1], and {uy} is a sequence in X such that u, =
ul, +ull for any sequences {ul} and {ull} in X satisfying the following conditions:
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(i) T—A+4+0pog—1:X — X is accretive,
(ii) T— A+ 0pog: X — X is a Lipschitz operator with the constant L,
(ZZZ) (673 S (14'[’1-)% and ZZO:O Qyp = 00,

(i) Y07 o llul || < oo and ||ull]| = Ynawn, where L, =1+ L, r € (0,1) is a constant
and v, — 0 (n — 00).

Then the following conclusions hold:
(1) The nonlinear variational inclusion problem (1) has a unique solution z* € X,

(2) The Mann iterative sequence {x,} with mized errors converges strongly to the
unique solution x* € X of the variational inclusion problem (1).

If ¢ =0 in Theorem 1, we have the following result.
Theorem 3. Let X be an arbitrary real Banach space and let T A : X — X,
g : X — X* be three mappings. For any given f € X, define a mapping S : X — X

by
Se=f—(Tx— Az) + x.

Let xg € X be any given point and {x,} the Ishikawa iterative sequence with mized
errors defined by

{ Tpy1 = (1 — an) Ty + anSyn + Un, (11)

Yn = (1 = Bn)Zn + BnStn + vn, Vn >0,

where {a }, {Bn} are two real sequences in [0, 1], and {un,}, {v,} are two sequences
in X such that u, = u,, +ul for any sequences {u,} and {ull} in X satisfying the
following conditions:

(i) T—A—-1:X — X is accretive,
(ii) T — A: X — X is a Lipschitz operator with the constant L,
(iii) Kp =1+ L)1+ Loy, + Li(1+L)B, <1—7 and > o7 an = 00,

(i) 30Zg lunll < 00, Jlugll = ynom and |lvn]| — 0 (n — o0), where L. =1+ L,
r € (0,1) is a constant and v, — 0 (n — 0).

Then the following conclusions hold:
(1) The variational inequality
(Te— Az — f,v—g(z)) >0, Yv e X* (12)
has a unique solution z* € X,

(2) The Ishikawa iterative sequence {xy} with mixzed errors converges strongly to
the unique solution z* € X of the variational inequality (12).
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In Theorem 3, if 3, =0, v, =0, Vn > 0, then y,, = z,, hence we have the
following result.

Theorem 4. Let X be an arbitrary real Banach space, and let T, A : X — X,
g: X — X* be three mappings. For any given f € X, define a mapping S : X — X
by
Se=f—(Tzx— Az) + x.

Let g € X be any given point and {x,} the Mann iterative sequence with mized
errors defined by

Znt1 = (1 — an)Tpn + @ STy + up, Yn >0, (13)

where {ay,} is a real sequence in [0,1], and {uy} is a sequence in X such that u, =
ul, +ull for any sequences {ul} and {ull} in X satisfying the following conditions:

(i) T—A—1:X — X is accretive,
(ii) T — A: X — X is a Lipschitz operator with the constant L,
(ZZZ) (7% S mﬁ and ZZO:O Qy = 00,

(iv) Y07 llulll < oo and ||ull|| = vnawn, where L, =1+ L, r € (0,1) is a constant
and v, — 0 (n — 00).

Then the following conclusions hold:
(1) The variational inequality (12) has a unique solution x* € X,

(2) The Mann iterative sequence {x,} with mized errors converges strongly to the
unique solution =* € X of the variational inequality (12).

Remark 4. The following example reveals that Theorem 1 extends properly
Theorem 3.1 of Chang [1] and Theorem 2.1 of Chang [2].
Example 1. Let X, T, A, g, f, S, be as in Theorem1 and

_ 1—r 3, = 1—7r
T+ L)1+ L2 T L.+ L)
il = Il = — — Joall = ——
M n 12 T (nk1) 204+ L) (14+L2)T T nd

for all m > 0. Then the conditions of Theorem 1 are satisfied. But Theorem 3.1 in

[1] and Theorem 2.1 in [2] are not applicable since {ay,} and {B,} do not converge
to 0.
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