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Abstract. This paper is devoted to studying the growth and the oscillation of solutions
of the second order non-homogeneous linear differential equation

"+ AL (2) "D+ Ao (2) PP f = F,

where P (z), Q (z) are nonconstant polynomials such that deg P = deg @ = n and A; (z)
(#20) (j = 0,1), F(z) are entire functions with max{p(4;) : j = 0,1} < n. We also
investigate the relationship between small functions and differential polynomials g¢ (z)
=dof" +dif +dof, where do (2),d1 (2),d2 (2) are entire functions such that at least one
of do, d1,d2 does not vanish identically with p(d;) < n(j =0,1,2) generated by solutions
of the above equation.
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1. Introduction and statement of results

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s value distribution theory
(see, [9], [16]). In addition, we will use A (f) and A (f) to denote respectively the
exponents of convergence of the zero-sequence and distinct zeros of a meromorphic
function f, p (f) to denote the order of growth of f. A meromorphic function ¢ (z)
is called a small function with respect to f (z) if T (r,¢) = o (T (r, f)) as r — 40
except possibly a set of r of finite linear measure, where T (r, f) is the Nevanlinna
characteristic function of f.
To give estimates of fixed points, we define:

Definition 1 (see [4, 11, 13]). Let f be a meromorphic function and let z1, 2o, - |
(|zjl = rj, 0 <11 < rg < ---) be the sequence of the fized points of f, each point
being repeated only once. The exponent of convergence of the sequence of distinct
fized points of f(2) is defined by
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+oo
T(f)=infd7>0: Z|zj\_T < +o0
j=1

Clearly,
log N (r, ﬁ)
7(f) =limsup——————*~,
r—+o00 10g7’
where N (r, ﬁ is the counting function of distinct fized points of f(z) in
{z:]z| <r}.

In [6], Chen has investigated the second order linear differential equation
"+ AL (2)ePE 4 Ay (2) Q@ f =0, (1)
and has obtained the following result.

Theorem 1 (see [6]). Let

P(z)= iaizi and Q (2) = ibizi
i=0

=0

be nonconstant polynomials where a;, b; (1 =0,1,--- ,n) are complex numbers, a,by,
# 0, let A1 (2), Ao (z) (#0) be entire functions. Suppose that either (i) or (ii)
below, holds:

(i) arga, # argb, or a, =cb, (0<c<1), p(4;)<n (j=0,1);
(i1) an = cby (¢ > 1) and deg(P —cQ) =m > 1, p(Aj) <m (j =0,1).
Then every solution f(z) Z 0 of (1) satisfies p2 (f) = n.

In [1], the author and El Farissi have studied the relation between meromorphic
functions of finite order and differential polynomials generated by meromorphic so-
lutions of the second order linear differential equation (1) and have obtained the
following result.

Theorem 2 (see [1]). Let

P(z)= zn:aizi and Q (z) = zn:b,z’
=0

=0

be nonconstant polynomials where a;, b; (i =0,1,--- ,n) are complex numbers, a,by,
# 0 such that arga, # argb, or a, = cb, (0 <c<1) and let A1 (z), Ao (2) (£0)
be meromorphic functions with p(A;) < n (j=0,1). Let dy(2),di (2),d2(z) be
polynomials that are not all equal to zero, v (z) #Z 0 is a meromorphic function with
finite order. If f (z) £ 0 is a meromorphic solution of (1) with A (1/f) < oo, then
the differential polynomial g (z) = dof” + di f' + dof satisfies X (g — ¢) = oc.
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Recently in [14], Wang and Laine have investigated the growth of solutions of
some second order linear differential equations and have obtained.

Theorem 3 (see [14]). Let A (z) (#0) (j = 0,1) and F (2) be entire functions with
max{p (4;) (7 =0,1),p(F)} < 1, and let a,b be complex constants that satisfy ab
%0 and a #£b. Then every nontrivial solution f of the equation

"4+ A (2) e f + Ag(2) e f = F
is of infinite order.

The present article may be understood as an extension and improvement of
the recent article of the author and El Farissi [2]. The first main purpose of this
paper is to study the growth and the oscillation of solutions of the second order
non-homogeneous linear differential equation

Fr4+ A (2) PP 4 Ay (2) QP f = F (2)
We obtain the following results.

