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Summary

The theory of torsion of thin walled beams of open cross-sections with influence of
shear on the basis of the classical Vlasov’s theory of thin-walled beams of open cross-sections
for beams with single and double symmetrical cross-sections is developed. It is proved that
the beam subjected to torsion with influence of shear exerted by couples in the beam cross-
sections is also subjected to bending due to shear in the plane orthogonal to the plane of
symmetry. The beam is subjected to torsion with influence of shear only in the case of double
symmetrical cross-sections. The principal cross-section axes as well as the principal pole are
defined according to the classical theory of thin-walled beams of open sections. Illustrative
examples are given, as well as a comparison with the finite element method.

Key words: torsion of thin-walled beams, influence of shear, open sections,
single and double symmetrical section, analytic method; FEM

1. Introduction

In classical theories of torsion of thin-walled beams with open cross-sections the
warping of the cross-section due to shear is neglected [1-4].

By analogy to the advanced theories of bending, in an engineering approach [5-11], the
concept of shear factors is considered in torsion [12-20].

In the case of single symmetrical cross-sections, the effect of bending due to shear in the
plane orthogonal to the beam plane of symmetry, as the result of torsion with influence of
shear, has not been sufficiently investigated [12,13,16,20]. Still, some results are available
where numerical methods are applied [21-23].

In this paper, an analytical solution for shear factors in torsion will be investigated; the
stress distributions along the beam cross-section contour will be given in the analytic form, as
well as the stresses and displacements along the beam length. Beams with single and double
symmetrical cross-sections under various torsion load conditions will be considered. The
results will be compared with the finite element method.
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2. Strains and displacements

The displacement of an arbitrary point S(x,s) of the middle surface of a thin-walled
beam of open cross-section with one axis of symmetry subjected to torsion can be expressed
as

uy ==Ly [y 05, ()
where a = a(x) is the angle of torsion, i.e. the rotation of the cross-section middle line as a
rigid line with respect to a cross-section pole P, in the axis of symmetry, v=v(x) is the
displacement of the pole P in the y-direction, y = y(s) is the orthogonal coordinate,
Ve = 7.e(x,s5) 1s the shear strain in the middle surface, s is the curvilinear coordinate of the
middle line, & is the tangential axis on the curvilinear coordinate s; Oxyz is the orthogonal
coordinate system, where the z-axis is the axis of symmetry (Fig. 1);

a;=j:h,,ds, dew=h,ds, )

where @ = w(s) is the sectorial coordinate for the pole P and 4, = A, (s) is the distance of the
tangent through the arbitrary point S at the middle line from the pole P.

P
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Fig. 1 Cross-section middle-line Fig. 2 The equilibrium of the element of the wall
Here w(s =0)=0, so Eq. (1) may be expressed as
ug=Jo—yy+[ y.ds, 9=-dajdr, y=dv/dx; (3)

where 9 =3(x) is the relative angular displacement of the middle line as rigid line with
respect to the pole P and y = y(x)is the angular displacement of the middle line as rigid line
with respect to the z-axis.

Thus, it is assumed that the cross-section middle line is displaced in the longitudinal
direction due to warping, as in the case of the ordinary theory of torsion, expressed by the first
member of Eq. (3), and in addition, due to the influence of shear, expressed by the second and
third members of Eq. (3).

The displacements may be separated as follows

a=a,+a,, Vv=v, (4)

a

where «, =, (x) is the angular displacement of the cross-section as plane section with
respect to the pole P, as in the case of the classical theories of thin-walled beams of open
cross-sections, «, = a,(x) and v, =v,(x) are the additional displacements due to shear.
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Then
9=9+9, 3=-de,/dx, 3 =-da,/dx, y=y, 6 =dv,/dx. (%)

The strain in the beam longitudinal direction may be then expressed as

ou d’a d’v *87;
£, =—=— O——y+ ~=—ds. 6
oox dx? dx2 IO ox ©)

3. Stresses and displacement

By ignoring the normal stresses in the transverse directions, Hooke’s law may be
written as

o.=FEe, 1,.=Gy,, (7)
where E is the modulus of elasticity and G is the shear modulus.
Thus
dza d2V E s 82’
o =Yy g3V, B0 g 8
=EgreEarielia ®)

From the equilibrium of a differential portion of the beam wall, it may be written

Tx§=;|: .[Oga(;t)ds+f(x):| f:f(M)Tg"x(xaM):TM(x);

t = t(s) is the wall thickness (Fig. 2).

