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Abstract. In this paper, by using Krasnosel’skii fixed point theorem and under suitable
conditions, we present the existence of single and multiple positive solutions to the following
systems

(=1 = Af (8, u(t), 0 (1)) t € [a,b],

t)) =0,

(—=1)"0®" = pg(t,u(t),v(t)) =0, t € [a,b],
u®(a) =u®(b) =0, 0<
v(2j)(a) _ U(2j)(b) =0,

0<i<m-—1,

where A\, p > 0,m,n € N. We derive two explicit eigenvalue intervals of A\ and p for the
existence of at least one positive solution and the existence of at least two positive solutions
for the above higher order two-point boundary value problem.
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1. Introduction

In this paper, we consider the existence of single and multiple positive solutions to
the following boundary value problem of nonlinear differential system

(—1)™u®™ = Xf(t,u(t), v(t) =0,
(—1)"1)(2") = pg(t,u(t),v(t)) =0, tela,b]
u(Zi)(a) — u(2i)(b) — <

1
0 0 (1)
U(Qj)(a) — v(2j)(b) =0, 0<j<n-1,

where A\, u > 0,m,n € N, f,g € C[[a,b] x [0,00) x [0,0),[0,00)], and also f and g
are allowed to be singular at ¢t = a or ¢ = b. The following assumptions are made to
establish our results.
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(H1) f(t,u,v) < p1(t)qr(t,u,v), g(t, u,v) < pa(t)qa(t, u,v), (t,u,v) € [a,b] x [0, 00) x
f x [0,00),[0,00)], and p; € CJ[a,b],[0,0)]
satisfy

b j— j—
/ (Sba)&pi(s)ds < 400, =1,2.
a —a

(H2) The limits

. . J(tuv . . flt,u,v
fo=_lim min M, foo = _lim min M,
utv—0te[dett atdb] U+ v uFv—os te[dath at3b] 4 v
o o gltuw) gt
go = _lim min " oo = _lim min —_
utv—0te[3etb atdby Y 4 v uFv—o teButh atsby y v
: : qi(tauvv) —_— . qi(t,u,v)
qio = lim min  ——"2 g = lim min 27
utv—04g[Bath atdby  y + v utv—00 je[Bath ‘atde) 4 v

exist with an fooag(]agOCHinv(IiOO S [0,00), 1= 172

The aim of this paper is to establish some simple criteria for the existence of
single and multiple solutions of the system (1) in explicit intervals for A and p. The
rest of the paper is organized as follows. In Section 2, we present some preliminaries
and lemmas that will be used to prove our main results. In Section 3, we discuss the
existence of a single positive solution of the system (1). The intervals in which the
parameters A, u can guarantee the existence of a solution are obtained. In Section
4, we study the existence conditions of at least two positive solutions of the system
(1). Finally, in Section 5, we give an example as an application.

2. Preliminary results

In this section, we present some notation and lemmas that will be used to prove
our results. Here we consider the Banach space Cf[a,b] x C|[a,b] equipped with the
standard norm

1€, )l = Jlll + llvll = max Ju(t)] + max |v(t)], (u,v) € Cla,b] x Cla, b].
€la,b] t€la,b]

Let G, (t, s) be the Green’s function of a homogeneous boundary value problem:

(—1)"w® (1) =0, t € [a, ],
w®(a) =w® () =0, 0<i<n-—1.

By induction, the Green’s function G, (¢, s) can be expressed as (see [1])
b
Gilt.s) = [ GtwGisws)tn, 2<i<n, 2

where
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It is clear that
Gn(t,s) >0, (t,5)€ (a,b) x (a,b). (4)

Lemma 1. For any (t,s) € [a,b] X [a,b],

n—1
Coltis) < <b6a> (s —ba)_(l;— 5) )
Proof. For (t,s) € [a,b] x [a,b], it is clear from (3) that
G(t,s) < W (6)

ie. (5) is true for n = 1. Assume that (5) holds for n = k(> 1). Then, for
(t,s) € [a,b] X [a,b], it follows from (2), (4) and (6) that

b
Gk_,_l(t,s):/ G(t,u)Gg(u, s)du
- (b smab-s)
_/a b—a 6 b—a b

k
_ <ba> (s —a)(b—s)
6 b—a '