Theorem 4. Let
P(z)= Zaizi and Q (z) = Zbizi
i=0 i=0

be nonconstant polynomials where a;,b; (i =0,1,--- ,n) are complex numbers, anby,
X (an —bp) # 0. Let Aj(z) (#0) (j = 0,1) and F(z) be entire functions with
max{p (4;) (j =0,1),p(F)} < n. Then every solution f # 0 of equation (2) is of
infinite order. Furthermore, if F 2 0, then every solution [ of equation (2) satisfies

M) =A(f) = p(f) = oo 3)

Remark 1. If p(F) > n, then equation (2) can possess a solution of finite order.
For instance, the equation

n

f// + eQz”f/ _ nzn—lez"f — (n222n—2 —-n (’I’l _ 1) Zn—2) e~ nzn—l

satisfies p (F) = p ((n?2" —n(n —1)) 2" 2e=*" —nz""1) = n and has a finite order
solution f (z) = e " — 1.

Theorem 5. Let P(z), Q(2), A0 (2), A1 (2) satisfy the hypotheses of Theorem 4,
and let F (z) be an entire function such that p (F) > n. Then every solution f of
equation (2) satisfies (3) with at most one finite order solution fj.

Many important results have been obtained on the fixed points of general tran-
scendental meromorphic functions for almost four decades (see, [17]). However, there
are a few studies on the fixed points of solutions of differential equations. It was in
the year 2000 that Z. X. Chen first pointed out the relation between the exponent
of convergence of distinct fixed points and the rate of growth of solutions of second
order linear differential equations with entire coefficients (see, [4]). In [13], Wang
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and Yi investigated fixed points and hyper-order of differential polynomials gener-
ated by solutions of some second order linear differential equations. In [10], Laine
and Rieppo gave an improvement of the results of [13] by considering fixed points
and iterated order.

The second main purpose of this paper is to study the relation between small
functions and some differential polynomials generated by solutions of second order
linear differential equation (2). We obtain some estimates of their distinct fixed
points.

Theorem 6. Let

Zazz and Q (2 Zb Z"

be nonconstant polynomials where a;, b; (i =0,1,--- ,n) are complex numbers, apby,
X (an —bp) # 0. Let A; (2) (#0) ( =0,1) and F (2) # 0 be entire functions with
max{p (4;) (j =0,1),p(F)} <n. Let dy(2),d1 (2),d2 (2) be entire functions such
that at least one of dy, d1,da does not vanish identically with p (d;) <n (j =0,1,2),

¢ (2) is an entire function with finite order. If f (z) is a solution of (2), then the
differential polynomial g; (2) = dof” + d1f' + dof satisfies X(gr — @) = X (g7 — ¢)
=p(f) =o0.

Corollary 1. Let Aj (z) (j =0,1),F (2),d; (2) (j =0,1,2), P(2),Q (2) satisfy the
additional hypotheses of Theorem 6. If f is a solution of (2), then the differential
polynomial g; = dof” + dif' + dof has infinitely many fived points and satisfies
7(95) =7 (g95) = 00

Theorem 7. Let Aj(z) (j=0,1),F(2),P(z ) Q (2), ¢ (2) satisfy the additional
hypotheses of Theorem 6. If f is a solution of (2), then

A=) =A("—0) = A" =) =p(f) = +oc.

Let us denote by

a1 =dy — dyAre”, ag = dy — daAge?, (4)
Br = daATe*’ — ((doAr) + P'de Ay + diAr) eF — doAge® +do +dy,  (5)
[30 = d2A0A16P+Q — ((dQAO)/ + QldQAo + dle)eQ + d{), (6)
h = a180 — apfr (7)
and
wzal (<P/_(d2F)’_ath)—51(ga—d2F). (8)

Theorem 8. Let P(z), Q(2),40(2), A1 (2), F (2) satisfy the hypotheses of Theo-
rem 5. Let dg (2),d; (2),ds (2) be entire functions such that at least one of dy, dy,ds
does not vanish identically with p(d;) < n (j =0,1,2), ¢ (2) is an entire function
with finite order such that v (z) is not a solution of equation (2). If f(z) is a so-
lution of (2), then the differential polynomial gy (2) = dof” + d1f' + dof satisfies
Agr —¢) = X(gs — ¢) = oo with at most one finite order solution fo.
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Next, we investigate the relation between infinite order solutions of a pair of
non-homogeneous linear differential equations and obtain the following result.

