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Abstract. Replacement of a carbon atom of an aromatic compound by a more electronegative heteroatom
gives rise to suppression of reactivities of the remaining carbon atoms in electrophilic substitution (SE2)
reactions. To prove this experiment-based rule, the reactivities are related to the relevant extents of the
intermolecular charge transfer. General algebraic expressions are derived and analyzed for these extents
for various directions of the attack of electrophile. The reactant is considered as a perturbed alternant
hydrocarbon, the perturbation coinciding with the alteration in the Coulomb parameter of the carbon atom
undergoing the replacement, whereas the reagent is represented explicitly by an external vacant orbital.
Changes in the intermolecular charge transfer due to introduction of heteroatom are shown to consist of
two components, viz. of an initial-population-dependent component contributing increments of alternating
signs for shifting positions of electrophile along the hydrocarbon chain and of an additional negative
contribution originating from the increased interval between diagonal Hamiltonian matrix elements for
orbitals participating in the charge transfer. For soft electrophiles, the negative contribution is shown to
predominate over the alternating one. This implies the charge transfer between heteroaromatic reactants
and electrophiles to be suppressed vs. the relevant values for hydrocarbons-containing system. (doi:
10.5562/cca1794)
Keywords: alternant conjugated hydrocarbons, the Hückel model, chemical reactivity, electrophilic
aromatic substitution, soft electrophiles

INTRODUCTION
Relative reactivities of related chemical compounds
towards a certain reagent usually exhibit more or less
regular behaviour. This allows us to formulate definite
rules and/or laws and to use them instead of extended
collections of separate facts. Generalizations of just this
type form the basis of chemistry as an exact science.
The organic chemistry is no exception in this
respect. Comparative studies of electrophilic substitution (SE2) processes of aromatic and heteroaromatic
compounds1−6 may be taken here as an excellent example. Indeed, the heteroatom-containing reactants usually are characterized by much slower rates of substitution vs. their parent hydrocarbons.5−9 This especially
refers to aromatic heterocycles with six-membered rings
(e.g. pyridine, quinoline, isoquinoline, acridine, various
phenylpyridines, etc.).5,7,8 For instance, even the most
reactive meta positions of pyridine are considerably less
reactive vs. individual atoms of benzene.5,8 Analogous
suppressions of reactivities are peculiar also to de-