Thus (5) is true for n = k + 1. O

Lemma 2. Let ¢ € (a, "7“’), then for all (t,s) € [0,b — ] x [a,b], we have

Gty 5) > On(0)E=DO=5) (b 0 > 0,(6) max Go(t, s), (7)

b—a —a t€(a,b]

where 0 < 0,(5) <1 is a constant given by

n—1
o [ 463 — 6b6% + 6abd — 3ab® + b3

Proof. For (t,s) € [6,b— 6] x [a,b], from (3) we find

(t—a)(b—s)
G(t,s) = { (= lb—t) tf °
e 5SSt

{ (6—a)(b—s) t<s (8)

b—a ’
Goab-t-o) oy

(0—a)(s—a)(b—s)
b—a '

Y

Y
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Hence (7) is true for n = 1. Suppose now that (7) holds for n = k(> 1). Then, using
(2), (4) and (8), we get for (t,s) € [6,b — ] x [a, ],

b
Gk+1(t7s)=/ G(t,u)Gr(u, s)du

b—6
> G(t,u)G(u, s)du
0
"0 (0 —a)(u—a)(b—u) (s —a)(b—s)
> /5 — 0r(9) S a du
= 91@—0—1(5)%'
So, (7) is true for n = k + 1. O

In Lemma 2, let

_ (6 N\, (Batb) _ (1167 +27a° — 5lab? + 45a%b)"
Om = m\ T4 = 96m—4(p _ q)m—2 ’

6\, (Batb) _ (1167 +27a° — 5lab’ +45a%)" !
" \b-a " 4 B 26n—4(h — q)n—2 ’

o =min{o,,o,}.

According to Lemma 1 and Lemma 2, one obviously has 0 < o < 1.
It is well known that the system (1) is equivalent to the equation

b b
(ult),o(0) = (A [ Gontt5)(s,0(6),v(6)ds, 1 [ Gt s)g(s, ) o(s)ds).

Under the conditions of (H1), we define the operators Ay, A, : Cla,b] x Cla,b] —
Cla,b] as

b
A, 0)(0) = [ Gt 5)1 (5, u(s).v(5))ds,
b
Ayl 0)(®) = p [ Gt 5)gls,u(s), o(5))ds,
and an operator A : C[a, b] x Cla,b] — C[a,b] x Cla,b] as
Alu,v) = (A>\(u7z)),Au(zhv))7 (u,v) € Cla,b] x C[a,b]. (9)
It is clear that the existence of a positive solution to the system (1) is equivalent
to the existence of a fixed point of A in C[a,b] x CJa,b].

We define a cone in Cla, b] x Cla,b] by

K= {(u,v) : Ola, )% Cla,b] : u(t)>0,0(t)>0, min  (u(t)+o(t)) > U||(u,v)||}.

- 3a+b a+3b
Said gLt

Lemma 3. A: k — k is completely continuous.
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Proof. Since the proof of the completely continuous is standard, we need only to
prove A(k) C k.
In fact, for any (t,s) € 345, 28301 » [q, b], we have
Ax(u,v)(t) + Ap(u,v)(t)

—/\/G (t,s)f su()()ds—&—u/G (t,8)g(s,u(s)v(s))ds

> /\Gm(&l;L b><b 6 t?[%]/ G (t,s)f(s,u(s)v(s))ds
() (22" ottt ot
= oml[Ax(u, )| + on [ Ay (u, 0)[| = ol A(u, v)]],
hence,
te[%lgi?%%][h(%v)(t) + Au(u, v)(1)] = o||Au, v)|
Therefore, A(k) C k. O

3. Existence results

In this section, we discuss the existence of at least one positive solution to the system
(1). We use the following notation for simplicity.

Ay :(b_a)m_l/abpl(s)(s_a)wds’

6 b—a
b—ayn—t [? (s —a)(b—s)
4, =(12) /am(s)ibw ds,
_11b* — 11a® + 33ab — 33ab? (Sa + b)
t 96(b — a) g )
116% — 11a® + 33a?b — 33ab? 3a+b
By = .
2 96(b — a) o(=5-)

Our approach is based on the following Krasnosel’skii fixed point theorem [12].