If o7, . / Ox = const. , the shear stress, referring to (8), can be expressed as

:%{TMqLE(d (S)+ (s)ﬂ, SZ(S)=jydA, Sw(s)zj'a)d,q, dd=1s. (9)
Eq. (9) may be rewritten as

3
Txéz_ﬁ(d_s (Jag j Si=[ydd", S} =[wdd", 44" =wds", ds" =—ds, (10)

7oA

where S =S_(s)is the moment of the cut-off portion of area with respect to the z-axis,
S> =8 (s)is the sectorial moment of the cut-off portion of area with respect to the sectorial
coordinate @, sis the curvilinear coordinate of the cut-off portion of the beam wall of area

A" = A (s), from the free edge, i.e. where 7, =0.

It is assumed that the normal stress given by Eq. (8) and the shear stresses given by Egs.
(9) and (10) are constant across the wall thickness. According to the assumption that cross-
sections maintain their shape during deformations, the St. Venant pure torsion may be

included by the linearly distributed component z';/éy = ;;(x, s),

r;g =Mn/l,, (11)
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where M, = M ,(x) 1s the moment of pure torsion, given as

M, =Gl ddO;

=—GLS, I, = % [ £ds. (12)

Thus, the total shear stress 7, =7, (x,s) is

\Y
Ty =T+ 7, (13)

4. Equilibrium equations

It is assumed that the beam is loaded by couples in the cross-section planes, i.e. by
moments per unit length m, = mp(x):

mp=[ p.yds, (14)

where p. = p.(x,s) is the surface loads with respect to the z-axes and L is the cross-section
middle line length.
For a portion of the beam wall, the following equilibrium equations can be written

sz =I@cos¢dxds=0, ZMP =Ja(—n’gt)dxhds+%dx+mpdx=0 (15)
T X /3 dx

T
ox
| oM, =§j M, dsdx = M, 4.
L\ 0Ox 0L dx
Taking into account Egs. (2), Egs. (15) can be rewritten as

IL—a(;ft)dy:O, jLa(;ft)dm d;‘jf +mp=0. (16)

where

By integrating by parts one has

8(Tx§f)yez _J-y 0 [5(%&)} ds=0> MM{% —Iwﬁ{a(fxft)}ds+dM’ +mp=0 (17)
7 dx

Ox 7 g ox ox os| ox

€ 1

where e ande, are the boundaries, where 7. =0.

Thus,
"
By substituting Eqs. (9) and (12) one has
EIZ%+EIM$—?=O, EIQZ%+EIwi—T:mw, (19)

where: I, :jAyZdA, l,=1, ZLJ’WdA’ 1, =_[Am2dA, m, =mp+dM, /dx ;

1.e. recalling Eq. (12)
d’a dg
mw=mP+Glt?2’=mP—GltE’. (20)
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If y and @ are the principal coordinate, i.e. if the pole P is the principal pole, when
l,,=1, =0,Eqgs. (19) take the following simple forms

&0, EL %y 1)
dx dx

5. Internal forces and shear stresses

Integration of the shear stress components 7. over the cross-sections gives
ITX§COS¢M=0, szj.z'xghpdA, (22)
A A
where M, =M ,(x) is the sectorial moment of torsion with respect to the pole P.
Substitution of Eq. (10) into Egs. (22) gives
d’v d’a

—=0, M, =-EI, 23
i o0 (23)
where: cospdAd =cosptds =tdy, hp,dd=h,tds =tdw, '[L Sideo=1,=0, .[L S do=1,.
Referring to Egs. (21) and (23) gives
dM,/dx=-m,,. (24)
Thus, by substituting Eq. (19) into (10), the shear stress component 7, can finally be
written as
M,S
_MSe 25

According to the assumption 07, / Ox =const., it follows, referring to (24), that
m,, = const . Referring to (20), if m, = const , then d.9/dx = const ., dM, /dx = const .