rivatives of aromatic hydrocarbons with electronaccepting substituents, such as the NO2, CN, COH and
related groups.2,10
The regular nature of the above-overviewed facts
allows us to assume them to obey the following rule,
viz. replacement of a carbon atom of an aromatic
hydrocarbon by a more electronegative heteroatom
gives rise to suppression of relative reactivities of all the
remaining carbon atoms. To support this hypothesis, we
will look for a quantum-chemical analogue of the same
rule. Apart from corroborating the law-like character of
experimental facts, such an analogue (if derived
algebraically and/or proven rigorously) would be able to
provide us with their common accounting, as well as to
reveal additional conditions underlying the rule (if any).
To achieve these ends, we have to choose an
appropriate way of quantum-chemical description of
SE2 reactions. The relevant literature offers us a large
selection of approaches of various degrees of
sophistication, starting with the simplest models (e.g.
relating the relative reactivities to respective populations
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of 2pz AOs of isolated reactants following from the
Hückel (HMO) theory5,6,11,12) and ending with
qualitative constructions13 and modern computations14−21 of potential energy surfaces. Numerous
applications of the popular paradigm of charge- and
frontier-orbital-controlled reactions (cf. the so-called
HOMO/LUMO concept)10,22−30 take an intermediate
place in between the above-mentioned two extremes.
The same refers also to more elaborated reactivity
descriptors31−39 including those formulated in the
framework of the density functional theory (DFT).35−39
It deserves adding here that both the original
HOMO/LUMO concept22−27 and its analogues in terms
of the DFT35,37,39−44 (including the Fukui function40−44)
are based on consideration of the charge transfer
between the reactant and the reagent (the frontierorbital-controlled reactions virtually are charge-transfercontrolled ones35). From analysis of these contributions
an immediate observation follows that the more
sophisticated approach is applied, the less general
results are obtained. As for instance, populations of 2pz
AOs of heteroaromatic molecules are governed by the
rule of the alternating polarity45−47 in the simple Hückel
theory that takes a theorem-like form and has been
proven rigorously for an extended class of compounds
(see below). For comparison, the DFT along with the
HOMO/LUMO concept yields only a verbal explanation
of suppressed reactivities of particular nitrogencontaining heterocycles.8 On the other hand, the rich
experience of quantum chemistry shows that simple
approaches sometimes yield wrong predictions. Thus,
we need an approach emboding a fortunate combination
of both adequacy and generality.
Let us dwell first on the above-described simplest
approach based on the Hückel theory. Aromatic
heterocycles and other hetero-conjugated compounds
are usually regarded in this theory as perturbed
hydrocarbons, the perturbation consisting of a certain
alteration in the Coulomb parameter ( α ) of the carbon
atom undergoing the replacement. The majority of the
relevant parent systems, in turn, belong to the so-called
alternant hydrocarbons (AHs)5,6,11,12,45−48 that are
representable by bipartite graphs of their C-skeletons.49−51 Just this implies the validity of the rule of
alternating polarity45−47 being interpretable in graphtheoretical terms too.46 As a result, populations of AOs
of the heteroatom-containing subset of any derivative
are predicted to be increased, whilst those of the
remaining subset are expected to be reduced vs. uniform
occupation numbers of all AOs of an AH equal to
unity49,50 (The well-known partition of the basis set of
2pz AOs of carbon atoms of an AH into two subsets48−51
is invoked here). On this basis, enhanced relative
reactivities are anticipated for all positions of the
derivative represented by AOs of the first subset in
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direct contradiction to the above-discussed experimental
facts. This failure was noticed a long time ago5,11 and it
was entirely ascribed to the seemingly oversimplified
nature of the very Hückel model. In this connection,
numerous attempts5,11 were undertaken to 'improve'
charge redistributions in hetero-conjugated molecules
by turning to the Pariser-Parr-Pople (PPP) method and
some of these attempts proved to be successful. The
relevant calculations performed later by means of ab
initio methods, however, did not corroborate these
'improvements'. Quite the reverse, both total charges on
atoms and populations of 2pz AOs exhibit alternation
over the hydrocarbon chain in pyridine52−55 that
acquired also an experimental support.52 The results of
the RHF//6-31G** method55 are especially noteworthy
here, as the absolute value of the negative charge of the
meta-positioned carbon atom of pyridine exceeds
considerably that of benzene in contrast to observed
relative reactivities.5,8 It deserves also adding here that
the very rule of the polarity alternation also did not lose
its significance and is successfully applied in the
computer-assisted synthesis planning.56−58
We may assume, therefore, that relating the
relative reactivities to populations of AOs of the isolated
reactant calls forth the above-discussed failure rather
than deficiences of the HMO theory. In this connection,
we will invoke the actual extents of charge transfer
between the reactant and the reagent as the principal
criterion of relative reactivity in the present study. To
this end, both the approaching electrophile and its
interaction with the reactant will be considered
explicitly. So far as the reactant itself is concerned, the
above-described classical model of an AH and of its
perturbed analogue will be preserved. That is why we
expect to be able to obtain a new common rule like that
of the alternating polarity.
The actual extents of charge transfer between
participants of SE2 processes evidently depend on the
relevant intermolecular resonance parameters. To
eliminate this superfluous dependence, we will define
the so-called charge transfer (CT) abilities of the system
for different routes of the reaction. Our principal aim
then consists in derivation of general algebraic
expressions for these abilities and, especially, for their
alterations when passing from an AH to its perturbed
analogue, the latter conveniently referred to as the
perturbed AH (PAH).47 Thereupon, we are about to
establish the signs of these alterations for various
positions of the reagent. Revealing of the relation
between the CT ability of the system for the attack of
electrophile upon a certain AO of the reactant and the
initial population of the same AO also is under interest
in the present context.
The common Hückel type Hamiltonian matrix of
AHs usually is initially represented in the basis of 2pz
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AOs of carbon atoms.45,47−50 Recently, this matrix was
shown to be transformable into a block-diagonal form.59
This achievement, in turn, allowed us to apply the socalled non-commutative Rayleigh-Schrödinger perturbation theory (NCRSPT)60−62 to analyze charge
redistributions in AHs due to various perturbations.47,63,64 Alteration in a certain Coulomb parameter (
α ) has been considered as the simplest example and the
rule of the alternating polarity has been rederived.47 An
external electron-donating (accepting) subsystem has
been attached later to an AH and the consequent
intersubsystem charge transfer has been studied.64 The
resonance parameter ( ν ) describing the interaction
between this additional subsystem and the relevant AO
of the parent AH served as perturbation in the latter
case. An approaching electrophile also may be modeled
similarly. To study the alterations in the intersubsystem
charge transfer when passing from an AH to its
derivative, we have now to combine the perturbations
α and ν and to extend the previous methodology47,59,63,64 for analysis of non-additive effects of these
perturbations (i.e. of consequences of their interplay).
The paper starts with a brief description of the
very mathematical problem and of its solution.
Thereupon, we derive the expressions for the CT
abilities. The final sections are devoted to analysis of
the results and to their illustration.
METHODOLOGY
As already mentioned, we will consider an AH and its
derivative under attack of an external reagent
(electrophile). Moreover, the latter will be assumed to
attack particular carbon atoms in accordance with the
classical mechanism of SE2 reactions. The first step of
the study consists in constructing the relevant model
Hamiltonian matrices.
Let us start with the zero order matrix. In the
simple Hückel model, the 2n -dimensional basis set
{ χ} of any even AH consisting of 2p z AOs of carbon
atoms is known to be divisible into two n-dimensional
subsets { χ  } and { χ o } so that the intrasubset resonance
parameters take zero values. 47 50,59 Given that the
Coulomb parameters ( αC ) are additionally assumed to
be uniform and the equality αC = 0 is accepted for
convenience, the model Hamiltonian matrices of AHs
acquire a common form containing non-zero
submatrices (blocks) in its off-diagonal positions only
as exhibited below in Eq. (1). The mean value of
resonance parameters between neighboring pairs of AOs
of the AH ( β ) will serve as a (negative) energy unit in
our study, i.e. the equality β = 1 will be accepted.
Let the reagent (electrophile) to be represented by
a single vacant orbital as usual in accordance with the
well-known electron-deficient nature of this spe-

cies.1,3−6,10,12,29 This implies the electrophile to contribute no additional electrons to the initial system of 2n
electrons of the reactant (substrate). The abovespecified additional orbital will be denoted by φ(  )e and
characterized by the energy parameter  μ, where
μ > 0 and the minus sign is introduced for convenience
(the meaning of the subscript (−) is clarified below).
The relative order of orbitals of the total 2n+1dimensional basis set will be chosen to coincide with
{ χ  } , { χ o } and φ(  )e The zero order Hamiltonian
matrix of our system ( H (0) ) takes then the form

0
H (0) = B 

B
0

0

0

0
0 ,

(1)

μ

where submatrices B and B  contain the intersubset
resonance parameters of the parent AH [The superscript
+ here and below represents the Hermitian-conjugate
(transposed) matrix]. Non-zero elements Bij coincide
with parameters referring to the neighboring pairs of
AOs. Under an additional condition of uniform values
of the latter, the submatrices B and B  coincide with
respective blocks of adjacency matrices of graphs
describing the C-skeletons of the parent AH. 49  51
Let us assume now that the 1st carbon atom
represented by the AO χ1 is replaced by a slightly more
electronegative heteroatom. As a result, an alteration in
the relevant Coulomb parameter arises. Let this
intramolecular perturbation to be denoted by α. The
resonance parameter of the intermolecular type
describing the interaction between the orbital φ(  )e and
the AO of the carbon atom under attack of electrophile
will be designated by ν and supposed to take a
sufficiently small absolute value as compared to our
energy unit. Thus, the parameter ν also will be included
into the first order Hamiltonian matrix. So far as the
direction of an electrophilic attack is concerned, two
cases may be distinguished, namely an attack upon an
orbital χ k of the first subset { χ  } and that upon an AO
χ ko of the second subset { χ o } . Two alternative


and H (1)
) may be
perturbation matrices ( H (1)
accordingly defined. These are
A(1)

H (1)
= 0
a



0 a
A(1)
o
= 0
0 0 , H (1)
0 0

0

0
0
a



0
a,

(2)

