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A correction for a result on convergence of
Ishikawa iteration for strongly pseudocontractive
maps
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1. Introduction

Let X be a real Banach space. Let B be a nonempty, convex subset of X. Let
T : B — B be amap. Let z; € B. We consider the following iteration, see [4]:

Tnt1 = (1 = an)on + 0 Tyn, (I)
Yn = (1= Bn)xn + BpTan, n=1,2,...

We suppose that (o )n, (Bn)n C (0, 1), and the sequence (o), satisfies
O<w<a, <L (1)

For 8, = 0,Vn € N we get Mann iteration, see [5]. Ishikawa iteration with condition
(1) is studied in [13]. In [7] it was proven that two assumptions of the main theorem
from [13] are contradictory. In this note we will prove that renouncing to one
assumption from [13] and supposing true an assumption a la [3], the above theorem
from [13] is true.

The map J : X — 2% given by

Jo:={f € X" :(z, f) = |, |/l = =]} Vo € X,

is called the normalized duality mapping. The Hahn-Banach theorem assures that
Jz # (,Vx € X. It is easy to see that we have

(@), y) <zl lyll, Ve, y € X, Vi(x) € J(x). (2)
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Definition 1. Let X be a real Banach space, let B be a nonempty subset. A
map T : B — B is called strongly pseudocontractive if for all x,y € B, there exists
jlx—y) € J(x —y) such that

Fy €(0,1): (Te =Ty, j(z —y)) <7llz —y|*. 3)

The following Lemma could be found in [6], [12], with different proofs. A par-
ticular form of this lemma is in [11].

Lemma 1. [6], [11], [12] If X is a real Banach space, then the following relation
18 true

Iz +yl> < |zl + 2 (v, i(z +y)), Yo,ye X, Vi@@+y)eJ@+y). (4

The following result is from [9]. Three other proofs could be found in [10].
Proposition 1. [9], [10].Let (a)n be a nonnegative sequence which satisfies

ant1 < (1 —w)a, + 0,5, (5)

where w € (0,1) ,.S > 0 are fized numbers, o, > 0,Yn € N, lim,,_,oc 0, = 0. Then
lim,, s an = 0.

2. Main result

We are able now to give the following result.

Theorem 1. Let X be a real Banach space, and let T : X — X be a continuous,
strongly pseudocontractive with bounded range map. Iflim, o || Tyn — Txpt1|| =0,
and v € (0,1/2), then the iteration (I) strongly converges to the unique fized point
of T.

Proof. . The existence follows from [2] and the uniqueness from strongly pseudo-
contractivity. Let x* = Tx*. Using (4) for the first inequality, (2) and (3) for the
third one, we can see:

*12 * *\ (12
[ent1 =277 = |(1 = an)(@n — 27) + an(Tyn — 27)|

< (1= ap) [lon — 2" 4 200 (Tyn — 2%, j(@ni1 —27))

< (1= ap)? [lon — 2*[* 4+ 200 (Tyn — Top1, j(2ng1 — 27))
+ 20 (Txpt1 — 2*, J (X1 — %))

< (1= an)? [lzn — 2*[* + 2000 | Ty = Txpga || @01 — 2|
+ 2007 [@ng1 — 27|, Vi(@apr —2%) € J(@arn — ).

There results

(1= 2007) lzng1 — 2" < (1= @n)? o0 — " |* + 200 | Tyn — Tnrall [@nsr — 2|,

2¢

(1 —ay)? n
(1-2ayy)

* (12
(1_2@ '}/) H.’L'n—.’l,' H +

Jenss — 2| < ITy0 = T nsr — 2°] .
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Because v € (0,1/2), a,, € (0,1) = % >1lie — (%) < -1, we

have

(1—0p)?  1-2a,+0a,2  ((1—20m7) + 2007 — 200, + 0})

(1—-2a,7) (1—-2an7) (1 —2an7)
:1_(%>%<1_%. (6)

Also, the sequence (z,,) is bounded. We will prove that by induction. Let us denote
by d := sup{||Tz| : « € B} + ||z*|| . Because the range of T is bounded we have
d < 0. We denote by M := d + ||xg — z*|| + 1. Observe that

1 — 2" < (1 — o) lzo — 2" + a0 | Tyo — =7 ||
<(1—a0)M + ao(|Tyoll + |lz*]) < (1 — ao)M + agM = M.

Supposing ||z, — z*|| < M, we will prove that ||z,4+1 — 2*|| < M. Indeed we have

[#nt1 = 2" < (1 = an) lzn — 27| + an [Ty, — 27|
< (1= an)M + an([Tynll + [l27])) < (1 = an) M + an M = M.

Thus we have
M >0 ||zpt1 — 27| < M,Vn > 0. (7)
Conditions (6), (7) and (8) lead us to

20y,
o = < (1= ) o = 2+ [T = | a2t
But (1 —ay) <(1—w), and (172;‘7;7”) < 1255 So, we have
s = 2" < (1= )z — & + [Ty~ Toniall 1=
n+1 >~ n n n+1 1_ 27
Let us denote be a, := ||z — z*||*, 00 := || Tyn — T#ni1| , and S = ﬁM Then
we have lim,, .o, a, = 0. Thus lim,, oo T, = z*. O
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