That could be accepted only as an approximation; or the case when the St. Venant shear
component (11) may be ignored with respect to the warping component (25).

6. Internal forces and normal stresses
Integration of the normal stresses over the cross-sections gives
B=[ o.0dd, [ oydd=0, (26)

where B = B(x) is the bimoment.

By substituting Eq.(8) into Egs. (26), the following can be written

d2 d2
B=-El,——-B", 0=El—-M?, (27)
“ dx’ “dx
where
381 362'
=——| wd4 ds, == , 28
olouf e Glral e %)
1.e. referring to Eq. (25)
2
. E ¢ SIS
B =m, L[ [Se]ad, M2=-m——[ 22egs. (29)
GI, 4 Gl L t
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Referring to Egs. (23) and (27), it follows

3 2] 3 2]
RS VLY (30)
dx dx dx dx dx
and according to Eq.(21)
4 2 2 po 4
g Yo 4B A8 M, m Voo, 31)
dx*  dx dx dx dx
where according to Egs. (13) and (20)
M,=M_+M,, m,=—dM,/dx. (32)

It is assumed that m = const.; for m, # const., Eqs. (30) and (31) give an approximate
solution to the problem.

The normal stress given by Eq. (8), referring to Egs. (24), (25) and (27), can be
expressed as

_B B EmpS,. M

o =By EmSy (33)
I, I, G I, ¢ 1.
The internal forces given by Eq. (29) can also be written as
Ba} = EI{U wamw s M:) == E[Z K ’(Umd) > (34)
GI, Gw, "’
where
2
L[S _ W, [ S8,
ww_Z A[TJdA’ Kya)_]]w J‘At—sz (35)

are the shear factors with respect to the « -displacements and to the v-displacements during
the « -displacements, respectively;

I, :J-h?’dA’ WP:I_P

’ h

0

(36)

are the polar second moment of area with respect to the principal pole P and the polar section
modulus with respect to the pole, respectively; /,is the distance of the tangent through the

arbitrary starting point M, (where the principal coordinate @ is equal to zero) from the

principal pole P.
Hence, the normal stresses given by (33) can also be written as
B E E sS” Ex,,
o, =—o+ Koo m,———m,| —2ds+——=—m,y . (37)
I, G, GI, “o ¢ GW,

7. Differential equations with separated displacements

Egs. (27), according to Egs. (34) and (35) can be expressed as
2 2
da_ B Mk dv_ Ko (38)
&*  EI, GlI, &> GW,

@

Egs. (38), referring to Egs. (4) can be separated as

2 2 2 2 K
dC;t:_ B 5 dc;a:—wamw, dvza:d‘; = — 20 mw. (39)
&2 EL° dx GI, & & GW,

2]
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Integrating the 2" and 3" of Egs. (39), taking into account Eq. (24) gives
M x
daa = _]90 = — Mwwa dVa = 7/0 = —C() Yo (40)
dx GI, dx GWp
where the integration constants are ignored; it is assumed that the angular displacements
§,and y, do not depend on the boundary conditions.

b

The first of Egs. (39) is the well known equation of the classical theory of torsion of
thin-walled beams, where
d’a,  dB d'q,  d&’B_ dM da,

E]w dx3 _E:_Mw’ Ela) dx4t: dx2 == dxwzma)’ dx =_‘9t'

(41)

Egs. (40) take into account the displacement due to shear. Integrating Eqgs. (40) gives

K K
a,=—>B+C,, v,=—B+C,, (42)
Gi, P
where C,and C, are the integration constants, with respect to the « and v-displacements,
respectively.
Egs. (42) can also be written as
B B 1 w,
a,=—+C,, v, = +C,, Ip =—1, Wpyz—P (43)
GI Pr G WPy Ka)w Kya)

where Ip, and Wp, are the reduced polar second moment of area and the reduced polar
modulus of area due to shear, respectively.