0

where the n  n -dimensional submatrix A(1) involves a
single non-zero element A(1)11 = α and a is a columnmatrix containing a non-zero element ak = ν. It
deserves an additional emphasizing that the total
number of electrons coincides with that of 2p z AOs of
the reactant (2n) in the perturbed systems too.
Croat. Chem. Acta 86 (2013) 171.
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Both the Hückel type Hamiltonian matrix of Ahs59
and the matrix H (0) of Eq. (1) 64 were shown to be
transformable into block-diagonal forms using a certain
unitary matrix ( C ) specified below. The same
transformation may be subsequently applied to first

o
. Let the new total
order matrices H (1)
and H (1)
Hamiltonian matrices to be designated by H * and H o
and note both of them to contain the same blockdiagonal zero order member ( H (0) ). For any
Hamiltonian matrix of this type, the relevant
representation of the one-electron density matrix (DM)
P has been derived by means of a direct solution of the
commutation equation in the form of power series.65−68
Thus, we may now apply the same series to construct
the DMs P * and P o referring to Hamiltonian matrices
H * and H o , respectively. Thereupon, the results may
be retransformed into the basis of AOs { χ} again (if
necessary). Just the above-outlined procedure underlies
our methodology. Let us consider now the relevant
expressions.
Let us introduce the following n  n -dimensional
Hermitian (symmetric) matrices 47,48,59,63,64

R = ( BB  )1/ 2 ,

Q = ( B  B )1/ 2 ,

(3)

where the positive-definite square roots are assumed to
be chosen. Two alternative representations of the
transformation matrix C may be obtained. 59 The socalled Q -representation takes the form

C=

1
2

I
QB
0



BQ

0

I

0 ,

0

2

(4)

where I stands for the unit matrix. The R representation of the same matrix results from Eq. (4)
after replacing the product BQ by RB in accordance
with their coincidence, viz.

RB = BQ.

(5)

Moreover, the unitarity condition 59 for the matrix C
yields the relations

RBB  R = QB  BQ = BQQB  = B  RRB = I . (6)
The transformed zero order Hamiltonian matrix takes
then the form

H (0) = C  H (0) C =

0

0
 E(  )

0

0

E(  )
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μ
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where E(  ) and E(  ) are the following n×n-dimensional
submatrices

E(  ) = R 1 = ( BB  )1/ 2 ,

E(  ) = Q 1 = ( B  B )1/ 2 (8)

coinciding with the so-called eigenblocks of the
Hamiltonian matrix of the parent AHs. 59 For
transformed first order Hamiltonian matrices, we
accordingly obtain
*

H (1)
C=
= C  H (1)

A(1)
1
 QB  A(1)
2
2a 

A(1) BQ

2a



QB A(1) BQ
2a  BQ

2QB  a ,
0

o
o
H (1)
C=
= C  H (1)

A(1)
1
QB  A(1)

2
2a  QB 

A(1) BQ


QB A(1) BQ
 2a



(9)

2 BQa
 2a .
0

It is noteworthy here that the transformation of Eq. (7)
deals with entire blocks of matrices concerned instead
of matrix elements as usual.60−62 That is why the
procedure does not affect the dimensions of these
blocks. Furthermore, the above-described transformation represents passing to the basis of non-canonical
molecular orbitals (NCMOs) of the parent AH.59
Explicit expressions for these orbitals follow directly
from Eq. (4) and take the form of linear combinations of
2pz AOs { χ} . Distinctive features of NCMOs of AHs
have been analyzed in a detail59. An important point in
our context is that NCMOs of even AHs may be
unambiguosly classified into n occupied and n vacant
orbitals on the basis of their occupation numbers
(populations) coinciding either with 2 or 0 as discussed
below. Let the n-dimensional subsets of occupied and
vacant NCMOs of our AH to be denoted by {(  ) } and

{( ) } , where the subscripts (+) and (−) indicate their
occupations. The total (2n+1)-dimensional basis set then
contains the above-defined subsets and the vacant
orbital φ(  ) e . Accordingly, submatrices of first order
o
*
matrices H (1)
and H (1)
represent interactions of these

basis orbitals due to perturbations. In particular, the
intersubsystem blocks ( 2) 1 a and ( 2)1 QB  a, as
well as ( 2)1 BQa and ( 2)1 a contain the
interactions between NCMOs of the reactant and the
φ(  ) e .
Meanwhile, the intramolecular
orbital
perturbation α is formally present only within blocks of
*
o
and H (1)
referring to the reactant. In our
matrices H (1)
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context, the submatrix (1/2)A(1) is of particular interest.
Indeed, the structure of this submatrix indicates that the
diagonal Hamiltonian matrix element of only a single
occupied NCMO is changed by (1 / 2)α due to
introduction of the heteroatom. This exclusive NCMO is
attached to the site of the heteroatom 59 ( χ1 ) and may
be accordingly denoted by  (  )1 . Presence of the
1
A(1) BQ , in turn, implies
2
emergence of mixing between occupied and vacant
NCMOs of the parent AH. Finally, the common A(1) -

intersubset coupling block

*
o
containing part of matrices H (1)
and H (1)
coincides

with the relevant first order Hamiltonian matrix of
PAHs. 47
Let us turn now to derivation of DMs P * and
o
P , referring to Hamiltonian matrices H * and H o ,
separate members of which are defined by Eqs. (7) and
(9). As with any one-electron DM69, these matrices are
generally determined by three matrix equations 68,69, viz.

[ H ,P ]  0, (P ) 2  2 P , SpurP  2n,

(10)

where H and P acquire the superscripts either * or o,
and the notation […,…]- indicates a commutator of
matrices. Given that the Hamiltonian matrix consists of
zero and first order terms (as it is the case with matrices
H * and H o ), the DM P may be sought in the form of
power series65,68, i.e. as a sum over an order paramer (k)
of increments P(k) (k=0,1,2,…). Substituting such a
series into Eq.(10) followed by collecting of terms of
the same order (k) and by a subsequent imposing of the
relevant matrix conditions within each order separately
provides us with equations determining individual
increments P(k) .
For the starting member of our series ( P(0) ), the
resulting three matrix equations resemble those of
Eq.(10), except for the block-diagonalized zero order
Hamiltonian H (0) of Eq.(7) standing instead of the
matrix H . The solution P(0) representing the ground
state of the system69 then contains an n-dimensional
block 2I in its first diagonal position referring to the
subset {(  ) } and zero blocks elsewhere. This implies
the NCMOs of our parent AH (  )i , i  1, 2...n and