Theorem 9. Let P(z), Q(2),A40(2), A1 (2),d;(2) (j =0,1,2) satisfy the hy-
potheses of Theorem 6. Let F1 # 0 and Fy # 0 be entire functions such that
max{p (F;):j=1,2} < n and F1 — CF, # 0 for any constant C, ¢ (z) is an
entire function with finite order. If f1 is a solution of the equation

"+ AL (2)eP@f 4 Ay (2) @@ f = By (9)
and fo is a solution of the equation
F+ A1 (2) PO f 4 Ag (2) QP f = By, (10)
then the differential polynomial
9h-c. (2) = da (fi' = CfF) +di (fi = Cf3) + do (f1 = Cf2)

satisfies N(gf—cf, — @) = ANgp—cf, — p) = o0 for any constant C.

2. Preliminary lemmas

We need the following lemmas in the proofs of our theorems.

Lemma 1 (see [8]). Let f be a transcendental meromorphic function of finite order
p, let T = {(k1,71),(k2,J2), -, (km,Jm)} denote a finite set of distinct pairs of
integers that satisfy k; > j; = 0 fori = 1,--- . m and let € > 0 be a given
constant. Then, there exists a set Ey C [0,27) that has linear measure zero, such
that if ¥ € [0,27) — Ey, then there is a constant Ry = Ry (¢) > 1 such that for all
z satisfying argz = 1 and |z| 2 Ry and for all (k,j) € T, we have

‘f““) (=)
9 ()

Lemma 2 (see [12, 5]). Let P (z) = anz" + --- + ag, (ap, = a +1i6 # 0) be a poly-
nomial with degree n > 1 and A(z) (#£0) be an entire function with p(A) < n.
Set f(2) = A(2)eP®) 2 = ret® §(P,0) = acosnf — Bsinnd. Then for any given
e > 0, there exists a set Ey C [0,2m) that has linear measure zero, such that if
6 € [0,2m)\ (B2 U Es), where E5 = {0 €[0,27) : § (P,0) = 0} is a finite set, then
for sufficiently large |z| = r, we have

< |Z|(k—j)(p—1+6) )

(1) If 6 (P, 6) > 0, then
exp{(1—¢)d(P,0)r"} <|f(2)| Sexp{(1+e)d(PO)r"}.  (11)
(1) If 6 (P,0) < 0, then

exp{(1+e)d(P,0)r"} <|f(2)] <exp{(l—¢)d(P,0)r"}. (12)
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Lemma 3 (see [15]). Let f (z) be an entire function and suppose that

_logt £ (2)]
- 21"

G (2)

is unbounded on some ray argz = 0 with constant p > 0. Then there exists an
infinite sequence of points z, = e’ (n = 1,2,---) tending to infinity such that
G (z) — o0 and

f(j) (Zn) 1
O )| S G=7)

Lemma 4 (see [15]). Let f (z) be an entire function with p (f) < co. Suppose that
there exists a set B4 C [0, 2m) which has linear measure zero, such thatlog™ | f (re') |
< Mr? for any ray arg z = 0 € [0,2m) \ Ey, where M is a positive constant depending
on 0, while o is a positive constant independent of . Then p(f) < o.

S(1+o() ]z (j=0,--,5—=1) as n— oo,

Lemma 5 (see [7, 16])). Suppose that f1(2), f2(2), -+, fn(2) (n = 2) are mero-
morphic functions and g1 (2),92 (2), -+ ,gn (2) are entire functions satisfying the
following conditions:

() X f;(z) e =o.

(1) g; (2) — gk (2) are not constants for 1 < j <k < n.

(iti) For1<j<n,1<h<k<n,

T(r, fj)=o0 {T (r, eg’”(z)_g’“(z))} (r — oo, ¢ Es),
where Ex is a set with finite linear measure.
Then f;(2)=0 (j=1,--- ,n).
Lemma 6. Let

P(z)= iaizi and Q (z) = ibizi
i=0 i=0

be monconstant polynomials where a;, b; (i = 0,1,---,n) are complex numbers,
anby, (an — by) # 0. Suppose that Aj(z) # 0 (j = 0,1) are entire functions with
max{p (A4;): j =0,1} < n. We denote

Ly=f"+A; (2) PO f + Ay () Q@ f. (13)
If f #0 is a finite order entire function, then we have p (Ly) = n.