The normal stresses may then be written as
B E E s S E
5 ds

[0)

P = ma) m(l) - +
I, GI, ° GI,L “hv¢  aw

Py

my. (44)

8. Shear strain energy

According to Hooke’s law, taking into account Eq. (5), the second of Egs. (36) and the
first of Eqgs. (40), the average shear stresses with respect to the displacements o, i.e. a /A,

can be expressed as

d K
r. =Gy. =G—(ah)="22M . 45
x&,av yxé‘,av 1 ( a 0) WP [9] ( )

where y,. ,, is the average shear strain with respect to the displacements «, i.e. /.

The average shear stresses can also be expressed as

Z-xf,av = Ma)/WPa) ’ WPw = WP/Ka)w : (46)
The shear energy of the beam element may be expressed as
dx 0
dU—E'[ArxgdA, (47)
1.e. according to Eq. (25)
2 « )2
dU = EM—;’ So | 44, (48)
2G I, At
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The shear energy can be expressed also by average shear deformations as
M M
dU:g(_ga)Ma):%7x§av_Q):£rx§“V_w' (49)
2 2°7 hy  2G 7Ty
i.e. taking into account the second of Egs. (36) and Eq. (44)
E_wa M2
2G I,
The shear factor x,,, can be obtained by equating (50) and (48). The result will be equal

dU = (50)

to the obtained shear factor, given by (35).

9. Boundary conditions

Boundary conditions can be defined as follows, at the staring section D,

a,=0, v,=0. (1)
Hence, referring to Eq. (43),
c --Bo c-_ B B _—Bux=x,) (52)

Gl " GW,

The total displacements then are
a=a+3= 5 BB (53)
GI Gw,

Pr Py

For the hinged sections it may be written

el =098 <0 (8,-0: |, =a|_ =0.%9 . (5,-0) (54)
For the clamped sections: |
ax:x[):a[x:x[):O, da, =0 (191’):0);
o=al + G}ps {—EI{U%HE +EIM%X_XD] =0, (L? T 0 (% =0). (55)
For the free section:
C;;g‘r. _0 (B,=0); iﬁz o (M,,=0). (56)

10. Double symmetrical cross-section

For double symmetrical cross-sections the normal stresses given by Eq. (44) become

0V=£w+ E mw—imwrids, 57)
I G, GI, "o ¢
where due to symmetry
Ko =0 (Wp, =), (58)

1.e. referring to the second equation of Egs. (35)
[ 222 q1-0. (59)
41
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The total displacements given by Eq. (53) become

a:a,+B_BD, v=0, (60)
Pr

11. Ilustrative examples

The I-section with two axes of symmetry (Fig. 3.a) and a symmetrical U-section (Fig.
3.b) are considered.

b a) b)
Ay B P b _
A 4 Al e
: ‘, A
‘1.! - T, P h , ‘*4 T h
_’,.4.'{” p V= Y Y
Doy B ff =) C “!:-,,
D C/ v

Fig. 3 Analysed cross-sections: a) double symmetrical I-section; b) symmetrical U-section

The shear factors for the double symmetrical I-section, according to Egs. (58) and (35)
are:
<, =0, x,,=6/5. (61)

The shear factors for the symmetrical U-section, according to Egs. (35) are:

_18y/+p2(1+61//)2M10(5+6y/)—2p2]

oL

~ 2007 (2+3y)(1+ 6y )’
3_181//+p2(l+61//)2][2(8+2ll//+18y/2)+31//p2J

P , (62)

100> (1+6y )’ (2+3p)°

where: A4 =bt,, Ay =hty,w =4,/ A, p=b/h, L, =h, h, =3hy/(1+6y).

Shear factors given by (62), for the U-section beam (b=5m, £#=3.5 m, t=0.2 m) are
indirectly compared with those presented in [21] as shown in Table 1.