( )l , l  1, 2...n to be double-occupied and vacant,
respectively. As a result, we may then define total
subsets of occupied and vacant basis functions {1} and
{ 2 } . In our case, the above-mentioned subsets contain
the occupied NCMOs of the parent AH ( {1}  { (  ) })
and the vacant NCMOs along with the orbital of
electrophile ( { 2 }  {{(  ) }, φ(  ) e }). [Note that these

orbitals represent the unperturbed system. Occupied and
vacant NCMOs of the perturbed system may be found as
described in Section 3 of Ref. 65, as well as in Ref. 47.]
It deserves mentioning here that the last relation of
Eq.(10) embraces systems with different total numbers
of basis orbitals and of electrons in contrast to the
charge conservation condition of Refs.59 and 65 (see
Eqs. (30) and (6), respectively). This extension,
however, does not affect the derivation65 of the
subsequent members of the same series ( P( k ) ). As in
previous studies65-68, each matrix P( k ) may be
conveniently represented in terms of four submatrices
(blocks) corresponding to subsets {1} and { 2 } and to
their interaction. Let the blocks referring to separate
subsets and taking the diagonal positions within
corrections P( k ) to be denoted by P1( k ) and P2( k ) ,
respectively. The intrasubset blocks P1 and P2 of the
 are then accordingly
total one-electron DM P
representable as sums over k of the above-mentioned
increments P1( k ) and P2( k ) . Let us note immediately that
just the above-specified blocks are of particular interest
in our context. Indeed, their diagonal elements yield
alterations in occupation numbers of respective basis
orbitals due to perturbations of Eq.(9).
The most convenient way of analysis of the charge
transfer between the reactant and electrophile consists in
consideration of the actual population of the orbital
φ(  )e , resulting from the last diagonal element of the
block P2 . Thus, we may confine ourselves here to
expressions for this block. The first and the second
order members of the relevant power series ( P2(1) and
P2(2) ) follow directly from Eqs. (29) and (37) of Ref. 65,
whereas terms of higher orders may be easily obtained
by a straightforward extending of the same derivation to
k = 3,4.. etc., as discussed in Refs. 66−68, as well as 70
and 71. The overall result is then as follows

P2(1) = 0, P2(2) = 2G(1)
G(1) ,


P2(3) = 2(G(1)
G(2)  G(2)
G(1) ), etc.

(11)

where G( k ) (k = 1,2,3…) are the principal matrices of
the NCRSPT conditioned by matrix equations of the
following common form

E1G( k )  G( k ) E2  V( k ) = 0,

(12)

(see Eqs. (27) and (35) of Ref. 65). Notations E1 and
E 2 stand here for zero order eigenblocks referring to
subsets {1} and { 2 }, i.e.

E1 = E(  ) , E2 =
whilst V(1)

and V(2)

 E(  )
0

0
,
μ

(13)

are matrices of interorbital
Croat. Chem. Acta 86 (2013) 171.
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interactions defined below:
The first order matrix V(1) coincides with the
relevant total matrix of the intersubset resonance
parameters. From Eq. (9), we obtain

1
A(1) BQ
2
1
V(1)o = A(1) BQ
2
V(1) =

2a ,
(14)
2 BQa .

The column-matrices ( 2) 1 a and ( 2)1 BQa are
1
A(1) BQ.
2
The second order matrix V(2) , in turn, is constructed on

(α )
where G(1)
is a square n  n -dimensional submatrix

and g(1) is a column-matrix of the same dimension.
Substitution of Eqs. (8), (13), (14) and (17) into Eq. (12)
for k=1 shows that the latter relation may be
decomposed into two independent matrix equations
(α )
and g(1) separately.
determining the submatrices G(1)
The first of these newly-derived equations contains the
1
intersubset coupling matrix A(1) BQ only and depends
2
on parameters of electrophile neither explicitly nor
implicitly, viz.

attached here to the common square matrix

the basis of the following relation (see Eq. (32) of Ref.
65)

V(2) = SG(1)  G(1)T ,

(15)

where S and T are first order corrections to
eigenblocks coinciding with intrasubset blocks of the
relevant perturbation matrix. From Eq. (9) it follows
that
1
A(1) ,
2

S

=

T =


1 QB A(1) BQ
2
2a  BQ

T

o

=

So =

2QB  a
0

,

(16)

As is seen from Eq. (11), the first order member P2(1) of
the power series for the DM block P2 coincides with a
zero matrix, whilst the relevant second order increment
is determined by the first order matrix G(1) . Thus, let us
start with the matrix equation of Eq. (12) for k=1. Since
E1 and E 2 are square matrices, constitution of the
matrix G(1) being sought is conditioned by that of V(1) .
Thus, let us look for the matrix G(1) of the following
form

Croat. Chem. Acta 86 (2013) 171.

(17)

1
2
1
2

Fe a,

(19)
Fe BQa,


o
and g(1)
correspond to first order
where g(1)
*
o
and H (1)
and thereby to
Hamiltonian matrices H (1)

o
H (1) and H (1) of Eq. (2), respectively, and Fe is an
n  n -dimensional square matrix, viz.

Fe = (I  μR)1 R.

EXPRESSIONS FOR CHARGE TRANSFER
ABILITIES

(18)

Moreover, this relation matches the relevant equation
(α )
for isolated PAHs. 47 Hence, our submatrix G(1)
actually coincides with the respective matrix obtained
previously. 47 The same accordingly refers to their
designations, where the superscript (α ) indicates the
dependence upon the perturbation α. The meaning of
(α )
will be discussed later in this section.
the matrix G(1)
Let us note only that this matrix represents the direct
intersubset coupling within the DM P .
As opposed to Eq. (18), the form of the second
equation following from Eq. (12) depends on the
position of electrophile. Moreover, it may be easily
solved algebraically. 64 The result takes the form

o
g o(1) =  Fe v(1)
=

Now, no more is required as to analyze and solve the
principal equation (12) under employment of particular
expressions of Eqs. (13)−(16). The solution should be
then substituted into Eq. (11) and the population of the
orbital φ(  )e follows in the form of power series.

g(1) ,

1
RA(1) BQ 2 = 0.
2



g(1)
=  Fe v(1)
=


1 QB A(1) BQ  2a
.
2  2a 
0

(α )
G(1) = G(1)

(α )
(α)
G(1)
Q  RG(1)


(20)