Lemma 4. Let B be a Banach space and let P C B be a cone in B. Assume that
Q1 and Q9 are open bounded subsets of B with 0 € Q1 C Q0 C Qs, and let

T:PnN (ﬁg\Ql) — P
be a completely continuous operator such that either

@) |ITu|| < Ju|l, we PN, and |[Tul > |ull, v € PN, or
(@) || Tul] = ||ull, we PN, and ||Tul < |ull, uve P NoQs.

Then, T has a fized point in P N (Q2\Q1).
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Theorem 1. Suppose (H1), (H2) hold, and 0 < a < 1, then we have the following
results:

(1) If 0 < q10, foos G205 oo < 00, A1q10 < @0 B foo, then for each N € (m, Affho)
and p € (0, Azqzo) the system (1) has at least one positive solution.

(2) If 0 < @105 foos @20, Goo < 00, A2g20 < (1 — @)0Bageo, then for each A €
(0, 5%5) and p € (oB:goo’ j;qg‘o), the system (1) has at least one positive

solution.

Proof. We only prove case (1). The other case can be proved similarly. We con-
struct the sets €7 and 5 in order to apply Lemma 4.

Let 1 1
a —«
e (o ) e (0120
0B foo’ A1qio a Azqao

and we choose ¢ > 0 such that

1 e <tz
0B1(fo—€) = = Ailqrot+e) = M= Aylgmo te)

By the definition of g9 and gsg, there exists Ry > 0 such that
a1 (t,u,v) < (quo +€)(u+v), gt ,u,v) < (g0 +€)(u+wv), foru+wvel0,R]

Choosing (u,v) € k with ||(u,v)|| = Ry, we have
b
Ax(u,v)(t) = )\/ G (t,8)f(s,u(s),v(s))ds
—a\m1 [P (s—a)(b—s
< /\<b ) / wm(s)ql(s,u(s),v(s))ds

6 a b—a
—a\m1 [P (s—a)(b—s
= /\<b 6 ) 1/ %pﬂs)(%o%-e)(u—&-v)ds
—a\m—1 b s—a s
= /\<b 6 ) (q10 + €)||(u, U)H/ %pl(s)ds
< M (g0 + €)|(w, v)[| < o (u,v)],

a n—1 b s—a
<u("= / B ) s)aa(s, u(s), (s))ds
n 1 b s—a)
<u / ) ) (g + )+ s
gu(b%)" 1(Q20+€ () ||/ LBl g

< 1Az(q2o + €) || (u, )|
< (1 = a)[(u,v)],
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then ||A(u,v)|| < of(u,v)]| + (1 — @)||(u,v)|| = ||(u,v)]|. Consequently, if we set
Q= {(u,v) € K : ||(u,v)|| < R1}, then

A(u, v)|| < ||(w,v)]], for all (u,v)€ kN IN. (10)

On the other hand, by the definition of f., there exists Ry > 0, such that

flt,u,v) > (foo — €)(u+ ), for all u +v € [Rz,00). Let Ry = max{2R;,0 'Ry}

and Qy = {(u,v) € & : |(u,v)[| < Rg}. If (u,v) € k with [[(u,v)|| = Rz, then
minte[SaTH;,%’o‘b](u +v) > ol/(u,v)|| > Ra, thus we have

b

a

> Aem(?)az b> 3a+4b %(ﬂ” — ) (u+ v)ds

+3b

3a+b

> 300 (20 e ol [ EEOZ

3a+b b—a
4

1163 — 11a® + 33a%b — 33ab? 3a+b
= o N (252 ) (foo = el 0)]
= AB1(foo = €)al|(u,v)]|
3a+b a+3b

>

> o)l vee [Z5= )
then

|A(u, v)|| > || Ax(u, v)|| > |[(w,v)|], for all (u,v) € kN 0. (11)

Therefore, it follows from (10), (11) and Lemma 4, A has a fixed point in kN (Q2\Q1),
which is a positive solution of (1). O

Similarly, we can also obtain the following theorem that is in some way a duality
of Theorem 1.

Theorem 2. Suppose (H1), (H2) hold, and 0 < a < 1, then we have

(1) If 0< fo, qioos 90 200 <00, A1q1oo <0 B fo, then for each A € (757, 472—)

and p € (0, Alzg;‘oo ), the system (1) has at least one positive solution.