Proof. First, if f (z) = C, where C' is a nonzero constant, then

Lf = Ao (Z) eQ(Z)C.
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Hence p(Ly) = n and Lemma 6 holds. If f is a nonconstant entire function, we
suppose that p (Ly) < n and then we obtain a contradiction.
(i) If p(f) = p < n, then

Fr4+ A (2) PP 4 Ag (2) QP f — Ly
= f" =L+ A1 (2) e + Ag (2) feOF) = 0.

By Lemma 5, we have A;(z) = 0 (j = 0,1), and this is a contradiction. Hence

p(Lg) = n.
(ii) If p(f) = p = n, we rewrite (13) as

Set

max{p (4;) (j = 0,1),p(Ly)} =0 <.

By Lemma 1, there exists a set By C [0,27) of linear measure zero, such that if
6 € [0,27) \ Ei, then there is a constant Ry = Rj (f) > 1, such that for all z
satisfying arg z = 6 and |z| = r > R;, we have

’f(j) (2)
F@(2)

By Lemma 2, there is a set Fy C [0,27) that has linear measure zero, such that
if 6 € [0,27)\ (F1UFEyUE;3), where E5 = {6 € [0,27) : §(P,0) = 0,6(Q,0)
=0}U{fe0,2m):6(P,0) =d(Q,0)} is a finite set, then for sufficiently large |z|
=r,wehave § (P,6) #0, §(Q,0) # 0,6 (P,0) # 6 (Q,0) and Ay (2) e ®), Ag (2) @)
satisfies either inequality (11) or (12). Since a,, # by, then a,, b, satisfy either in-
equality 6 (P, 0) < §(Q,0) or § (P,0) > 6 (Q,0).

Case 1: §(P,6) < (Q,0) and §(Q,0) > 0. Hence, there exists a positive number
01 > 0 such that 6 (P,0) < 61 < 6 (Q,0). By Lemma 2, for any given &

(O <e< min{w 0}) ;

<[, 0<i<i<2 (15)

5(Q.0) +o"
we have
exp{(1-2)6(Q.0) 1"} < |4y ()2, (16)
|41 (2) "] < exp {(1+€) 2177} (17)

provided that r is sufficiently large. We now proceed to show that

log" | f (2)]
|Z|O'+E
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is bounded on the ray arg z = 6. Supposing that this is not the case, then by Lemma
3, there exists an infinite sequence of points z,, = r,e? (m = 1,2,---) tending to
infinity such that

log® | f (2m
g 1 () .
|2m|
From (18) and the definition of the order, we get
Ly (2m) ’
=L 0, 19
as r,, — 00. From equation (14), we obtain
Ly (zm)| | f" (2m) [ (zm)
Ag (zm) Q0G| < | 2L ’ + ‘ + ’A Zm) eFEm) . (20
0 en) Flem) | | Py | 1A G Fem | @

Using inequalities (15) -(17) and the limit (19), we conclude from inequality (20)
that

exp{(1—¢€)8(Q,0)rp} <rpl + 1 exp{(1+¢e)dury,} +o(1). (21)
Bye(0<e< min{%,n —o}), we have as r,, = +00
2p
Do -0, (22)
exp{(1—¢)0(Q,0)r™}
r2rexp{(14¢)&ir}+o0(1) o (23)

exp{(1 —¢)d(Q,0)r}}

By (22) and (23), we get from (21) that 1 < 0. This is a contradiction. Therefore,

.
% is bounded on the ray argz = 6, then there exists a bounded constant

My > 0 such that

‘Z‘G+E

|f ()] < e

on the ray argz = 6.
Case 2: §(P,0) <0 and d(Q,6) <0. From (13), we get

f(z) Ly (2)

L) P2) e || L)
1< a2 | ek 46 (2) ‘f,, elkanaeit (24)
By Lemma 2, for any given € (0 < ¢ < min{l,n — o}) we have
|40 (2) €99 < exp {(1-2)8(Q,0)r"}, (25)
‘Al (2)eP@)| < exp {(1 —€)6 (P,0) 1"} . (26)

We prove that

log" | /" ()]
|Z|O'+E
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is bounded on the ray arg z = 6. Supposing that this is not the case, then by Lemma
3, there exists an infinite sequence of points z,, = r,e? (m = 1,2,---) tending to
infinity such that

log™ [ " (2m)]

‘Zm|a+s 00 (27)
and
‘J{((Z”n))' < (1+0(1)) [zl ;/((Z;)) ‘ LUt o)zl as mor oo (28)
From (27) and the definition of the order, we get
Ly (zm)
e o (29)

as r, — 00. Using inequalities (25), (26), (28) and the limit (29), we conclude from
inequality (24) that

1< exp{(1-€)3(P,0) )} (1 +0(1))

5 ep{(1-)6(@.0) i} (1 +o (1) +0(1).