Table 1 Comparison of shear factors for the U-section

Presented theory Kim [21]
/4
Wy, = K—P =-5.77375 m’ A, =-W,, =5.77375 m’
wy
1, =—2-=7.28238 m* A =1, =728238 m*
K(UL()

The comparison of the angle of torsion and the lateral displacement, given by (53), at
the free end of the cantilevered U-section beam (/=18 m, b=5m, 4 =3.5 m, t= 0.2 m)
subjected to the end moment of torsion M, = 1000 kNm, with material properties
E=30000 kN/m” and G = 13000 kN/m? is given in Table 2.
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Table 2 Comparison of the angle of torsion and the lateral displacement of the U-section beam

Presented theory Kim [21] El Fatmi [23]
a-107 rad 4.253 4236 4.203
v-10™* m 2.172 2.163 2.369

The range of examples has been carried out by the FEM using Autodesk Algor
Simulation Pro in order to compare the results with those obtained analytically, by the
presented theory (TIS — Torsion with Influence of Shear). Shell elements with 5 DOF are
used. Mesh was generated with square elements with sides of 4/40 .

a) b)
T T /i
. rT . r
. LT T 07
/ I R, R, / I R,
_‘) i R\. R."I _7 i R_\
= »! R. R. = > R.

Fig. 4 The boundary conditions: a) a simply supported beam; b) a clamped beam

Due to symmetry, only one half of the beam is modelled. Fig. 4 shows the boundary
conditions that are used: at the simply supported end and at x=1//2 (Fig. 4.a), at the clamped
end and at x=1/2 (Fig. 4.b). The sign M means that a certain displacement, translation T or
rotation R, is constrained.

The beams under uniformly distributed moments of torsion per unit length mp were
analysed, where:

h=400mm, b=h (I-sec.), b=2h(U-sec.), t,=t,=t,=h/40, E=210GPa, v=0.3.

Some results in comparison with the FEM analysis are presented in Tables 3 and 4 and
in Figs. 5 and 6.

The normal stresses in the x-direction at the selected point of the beam cross-section are
normalised as follows: o /o), o™ [gV“> where o, is the normal stress in the x-

X,max X,max

EM

direction at the selected point obtained analytically by Eq. (75), o/ is the maximal normal

Viasov
X,max

stress in the x-direction at that point obtained by the FEM, and o is the maximal normal

stress in the x-direction at the point A (Fig. 3) according to the classical Vlasov's theory.

Table 3 Normalised maximal normal stresses

Double sym. I-section (point A, Fig. 8.a) Symmetrical U-section (point A, Fig. 8.b)

Simply supported Clamped Simply supported Clamped
L/h TIS FEM TIS FEM TIS FEM TIS FEM
3 1.039 1.041 1.116 1.091 1.025 1.026 1.073 1.057
5 1.014 1.016 1.042 1.032 1.009 1.010 1.026 1.012

Viasov

, where «

and aFEM/aVlasuv

The maximal angles of torsion are normalised as: a/a

is the maximal angle of torsion obtained analytically by Eq. (78), a™ =vi™ /I, is the

maximal angle of torsion obtained indirectly by the FEM, where v;*" is the horizontal

displacement of the point B obtained by the FEM with [/, =/h/2 for a double symmetrical I-

Viasov

section and [, = A, for a symmetrical U-section; « = ¢, 1s the maximal angle of torsion

according to the classical Vlasov's theory.
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Table 4 Normalised maximal angles of torsion for various ratios L/A

Double symmetrical I-section Symmetrical U-section
Simply supported Clamped Simply supported Clamped
L/h TIS FEM TIS FEM TIS FEM TIS FEM

3 1.277 1.295 2.387 2.359 1.129 1.123 1.644 1.596
5 1.100 1.105 1.500 1.483 1.046 1.044 1.232 1.206

Fig. S Normalised normal stresses at the clamped beam midspan (L=34):
a) top flange of the double symmetrical I-section, b) horizontal wall of the symmetrical U-section
The normalised horizontal displacements of the point B, in the case of double
symmetrical I-section, are expressed as v, / Vywor and vi™ [yieor | where v, is the total

,max

horizontal displacements of the point B obtained analytically and v,“” =a,h, is the
horizontal displacement of the point B according to the classical Vlasov's theory, whereas /4,
is the distance between points B and P.