The subscript e indicates the matrix Fe to represent the
electrophile. As is seen from Eq. (19), the column
o
and g(1)
do not depend on the perturbation
matrices g(1)
α. It is no surprise in this connection that Eqs. (19) and
(20) coincide with the relevant expressions 64 referring
to an AH interacting with an external electron-accepting
subsystem.
Let the second order increment to the population
of the orbital φ(  )e to be denoted by q((2) ) e . As it follows
immediately after substituting Eq. (17) into Eq. (11), the

o
and g(1)
defined by Eq. (19)
column-matrices g(1)
suffice to derive this increment. We then obtain

177

V. Gineityte, The Rule of Suppressed Charge Transfer
 
q((2) )e = 2 g(1)
g(1) ,

o o
q((2) )e = 2 g(1)
g(1)

(21)

for the attacks upon AOs of subsets { χ  } and { χ  },
respectively. Equation (21) along with Eqs. (19) and
(20) indicates that the second order populations
acquired by the electrophile are not influenced by the
perturbation α . Hence, these coincide with the relevant
populations for the parent AH under attack of the same
reagent. Use of Eq. (19) within Eq. (21) yields

q((2) )e = a  Fe Fe a,


 
q((2)o
 ) e = a QB Fe Fe BQa. (22)

Let us recall now that the column- matrix a contains a
single non-zero element equal to ν in its kth position if
the kth AO ( χ k or χ ko ) is under attack of electrophile.

Given that this is the case, diagonal elements D(0)
kk and
o
D(0) kk of the following matrices

D(0)
= Fe Fe ,


D(0)
= QB  Fe Fe BQ

(23)

determine the relevant populations q((2) )e and q((2)o
)e ,
where the subscript (0) indicates the zero order
magnitude of these matrices with respect to the
perturbation α . Again, these elements depend on
characteristics of both the reactant and the reagent
(these are correspondingly contained within matrices B

o
and Fe). Hence, the elements D(0)
kk and D(0) kk may be
interpreted as charge transfer (CT) abilities of the
system consisting of the parent AH and the electrophile
for attacks of the latter upon AOs χ k and χ ko ,
respectively. Moreover, the same elements represent the
zero order contributions to the respective CT abilities of

and
the heteroatom-containing system. That is why D(0)
o
D(0) will be referred to as zero order matrices of CT

o
and D(0)
are positiveabilities. Furthermore, both D(0)
72

of the form A A . Thus, the
definite matrices
electrophile always acquires an additional population
within the zero order approximation in accordance with
the expectation. From Eqs.(6) and (23) we obtain that

o
SpurD(0)
= SpurD(0)
,

(24)

i.e. sums of zero order CT abilities over attacks upon
AOs of subsets { χ  } and { χ o } coincide one with
another.
To derive first order increments to the same CT
abilities due to introduction of the heteroatom, let us
turn to the third order correction to the population of
electrophile ( q((3) ) e ). Third order analogues of Eqs. (21)
and (22) may be derived from the last diagonal element
of the submatrix P2(3) of Eq. (11). It is seen that this
submatrix contains the second order matrix G(2) defined
by Eq. (12) for k = 2. Thus, let us turn to this matrix

equation along with the definition of the matrix V(2) of
Eq. (15).
Substituting Eqs. (16) and (17) into Eq. (15)
shows that the total matrix V(2) also consists of a square
n  n  dimensional matrix and of an attached columnmatrix. In analogy with the matrix G(1) of Eq. (17), let
these submatrices to be correspondingly denoted by
V(2)( α ) and v(2) . The matrix G(2) may be then accordingly
(α )
and a
sought in the form containing a square block G(2)
column- matrix g(2) , i.e.
(α )
G(2) = G(2)

g(2) .

(25)

Two consequences follow immediately after
accepting Eq. (25): First, the expression for the third
order correction to the population of the orbital φ(  )e
contains the column-matrices g(1) and g(2) only, viz.


q((3) ) e = 2( g(1)
g(2)  g(2)
g(1) ).

(26)

Second, the relation of Eq. (12) for k = 2 may be
decomposed into two matrix equations determining the
(α )
submatrices G(2)
and g(2) separately. It is evident that
the relation conditioning the latter is sufficient for our
purpose. As with the equation for g(1) , an algebraic
solution may be obtained, viz.

g(2) =  Fe v(2) ,

(27)

where the column-matrix v(2) results from Eqs. (15),
(16) and (17). We obtain

v(2)

=

o
v(2)

=

1

A(1) g(1)

2
1
o
A(1) g(1)

2

1
2
1
2

(α)
G(1)
QB  a,

(28)
(α )
G(1)
a

for attacks upon AOs of subsets { χ  } and { χ o },
respectively. It is seen that the right-hand sides of these
expressions contain the perturbations α and ν in the
form of products. The relevant corrections q((3) )e and
q((3)o
 ) e following from Eq. (26) then accordingly depend
on the product αν 2 and thereby represent the result of
the interplay between intra- ad intermolecular
perturbations. Furthermore, two additive components

o
. The first A(1) are present within both v(2)
and v(2)
containing contribution may be traced back to the
increasing absolute value of the diagonal Hamiltonian
matrix element referring to the NCMO (  )1 of the
parent AH due to the intramolecular perturbation α .
Meanwhile, the second contributions are related to the
intersubset coupling inside the AH represented by the
(α )
matrix G(1)
. Owing to Eqs. (26) and (27), analogous
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two components reveal themselves within the column
o
, as well as within third order
matrices g(2)
and g(2)
(3)
populations q(  ) e and q((3)o
)e .
(α )
The matrix G(1)
was shown to give birth to the so(α )
called intersubset polarization matrices of PAHs ( X (1)
47
(α )
and Z (1) ) in accordance with the following relations
(α )
X (1)

Z

(α )
(1)

(α )
(α )
=  2 BQG(1)
= 2G(1)
QB  ,
(α ) 
(1)

= 2G



(α )
(1)

BQ = 2QB G .

(29)

Thus, recalling of the meaning and of principal
(α )
(α )
properties of matrices X (1)
and Z (1)
becomes appropriate when looking for a more illustrative interpretation
(α )
of the G(1)
-containing components of the aboveindicated characteristics.
(α )
(α )
Let us note first that matrices X (1)
and Z (1)
take
diagonal positions referring to subsets of AOs { χ  } and
{ χ o }, respectively, within the first order contribution of
the charge- bond order (CBO) matrix of PAHs. 47
Consequently, diagonal elements of these matrices
determine the actual populations inside the hydrocarbon
fragment of an AH after introducing a heteroatom (note
that all populations coincide with unity within an
(α )
(α )
AH49,50). Furthermore, the matrices X (1)
and Z (1)
were
shown to be connected by an unitary transformation, viz.
(α )
(α )
X (1)
=  BQZ (1)
QB  .