By 0 < & < min{l,n — o}, this is a contradiction, provided that r,, is sufficiently
large enough. Therefore,

log™ | f" (2)]

|Z|O'+6

is bounded on the ray arg z = 6, then there exists a bounded constant My > 0 such
that .
" (2)] < M2l (30)

on the ray arg z = 0. Hence, by two-fold iterated integration, along the line segment
[0, 2], we conclude that

()= FO)+1(0) = + / / £ () dut.
0 0

So, we get for a sufficiently large r

F@I<IF O+ 17 )2+ //f”(u)dudt
0

<o+ 17 1@ = Lasowy i o

on the ray arg z = 6. Then by using (30) we obtain

1 oTE o e
F ()] < 5 (1o (1) r2eMalsl” < et
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on the ray argz = 6.
Case 3 : §(P,0) > (Q,0) and ¢ (P,0) > 0. Hence, there exists a positive number
01 > 0 such that 0 (Q,0) < §; < 6 (P,0). By Lemma 2, for any given

5 (P,0) — &

0<e< min{m,n -0},
we have
exp{(1—¢)d (P, 6)r"} < ‘Al (z) e (31)
40 (2) €29 < exp{(1+2) a1} (32)
provided that r is sufficiently large. From (13), we get
‘A1 (2) PP < ‘J;/: + ‘A @) ‘]J:’((Z)) ?{(f)) . (33)
By the same reasoning as in Case 2, we prove that
log" |f' (2)]
Eis

is bounded on the ray arg z = . Supposing that this is not the case, then by Lemma
3, there exists an infinite sequence of points z,, = 7,¢?? (m = 1,2,---) tending to
infinity such that

‘ f (#m) <(140(1))|2zm| as m — (34)
[ (zm)
and

?fjm‘ao as m — oo. (35)

Using inequalities (15), (31), (32), (34) and the limit (35), we conclude from inequal-
ity (33) that

exp{(1 =)0 (P,0)r"} <72 + (1 +0(1))rmexp{(1+¢e)dr™} +o(l).

Since 5(P.0) 6
O . 9 — 01 -
<e< mm{i&(RO) +51’n o},
this is a contradiction, provided that r,, is sufficiently large enough. Therefore,
log™ | ()]
|z|0'+6

is bounded on the ray arg z = 6, then there exists a bounded constant M3 > 0 such
that

If (2)] < eMall™
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on the ray arg z = 6. Then, we get for a sufficiently large r

1f (2)] ") du| < |f (O) + [l | (2)]

|
~
e
+

O\N
=
S
U
<
A
-
S
+
—

~

I
—~
—
—+
S
—~~
—_
~—
—
<
=
—~
I
=
N
9]
g
)
3
q
+
N
o

on the ray argz = 6. Hence, in all cases, there exists a bounded positive constant
M > 0 such that
o+2e
FEI<MT (36)

on the ray argz = . Therefore, for any given 6 € [0,27) \ (E1 U E2 U E3), where
(E1 UE3;UEs5) C [0,27) is a set of linear measure zero, we have (36), on the ray
arg z = 6 for sufficiently large |z| = r. Then by Lemma 4 we have p (f) < o+2c<n
for a small positive €, a contradiction with p (f) > n. Hence p (Ly) > n. O

Lemma 7 (see [3]). Let Ay, A1,---, Ar—1, F £ 0 be finite order meromorphic
functions. If f is a meromorphic solution with p (f) = oo of the equation

FO 4+ A fEY 4 AL+ Agf = F,

then X (f) = A (f) = p(f) = oc.