The normalised horizontal displacements of the point C, in the case of symmetrical U-
sections, are expressed as v./veee and v.™ /v/“" where v is the total horizontal

C,max C,max *

displacements of the point C obtained analytically, v is the horizontal displacement of the

point C by the FEM, and v.“” =, h,, is the horizontal displacement of the point C according
to the classical Vlasov's theory. Then the total horizontal displacement of the point C of the

Viasov

cross-section can be expressed as v, =v.“" +vi+v. where V. is the horizontal

displacement of the point C due to shear, and v is the horizontal displacement of the point
C due to bending caused by shear.

Fig. 6 Normalised horizontal displacements at the clamped beam (L=34): a) total displacement of the point B of
double symmetrical I-section, b) component displacements of the point C of symmetrical U-section
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12. Conclusion

A theory of torsion of thin-walled beams with influence of shear for open cross-sections
with one axis and two axes of symmetry is developed. The theory is based on the classical
Vlasov's theory. The shear factors with respect to the torsion are given in the analytic form.

It is proved that the beam with single symmetrical sections, loaded by couples in the
plane of the cross-sections, is also subjected to bending due to shear in the plane orthogonal to
the plane of symmetry.

Thus, a new shear factor is introduced, given by (35) and (62), with respect to bending
due to shear, as a result of torsion, which vanishes for double symmetrical cross-sections.

For various types of cross-sections with one and two axes of symmetry, the shear
factors are given in the parametric forms.

The normal stress can be obtained in the analytic form both along the cross-section
middle line and the beam length. Both simply supported and clamped beams under uniformly
distributed moments of torsion per unit length are considered.

Several examples are analyzed in comparison with the finite element method. Excellent
agreements of the results for displacements are obtained, as well as for the normal stresses.
Some discrepancies for normal stresses are noticed by the presented theory and the finite
element method at the beam ends in the case of clamped ends, as a result of different
boundary conditions.

Appendix A: Cross-section functions

Cross-section functions for the double symmetrical I-section (Fig. A1) are:
b

Ay B | Se 5= S< @
T <S> B
S: J Se ds
_1.’ - T, P | h . S‘- 1
s s [Peas
St DN Py
*s

D 'C I B

Fig. A1 Double symmetrical I-section: Cross-section functions

2 S o 2 2
b ) [Sanh{E ) Copecnn

4 4 0 4\ 4
: b
A
Lol : 8
5 T v h " A* = \$ E
Y 8 = . £
p h, oA S |E f?,¢_s+ Se |E, _S+ S . %
s, 5 s LN o
L Ps Y . s J‘ids 8y
4 S, S, 1 p ds

Fig. A2 Symmetrical U-section: Cross-section functions
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Cross-section functions for the symmetrical U-section (Fig. A2) are:

S::%(h_s) (0<s<h), Szz%[sz—(h—hp)z} (=h, <s<h—h,);

tS. b 27 bh _

‘([TdS=ES|:82—3(h—hP) }—l—;[2h§—6hhp+3h2] (=hy, <s<h—h,);
2

s:-Ao”ﬁ—l(b_- j 5, =- 120, ) e
2 2| 4 ©T g
s o 2
jids}bﬂ(h—zhp)ﬁﬁs—h—f’ﬁ (0<s<b/2);
' 1, 41, 8 6
REFERENCES

[1] Vlasov, V. Z: Thin-Walled Beams, Israel Program for Scientific Translation Ltd, 1961.
[2] Kollbrunner, C. F., Basler, K.: Torsion in Structures, Heidelberg, New York, Springer, 1969.

[3] Kollbrunner, C. F., Hajdin, N.: Diinnwandige Stdbe, Band 1, Springer-Verlag, Berlin, Heidelberg, New
York, 1972.

[4] Gjelsvik, A.: The theory of thin-walled bars, New York, John Whiley and Sons, 1981.

[5] Timoshenko, S. P., MacCullough, G. H.: “Element and Strength of Materials”, van Nostrand, New
York, 1949.

[6] Cowper, G. R.: The shear coefficient in Timoshenko’s beam theory, Journal of Applied Mechanics, 33,
335-340, 1966.