(30)

Using Eq. (6), we then obtain

SpurX

(α )
(1)

=  SpurZ .
(α)
(1)

(31)

Thus, total excessive populations over subsets { χ  } and
{ χ  } of PAHs are of opposite signs and of coinciding
absolute values so that their sum vanishes. Finally,
(α )
(α )
and Z (1)
proved to be representable 47 in
matrices X (1)

the forms AA and AA and thereby were concluded
to be positive-definite and negative-definite matrices 72 ,
respectively. Consequently, populations of all AOs χ k
were expected to grow, whilst those of all AOs χ ko were
predicted to be reduced as a result of the perturbation
α . This conclusion is nothing more than the rule of the
alternating polarity.
Before returning to Eqs. (26)−(28) it deserves
emphasizing that both the results shown in Eqs.
(29)−(31) and the discussion nearby are directly
transferable to the case of PAHs under attack of
electrophile. The reason for that consists in the
independent action of perturbations α and ν within
first order Hamiltonian matrices as discussed just after
Eq. (9). For illustration, we exhibit below the first order
contribution P(1) to the total CBO matrix of PAHs
under attack of electrophile upon an AO of the subset
{ χ  } following after retransformation 47 of the DM P *
Croat. Chem. Acta 86 (2013) 171.

into the basis of AOs. This correction takes the form

P(1) =

(α)
X (1)

0


 2 g(1)

0

(α )
Z (1)


 2QB  g(1)

 2g


(1)


(1)

 2 g BQ

(32)

0

(α )
and contains the intersubset polarization matrices X (1)
(α )
and Z (1) in its diagonal positions.
It is evident that relations of Eq. (29) allow the
(α )
G(1)
-containing terms of Eqs. (26)-(28) to be
reformulated into those depending on the intersubset
(α )
(α )
polarization matrices X (1)
and Z (1)
. This implies the
relevant components of corrections q((3) )e and q((3)o
 ) e to be
related to excessive populations of the isolated reactant.
To perform the relevant procedure, Eq. (6) also should
be invoked. Thereupon, Eqs. (19), (20), (27) and (28)
should be substituted into Eq. (26). We then obtain


q((3) )e = a  ( M (1)
 N (1)
)a ,

o
o
q((3)o
 ) e = a ( M (1)  N (1) )a ,

(33)

where n  n -dimensional square matrices of the righthand sides take the form

=
M (1)

1 
(α )
(α )
( Fe Fe X (1)
 X (1)
Fe Fe ),
2

1

=  ( Fe Fe A(1) Fe  Fe A(1) Fe Fe ),
N (1)
2

(34)

(35)

1
(α )
(QB  Fe Fe BQZ (1)

2
(α )
Z (1)
QB  Fe Fe BQ ),

(36)

1
o
=  QB  ( Fe Fe A(1) Fe 
N (1)
2
Fe A(1) Fe Fe ) BQ.

(37)

o
=
M (1)


o
and M (1)
originate from the
The contributions M (1)

intersubset coupling in the parent AH due to the
perturbation α and contain the intersubset polarization
(α )
(α )
matrices X (1)
and Z (1)
in accordance with the above
discussion. Meanwhile, the remaining increments (viz.
1

o
N (1)
and N (1)
) depend on the submatrix A(1) and are
2
related to the first component of the column-matrices

o
v(2)
and v(2)
of Eq. (28). The subscript (1) of the lefthand sides of Eqs. (34)−(37) indicates the matrices
concerned to be first order terms with respect to the
perturbation α .
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Finally, comparison of Eq. (33) to Eq. (22)
indicates these expressions to be of similar constitution.

o
,
This allows us to define new matrices D(1)
and D(1)
diagonal elements of which represent first order
increments to the above-discussed CT abilities, viz.

(1)


(1)


(1)

D =M N ,

D =M N .
o
(1)

o
(1)

o
(1)

Our analysis will consist of three steps. Let us dwell
first on results that may be obtained without additional
approximations, except for the above-described

perturbation theory. Let us start with components M (1)
o
and M (1) . From Eq. (34) it follows that
(39)

(α )
where the positive-definite nature 47 of the matrix X (1)
is taken into consideration. It is seen that the sum of CT
abilities of our system over attacks upon AOs of the
subset { χ  } becomes increased owing to the increment

M (1)
. Using Eqs.(6), (30) and (36), we accordingly
obtain

(40)

o
Thus, the matrix M (1)
contributes to lowering of the
sum of CT abilities over attacks upon AOs of the subset
{ χ  }. Finally, Eqs. (39) and (40) yield

o
SpurM (1)
=  SpurM (1)
.

(41)

Hence, the intersubset coupling in an AH gives rise to
alterations of coinciding absolute values and of opposite
signs in the above-specified sums of CT abilities as it
was the case with sums of excessive populations in the
isolated reactant (see Eq. (31)). Moreover, the following
relation

o
M (1)
=  BQM (1)
QB 

  Spur[( Fe )3/ 2 A(1) ( Fe )3/ 2 ] < 0

(42)

results from Eqs. (30), (34) and (36) and it resembles
that of Eq. (30). In this connection, a certain parallelism
may be expected between alterations in the CT abilities
for attacks upon separate AOs due to the intersubset
coupling and the excessive populations of the same AOs
in the isolated reactant. This parallelism is likely to
embrace alternation of corrections over the hydrocarbon
chain. These anticipations are verified below in this

(43)

and

o
N (1)
= BQN (1)
QB  .

ANALYSIS OF EXPRESSIONS OBTAINED

o
(α )
SpurM (1)
=  Spur ( Fe X (1)
Fe ) < 0.


o
SpurN (1)
= SpurN (1)
=

(38)

The principal properties of these matrices are studied in
the next Section.