3. Proof of Theorems

Proof of Theorem 4. Assume that f Z 0 is a solution of equation (2). We prove
that f is of infinite order. We suppose the contrary p (f) < co. By Lemma 6, we have
n < p(Ly) = p(F) < n and this is a contradiction. Hence, every solution f # 0 of
equation (2) is of infinite order. Furthermore, if F' # 0, then by f is an infinite order
solution of equation (2) and by using Lemma 7, every solution f satisfies (3). O

Proof of Theorem 5. Assume that fy is a solution of (2) with p(fy) = p < oc.
If f1 is a second finite order solution of (2), then p(f1 — fo) < oo, and f1 — fy is a
solution of the corresponding homogeneous equation

F 4+ Ar(2) PG 4 Ag (2) QB f =0,

but p(f1 — fo) = oo from Theorem 4, this is a contradiction. Hence (2) has at
most one finite order solution fo and all other solutions f; of (2) satisfy (3) by
Lemma 7.

Proof of Theorem 6. Suppose that f is a solution of equation (2). Then by The-
orem 4, we have p (f) = co. We prove p(gy) = p(dof” + di f' + dof) = 0.
First we suppose that da # 0. Substituting f” = F — Ajef f' — Age? f into gy,
we get
g5 — doF = (di — daAre”) f/ + (do — d2Aoe®) f. (37)
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Differentiating both sides of equation (37) and replacing f” with f” = F — Aef f' —
Age® f, we obtain
g} — (dQF)/ — (d1 — dQAlep) F
= [dgA%émD — ((dzAl)l + Pld2A1 + d1A1) 6P — dQAer + do + dll] f/

—+ [d2A0A16P+Q - ((dQAO)/ + Q,dQAO + dlA()) GQ + d6:| f (38)

Then, by (4)-(6), (37) and (38), we have
arf' +aof = gy — doF, (39)
Buf' + Bof = gy — (doF) — (dy — dyAre”) F. (40)

Set

h = Oélﬂofaoﬂl = (dl—dgAwP) [d2A0A16P+Q—((d2AO), W/d2A0+d1AQ)€Q+d6]
—(do—dQAer) [dQA%QQP—((dQAl)/ —|—Pld2A1 +d1A1)€P—d2AO€Q+dQ+d/1:|
— Hy+ Hpe"® + Hge®®) 4 Hp, geP @R 4 Hype?P() 2 42:20) (41)

where H; (z) (1€ A={0,P(2),Q(2),P(2)+Q(z),2P (z)}) are entire functions
formed by Ay, A1, dg,d1,ds and their derivatives, with order less than n, and A is a
index set. Since any one of P (z),Q (z), P (2)+Q (z),2P (z) is not equal to 2Q (z),
then by Lemma 5 we have d3A3 = 0. This is a contradiction. Thus, h # 0.
Now suppose do = 0, d; # 0. Using a similar reasoning as above we get h Z 0.
Finally, if do = 0, d; =0, do # 0, then we have h = —d% # 0. Hence h # 0. By
(39), (40) and (41), we obtain

(5] r— (dQF)/fqu 751( 7d2F)
fe (gf . ) 9f . (42)

If p(gs) < oo, then by (42) we get p(f) < oo and this is a contradiction. Hence
p(gy) = oc.

Set w (z) = dof” + dif' + dof — . Then, by p(p) < 0o, we have p (w) = p(gy)
= p(f) = oc. In order to prove A (g7 — ¢) = A (95 — ¢) = 00, we need to prove only
A (w) = X (w) = oo. Using gy = w + ¢, we get from (42)

ay (w’+<p’—(d2F)/foz1F) — b1 (w+ ¢ —doF)

/= h

. (43)

So,
w' — frw

«
f=——F (44)
where 1 is defined in (8). Substituting (44) into equation (2), we obtain

%w///+¢2w”+¢1w'+¢ow =F- (1///+A1 (2) "y + A (2) eQ(Z)¢) = A, (45)

where ¢; (j = 0,1, 2) are meromorphic functions with p (¢;) < co (j =0, 1,2). Since
p () < oo, it follows that A # 0 by Theorem 4. By oy # 0, h # 0 and Lemma 7,
we obtain A (w) = A (w) = p(w) =00, ie., A(gr — @) = A(gr — ¢) = 0. O
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Proof of Theorem 7. Suppose that f(z) is a solution of equation (2). Then,
by Theorem 4, we have p(f) = p(f") = p(f"”) = oo. Since p(p) < oo, then
p(f—¢)=p(f —¢) =p(f"—¢) = co. By using a similar reasoning to that in
the proof of Theorem 6, the proof of Theorem 7 can be completed. O