[7] Bhat, U., de Oliveira, J. G.: A formulation for the shear coefficient of thin-walled prismatic beams,
Journal of Ship Research, 29, 51-58, 1985.

[8]  Senjanovi¢, 1., Fan, Y.: The bending and shear coefficient of thin-walled girders, Thin-Walled
Structures, 10, 31-57, 1990.

[9]  Pilkey, W. D.: Analysis and Design of Elastic Beams, Computational Methods, John Wiley & Sons,
New York, 2002.

[10] El Fatmi, R., Zenzri, H.: On the structural behaviour and the Saint Venant solution in the exact beam
theory, Computers and Structures, Vol. 80, 16-17, 1441-1456, 2002.

[11] Pavazza, R., Blagojevi¢, B.: On the stress distribution in thin-walled beams subjected bending with
influence of shear, 4th International Congress of Croatian Society of Mechanics, September, 18-20, 04-
29, 2003.

[12] Pavazza, R.: Influence of shear on torsion of a thin-walled beam of open cross-section, Strojarstvo; 35:
103-109, 1993.

[13] Roberts, T. M., Al-Ubaid, H.: Influence of shear deformation on restrained torsional warping of
pultruted FRP bars of open cross-section, Thin-Walled Structures, 39, 395-414, 2001.

[14] Pavazza, R.: Torsion of thin-walled beams of open section with influence of shear, International Journal
of Mechanical Sciences, 47, 1099-1122, 2005.

[15] Pavazza, R.: Uvod u analizu tankostjenih $tapova, Kigen, Zagreb, 2007.

[16] Senjanovi¢, I., Rudan, S., Vladimir, N.: Influence of shear on torsion of thin-walled girders, Transaction
of FAMENA. 33, 2; 35-50, 2009.

[17] Matokovi¢, A.: Bending and torsion of thin-walled beams of open section with influence of shear, Ph.D.
thesis, Faculty of Electrical Engineering, Mechanical Engineering and Naval Architecture, University of
Split, Split, 2012.

[18] Plazibat, B., Matokovi¢, A.: A computer program for calculating geometrical properties of symmetrical
thin-walled structures, Transaction of Famena, 4, 65-84, 2012.

[19] Pavazza, R., Plazibat, B., Vukasovié, M.: On the displacements of container ship hull girder under
torsion, The 20th Symposium on Theory and Practice of Shipbuilding (In memoriam prof. Leopold
Sorta), 75-75, Zagreb, 2012.

TRANSACTIONS OF FAMENA XXXVII-2 (2013) 13



R. Pavazza, A. Matokovi¢,

B. Plazibat

Torsion of Thin-Walled Beams of Symmetrical
Open Cross-Sections with Influence of Shear

[20] Senjanovié, 1., Tomasevi¢, S., Vladimir, N.: An advanced theory of thin-walled girders with
applicationsto ship vibrations, Marine Structures, 22, 3, 387-437, 2009.

[21] Kim, Nam-Il, Kim, Moon-Young.: Exact dynamic/static stiffness matrices of non-symmetric thin-
walled beams considering coupled shear deformation effects, Thin-Walled Structures, 43, 701-734,

2005.

[22]  El Fatmi, R.: Non-uniform warping including the effect of torsion and shear forces. Part I: A general
beam theory, International Journal of Solids and Structures, 44, 5912-5929, 2007.

[23] El Fatmi, R.: Non-uniform warping including the effect of torsion and shear forces. Part II: Analytical
and numerical applications, International Journal of Solids and Structures, 44, 5930-5952, 2007.

Submitted:

Accepted:

14

10.01.2013

16.5.2013

Radoslav Pavazza, PhD, prof.
Faculty of Electrical Engineering,
Mechanical Engineering and Naval
Architecture, University of Split
Rudera Boskovica bb, 21000 Split, Croatia
radoslav.pavazza@fesb.hr

Ado Matokovi¢, PhD, senior lect.
Boze Plazibat, PhD, college prof.
University of Split, Department of
Professional Studies

Kopilica 5, 21000 Split, Croatia

TRANSACTIONS OF FAMENA XXXVII-2 (2013)