(2) If 0< fo, @100, 90, G200 < 00, A2qase < (1 — ) Bago, then for each A& (0, ﬁ)

and p € (0371290’ Alzgzaoo ), the system (1) has at least one positive solution.

Proof. The proof is very similar to the proof of Theorem 1, we omit it here. O

4. Multiplicity results

In this section, we prove the existence of at least two positive solutions for the system

(1).
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Theorem 3. Suppose (H1), (H2) hold. In addition, assume that there exist four
constants r1, M, K, o, where K is sufficient small, 0 < o < 1, with aB1M > A1 K
(1 — a)BaM > A3 K, such that:

(1) q10 = qice = 0,420 = G200 = 0;
(2) f(t,u,v) > Mrq, or g(t,u,v) > Mry, for ory < |[(u,v)] < rq.
e 1 11—«
A K}’ IS [BQM7 AQK]f the

Then for any \ € [BlM, AlK] e (0,;—;] or \ € [0,
system (1) has at least two positive solutions.

Proof. We only prove the case of A € [ﬁ, A?K] s (0, I K] The other case is
similar.
Step 1. By the definition of ¢19 = g20 = 0, there exists H; € (0,r1) such that

q1(t,u,v) < K(u+v), go2(t,u,v) < K(u+v), for u+v € (0,Hy).

Then we have

b
Ax (1, 0) () = A / Gonlt, 5)f (5, uls), v(s))ds

< A(b S a)mil /ab . 7ba)_(l:; 1 (5)a1 s, u(s), v(s))ds
gk(b6a)m_1/b(sa)w (8)dsK (u + v)
<A K ) ||/ e mos

=M KJ|(

b
A, 0)(t) = / Gt 5)g(s, uls), v(s))ds

o) < all(u, )],

b

<u(5) [ b‘% (5)aa(su(s), (s)ds

<y bg")" 1/b s= )b =8) ($)dsK(u+v)
<u(50)" Klwo) H/ 0

AT A

Hence,
[ACu, v)[| = [Ax(w, 0) | + [|Au (u, o) < [ (u, )]l

Set Oy = {(u,v) € K : ||(u,v)|| < Hi}, then
|A(u, v)|| < ||(w,v)]|, for all (u,v) € kKN Q. (12)
Step 2. By the definition of ¢150 = g2 = 0, there exist Hy > r; such that
q1(t,u,v) < K(u+wv), g2(t,u,v) < K(u+wv), for u+ v € [Ha, 00).
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Similarly, set Q2 = {(u,v) € & : ||(u,v)|| < Ha2}, then
| A(u, v)]| < ||(uw,v)|], for all (u,v) € kN ONy. (13)

Step 3. Set Q3 = {(u,v) € & : ||(u,v)] < r1}, then V(u,v) € k with ||(u,v)| = 71,
we have

b
A, 0)(£) = A / Gon (b, 5) (5, u(s), v(s))ds

a+3b

Zkem(&ljb)/ ! wMﬁds

+b b—a

4

3a+b 3b
= AB1Mry > rq, Vte[a+ ot

4 7 4

Then
|A(u, v)|| > ||(u,v)]], for all (u,v) € kN INs. (14)

Consequently, from (12)-(14) and Lemma 4, the system (1) has at least two positive
solutions (u1,v1) € K, (u2,v2) € K with 0 < ||(ug,v1)|| < r1 < |[(u2,ve)]- O

The following result is an antithesis of Theorem 3.

Theorem 4. Suppose (H1), (H2) hold. In addition, assume that there exist four
constants 71, M, K, a, where K is sufficient large, 0 < a < 1, with aB1 Ko > A1 M,
(1 —a)ByKo > As M, such that:

(3) q1(t,u,v) < Mry, or qa(t,u,v) < Mry, for 0 < ||(u,v)|| < rq;
(4) fo = foo =00 07 go = goo = 0.
Then for any X € (gl a57) and p € (0,555%] or A € [0, 1%;] and p €

[ 1 11—«
BQKO" A2M

], the system (1) has at least two positive solutions.

For the convenience of the discussion of the existence of more than two positive
solutions for the system (1), we study the problem under a more general case than
the assumption of Theorem 3 and Theorem 4.

Let

wi(r) = sup{q(t,u,v) : t € [a,b], or <u+v<r}, i=12.