Proof of Theorem 8. By Theorem 5, we know that equation (2) has at most one
finite order solution fy and all other solutions f; of (2) satisfy p(fi1) = oo. By
hypothesis of Theorem 8, ¥ (z) is not a solution of equation (2). Then

F— (w AL (2) POy 4 A (2) eQ<Z>¢) £ 0. (46)

By reasoning similar to that in the proof of Theorem 6, we can prove Theorem 8. [J

Proof of Theorem 9. Suppose that f; is a solution of equation (9) and fy is a
solution of equation (10). Set w = fi; — C'f2. Then w is a solution of the equation

w"” + Ay (2) e Pw' + Ag (2) 2P w = By — OF,. (47)

By p(Fy — CFy) < n, F; — CF; # 0 and Theorem 4, we have p (w) = oo. Thus, by
Theorem 6, we obtain that

Agp—cp, — ) = Agp—cf. —¢) = 0.

Acknowledgement

The author would like to thank the referees for their helpful remarks and suggestions
to improve the paper. This research is supported by ANDRU (Agence Nationale
pour le Développement de la Recherche Universitaire) and University of Mostaganem
(UMAB), (PNR Project Code 8/u27/3144).

References

[1] B.BELAIDI, A. EL FARISSI, Relation between differential polynomials of certain com-
plex linear differential equations and meromorphic functions of finite order, Tsukuba
J. Math. 32(2008), 291-305.

[2] B.BELAIDI, A. EL FARIssI, Relation between differential polynomials and small func-
tions, Kyoto J. Math. 50(2010), 453-468.

[3] Z.X.CHEN, Zeros of meromorphic solutions of higher order linear differential equa-
tions, Analysis 14(1994), 425-438.

[4] Z.X.CHEN, The fized points and hyper-order of solutions of second order complex
differential equations, Acta Math. Sci. Ser. A Chin. Ed. 20(2000), 425-432.

[5] Z.X.CHEN, The growth of solutions of f”" + e *f + Q(z) f = 0 where the order
(Q) =1, Science China Ser. A 45(2002), 290-300.

[6] Z.X.CHEN, On the hyper-order of solutions of some second order linear differential
equations, Acta Math. Sinica Engl. Ser. 18(2002), 79-88.

[7] F. GRross, On the distribution of values of meromorphic functions, Trans. Amer.
Math. Soc. 131(1968), 199-214.



184
(8]
[9]

[10]

[11]

B. BELAIDI

G. G. GUNDERSEN, FEstimates for the logarithmic derivative of a meromorphic func-
tion, plus similar estimates, J. London Math. Soc. 37(1988), 83-104.

W. K. HAYMAN, Meromorphic functions, Oxford Mathematical Monographs, Claren-
don Press, Oxford, 1964.

I. LAINE, J. RIEPPO, Differential polynomials generated by linear differential equations,
Complex Var. Theory Appl. 49(2004), 897-911.

M. S. Liu, X. M. ZHANG, Fized points of meromorphic solutions of higher order linear
differential equations, Ann. Acad. Sci. Fenn. Math. 31(2006), 191-211.

A. 1. MARKUSHEVICH, Theory of functions of a complex variable, Vol. II, Englewood
Cliffs, New Jersey, 1965.

J. WANG, H. X. Y1, Fized points and hyper-order of differential polynomials generated
by solutions of differential equation, Complex Var. Theory Appl. 48(2003), 83-94.

J. WANG, 1. LAINE, Growth of solutions of second order linear differential equations,
J. Math. Anal. Appl. 342(2008), 39-51.

J. WANG, I. LAINE, Growth of solutions of nonhomogeneous linear differential equa-
tions, Abstr. Appl. Anal. 2009, 1-11, Art. ID 363927.

C. C. YANG, H. X. Y1, Uniqueness theory of meromorphic functions, Mathematics and
its Applications, Kluwer Academic Publishers Group, Dordrecht, 2003.

Q. T.ZuaNG, C. C.YANG, The Fized Points and Resolution Theory of Meromorphic
Functions, Beijing University Press, Beijing, 1988, in Chinese.