(α )
SpurM (1)
= Spur ( Fe X (1)
Fe ) > 0,

section.

o
Let us turn now to matrices N (1)
and N (1)
defined
by Eqs. (35) and (37). After employment of Eq. (6), we
obtain

(44)

The Hermitian (symmetric) and positive-definite nature
of the matrix Fe of Eq. (20) is additionally used when
deriving Eq. (43). (Note that unique positive-definite
square roots may always be defined for Hermitian
positive-definite matrices 72 ). The Hermitian property
for the matrix Fe , in turn, easily follows from the
equality R = R along with the standard definition of a
power function of any Hermitian matrix in terms of its
spectrum 73,74 . The reasoning behind the positivedefinite nature of the matrix Fe is as follows: The
matrix product BB was concluded to be a positivedefinite matrix for the most common case of even AHs
of a finite size 48 . The same accordingly refers to the
positive square root ( BB  )1/ 2 , the latter coinciding with
the inverse counterpart ( R 1 ) of the matrix R as Eq.
(8) indicates. Further, Fe1 actually takes the form of the
sum of the positive increment μI and of the matrix R 1
(see Eq. (20)). Hence, Fe1 also is a positive-definite
matrix for the above-specified AHs. Finally, the
positive-definite nature of a certain matrix is known to
be preserved when passing to its inverse counterpart 72 .
Thus, the very matrix Fe also may be concluded to be a
positive-definite one.
Let us return to Eqs. (43) and (44). It is seen that
alterations in the sums of CT abilities over attacks upon
AOs of subsets { χ  } and { χ o } coincide one with
another in this case. Moreover, these alterations prove to
be negative quantities. Hence, the CT abilities for
attacks upon individual AOs also may be anticipated to

be predominantly reduced owing to the increments N (1)
o
amd N (1) . This expectation evidently is in line with the

o
, namely with the
and N (1)
origin of matrices N (1)
growing absolute value of the diagonal Hamiltonian
matrix element referring to the NCMO (  )1 due to the
perturbation α . Indeed, such a growth implies an
increase of the distance between one of the electrondonating orbitals of the reactant (namely (  )1 ) and the
electron-accepting orbital ( φ(  )e ) in the energy scale.
The second step of our analysis consists in
evaluation of separate elements of matrices

o

o
M (1)
, M (1)
, N (1)
. To this end, we will invoke
and N (1)
the so-called diagonally-dominant nature of positiveCroat. Chem. Acta 86 (2013) 171.
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definite matrices along with positive signs of the
diagonal elements themselves 72 (This property allows
us to consider the matrix concerned, e.g. Fe Fe , as a

nearly diagonal matrix). Let us start with matrices M (1)
o
(α )
(α )
and M (1) . Elements X (1) kl of the matrix X (1) were
shown to be of similar absolute values except for the
(α )
single element X (1)11
referring to the site 47 of the
perturbation α . If the latter case is excluded from
consideration, from Eq. (34) it follows that


(α )
M (1)
kk  ( Fe Fe ) kk X (1) kk > 0.

(45)

Hence, corrections to CT abilities for attacks upon AOs
χ k (k  1) due to the intersubset coupling are positive
quantities in the framework of our approximation.
Moreover, these corrections are proportional to
respective (positive47) excessive populations in the
(α )
isolated reactant ( X (1)
kk > 0 ) and to the relevant CT
abilities of the parent-hydrocarbon-containing system

D(0)kk
(see Eq. (23) for the definition of the latter).
From Eq. (36), we accordingly obtain
o


(α )
M (1)
kk  (QB Fe Fe BQ ) kk Z (1) kk < 0,

(46)

(α)
where similar absolute values 47 of elements Z (1)
kl also
are taken into consideration. Proportionality of the
o
correction M (1)kk
to the relevant (negative) excessive
(α )
population of the isolated reactant ( Z (1)
kk < 0 ) is seen

from Eq. (46) along with that between M (1)kk
and the
zero order CT ability for the attack upon the AO χ k in
the parent AH. Thus, the above-anticipated alternation
of corrections to the CT abilities originating from the
intersubset coupling in the reactant is now additionally
supported.
A similar analysis may be carried out also for the

o
remaining matrices N (1)
and N (1)
. The relevant
diagonal elements may be approximated as follows


N (1)
kk = α ( Fe Fe ) k 1 ( Fe )1k 

 α[( Fe ) kk  ( Fe )11 ][( Fe )1k ]2 < 0,
o
2

N (1)
kk  α[( BQ )1k ] ( Fe Fe )11 ( Fe )11 < 0

(47)

(48)

and are negative quantities for both subsets. Thus, any
CT ability of our system is predicted to be suppressed
owing to increments concerned in accordance with our
previous expectation.
The final effect of heteroatom of the reactant upon
individual CT abilities of the whole system follows after
summing up the two principal components as Eq. (38)
indicates. For the attack upon an AO χ ko of the subset
{ χ o }, two negative increments seem to be added
together, and a suppression of the relevant total CT

Croat. Chem. Acta 86 (2013) 171.

ability is consequently expected. Meanwhile, the effect
of the perturbation α upon the CT ability referring to
an AO χ k of the heteroatom-containing subset { χ  }
depends on relative absolute values of the two
increments of opposite signs. This implies the subset
{ χ  } to be of a particular interest.
In this connection, let us turn to the principal
(third) step of our analysis devoted to the case of the socalled soft electrophiles 10,29 . In accordance with the
high electron-accepting ability of these electrophiles, let
us assume that the parameter μ to take a sufficiently
small value so that the matrix Fe of Eq. (20) may be
approximated by R. [The nature of this approximation
and conditions of its validity are discussed later in this
section]. Given that this is the case, the suppressive

increments to CT abilities following from matrices N (1)
o
and N (1) also may be related to the intersubset
(α )
(α )
polarization matrices X (1)
and Z (1)
. Consequently, a
direct comparison of the principal contributions to CT
abilities becomes possible.
To demonstrate this, let us start with Eq. (35).
After invoking the above-mentioned approximation, we
obtain

1
N (1) =  R( RA(1)  A(1) R ) R,
2

(49)

where overlined characteristics here and below refer to
the case of small μ values. Let us take now the relation
of Eq. (18) and multiply it by B  from its right-hand
side. A subsequent use of Eqs. (6) and (29) then yields
(α)
(α ) 
RA(1) = X (1)
 2 RG(1)
B .