D) =t f (o) ve [P0 R or <k <),
Ya(r) = inf{g(t,u,v) : t € [3a2—b7 &—Zgb}, or <u+v<r}

p(r) = max{p:(r), wa(r)}, ¥(r) = min{e (), P2(r)}-
Then, we can obtain the following result.

Theorem 5. Suppose (H1) hold. In addition, assume that there exist three constants
M, K,a,0 < a <1 with aB1M > A1K, (1 — a)BaM > AsK and three constants
dy,da,ds with 0 < di < do < ds, such that one of the following two conditions is
satisfied:
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(1) p(d1) < di K, ¥(da) > daM, and p(d3) < Kds.
(1I) ¢(d1) > diM, p(d2) < doK, and ¢(d3) > Mds.

Then for any X € [BlM, TR +2=]. e (0, A‘fﬂ or X € (0, A?K], wE [321M, i‘;}?], the
system (1) has at least two positive solutions (ui, v7), (us,v3) and dy < ||(uf, v}
dy < |[(uz, v3)| < ds.

Proof. We only prove the case of (I) and X € [z, 2%, # € (0, 45 ]. The other
cases are similar. Let Q4 = {(u,v) € & : ||(u, v)|| < di}. If (u, ) 084, , then
[I(u, v)|| = di. Since ody < u+wv <dj,a <t <b, then we have

= A/a G (t,5)f (s, u(s),v(s))ds
)\(b;a)m—l/ab (S_;)_#pl(s)(h(s,u(s),v(s))ds
)\(bga)ml/b(s_a)a)_s)pl(s)(p(dl)ds

IN

IN

a
b— Cl m—1 s—a )
<
)\( d K/ b—a ——————p1(s)ds
< )\A1d1K < dia = all(u,v)|,

Gn(t,s)g(s,u(s),v(s))ds
a1 (Y (s—a)
<50 [ (et toas
n=1 (¥ (s —a)
< 6“) [ etanas

n— 1 — —
( a) / s—a)(b S)pg(s)ds
<phodi K < (1—a)d; = (1 - oz)H u, v)].
Then

[A(u, v)|| = [|Ax(w, o) + [| A (w, 0)|| < [I(u, )], for all (u,v) € kN O,.  (15)

If (u,v) € 0Q4,, then ||(u,v)|| = d2. Since oda < u+v <ds, t € {M M}, we

i 4
have ,
Ax(u,v)(t) = )\/ Gm(t, s)f(s,u(s),v(s))ds
= )\BldgM Z dg = ||(U,U)||
That is

A(u, v)|| > ||(u,v)||, for all (u,v) € kN INg,. (16)
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If (u,v) € 00q,, then ||(u,v)|| = ds. Since odz <u+v < ds, a <t <b, we have

A" [ sy, uts) v
()" [

a

m—1 — —
<)\(b a dgK/ s=a)(b s)pl(s)ds

< )\AldSK < dza = all(u,v)ll,

b
— / Gty 5)g(5, u(s), v(s))ds

(s —a) b—s)

——— ——a(s)aa(s, u(s), v(s))ds

(s—a b—s)

—————"pa(s)e(ds)ds

( a)n d / b_s)pz(S)dS

< pAyds K < (1 —a)ds = (1 —a)H(u )|l

Then

[A(u, v)[| = [[Ax(w, o)l + [[Au(u, )| < [[(u, v)], for all (u,v) € £ N, (17)

From (15), (16), (17) and Lemma 4, the system has at least two positive solutions
(uf,v]) € K, (u3,v3) €k and dy < |[(uf, 0])|| < da <||(uz,v3)| < ds. O

5. Example

As an example, we consider the existence of positive solutions for the following
systems:

u® = A[(u+0)? + (u+v)3], telo,1]
—0 = pl(u+v)* + (u+0)2], te0,1]
u®)(0) =u®)(1) =0, i=0,1
v@(0) =v@)(1) =0, ;j=0,1,2

=

(18)

We choose ry =1, M =3, K = % a= 2 then all the conditions in Theorem
4 are satisfied. Therefore, for any A € [5%,6] and p € (0,36] or A € (0,6] and
w € [27,36], (18) has at least two positive solutions (uq(t),v1(t)), (uz(t), v2(t)) with

0 < [[(ua(®); o) < 1< [[(uz(t), va(@))]]-
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