(50)

Let us substitute the above relation and its Hermitianconjugate counterpart into Eq. (49) and replace the
product RB by BQ in accordance with Eq. (5). After
an additional employment of Eq. (29), we obtain

1
(α )
(α ) 2
(α )
N (1) =  ( R 2 X (1)
 X (1)
R  2 RX (1)
R ).
2

(51)



Thus, the matrix N (1) becomes expressed via the matrix
o
(α )
X (1)
. An analogous procedure for the matrix N (1)
(α )
yields an expression in terms of Z (1)
, viz.
o

N (1) =

1 2 (α )
(α ) 2
(α )
(Q Z (1)  Z (1)
Q  2QZ (1)
Q ).
2

(52)

Meanwhile, replacement of the matrix Fe by R within
Eqs. (34) and (36) yields


M (1) =

1 2 (α )
(α ) 2
( R X (1)  X (1)
R ),
2

(53)
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o

M (1) =

1 2 (α )
(α ) 2
(Q Z (1)  Z (1)
Q ),
2

(54)

where Eq. (6) is additionally used when deriving Eq.
(54).
Comparison of formulae shown in Eqs. (51) and
(53) and referring to the most intriguing subset { χ  }
indicates that the first two contributions of their righthand sides cancel
out each other when building up the

total matrix D (1) in accordance with Eq. (38). As a
result, this matrix is determined by the last increment of
Eq. (51), viz.


(α )
D(1) =  RX (1)
R.

(55)

(α )
in the for AA+
Representability47 of the matrix X (1)
+
along with the equality R=R then
ensures the negative
definite nature
of
the
matrix
D
.
(1) Hence, the diagonal

elements D (1)kk are negative quantities for any k .
Consequently, all CT abilities of our system referring to
attacks of a soft electrophile upon AOs of the subset
{ χ  } prove to be reduced after introduction of the
heteroatom in spite of increased excessive populations.
A side conclusion here is that the suppressive increment
predominates over the alternating one in the total first
order corrections to CT abilities for attacks upon AOs
χ k in the case of a soft electrophile.
For the subset { χ o } , all terms of Eqs. (52) and
(54) are added together and we obtain
o

(α )
(α ) 2
(α )
D (1) = Q 2 Z (1)
 Z (1)
Q  QZ (1)
Q.

(56)

Matrices R and Q of AHs were shown to be
expressible in the form of power series 48 . Moreover,
zero order members of these series ( R(0) and Q (0) ) are
proportional to the unit matrix ( I ) of the respective
dimension, i.e.

R(0) = mI ,

Q (0) = nI ,

(57)

where m and n are numerical parameters and m  n .
Let us substitute these approximate expressions into
Eqs. (55) and (56). From Eq. (55) we then obtain
(0)

(α )
D (1) kk = m2 X (1)
kk < 0.

(58)

This relation indicates that the higher is the excessive
population of the AO χ k in the isolated reactant, the
more suppressed is the relevant CT ability of the whole
system in the case of a soft electrophile. Meanwhile,
from Eq. (56) it follows that
o(0)

(α )
D (1) kk = 3n 2 Z (1)
kk < 0.

(59)

Thus, the CT ability is predicted to be lowered even
more substantially if the AO χ ko is under attack. This
result is in accordance with our previous expectations.
Before finishing this section, let us dwell on our
principal approximation Fe  R and conditions of its
validity. It is evident that this approximation is equivalent to confinement to the zero order member (I) of the
power series expansion for the matrix ( I  μR) 1 , i.e.

( I  μR)1  I  μR  μ 2 R2  ....

(60)

Thus, convergence of the above series is a necessary
condition for its validity. It is also obvious that choice
of a sufficiently small μ value (as discussed above)
playes the decisive role in attempts to ensure such a
convergence. Again, properties of the specific matrix R
also seem to be important. To examine the last point in
a more detail, let us turn to the standard definition of a
power function of any Hermitian matrix in terms of its
spectrum73,74 and apply it to matrices R and
( I  μR) 1 . We may then conclude these two matrices
to possess a common set of eigenvectors. Moreover,
the relevant eigenvalues are interrelated, viz. an
eigenvalue (1  μri )1 of the latter matrix corresponds
to any eigenvalue ri of the parent matrix R.
Convergence of the series of Eq. (60) is then ensured
if the expansions

(1  μri )1  1  ( μri )  ( μri )2  ...

(61)

converge for any i. The relevant condition is known to
coincide with the inequality μri  1 . Let us recall now
that both μ and ri are positive quantities (positive
signs of eigenvalues ri result from the positive-definite
nature of the matrix R discussed above). Thus, the
higher is the eigenvalue ri , the narrower is the interval
of μ values, wherein the requirement μri  1 is met
and thereby convergence of Eq. (61) is ensured. This
implies the highest eigenvalue of the given matrix R to
play the decisive role in determining the actual interval
of μ values, wherein the matrix expansion of Eq. (60)
converges. It is evident that a sufficiently rapid
convergence is additionally required to ensure a good
quality of our approximation Fe  R . Nevertheless, the
above-specified eigenvalue may be considered as a
certain criterion of such a quality for a definite μ value
inside the convergence interval of the matrix series of
Eq. (60).
Let us note now that the matrix R 1 possesses
eigenvalues ri 1 for the above-described reasons. Again,
eigenvalues of the inverse matrix R 1 coincide with
energies of occupied MOs of the parent hydrocarbon in
our negative energy units. (The ultimate diagonalization
of the block-diagonal Hamiltonian matrix of Eq. (7)
yields MOs and their energies of the given AH). Thus,
Croat. Chem. Acta 86 (2013) 171.
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absence of occupied (bonding) MOs described by oneelectron energies of low absolute values in the oneelectron spectrum of the given hydrocarbon (e.g. of
those close to zero) may be considered as the first sign
of validity of our approximation within a sufficiently
wide interval of μ values. Since the above-specified
absolute values generally become lower for more
extended hydrocarbons, the interval of μ values
concerned is likely to be accordingly reduced.

3

6

*

o

*

o

2

4

5o

N1*

Scheme 1. Numbering of 2pz AOs of pyridine. Atoms

o
containing AOs of subsets { χ } and { χ } are accordingly
O
denoted by * and

ILLUSTRATION OF THE RESULTS
As already mentioned, the pyridine molecule (Scheme 1)
is a typical example when populations of 2pz AOs of the
isolated reactant fail to predict relative reactivities of
carbon atoms towards electrophiles. Indeed, increased
populations of AOs of meta-positioned atoms ( χ 2* and
χ 3* ) vs. those of benzene follow from the rule of the
alternating polarity45−47 in this case in contrast to
suppressed reactivities determined experimentally.5,8
Moreover, invoking of the HOMO/LUMO concept22−27
also is of a limited success in this case: Constitution of
the HOMO of pyridine contains zero increments of AOs
of both nitrogen atom and para-positioned carbon atom
along with similar contributions of ortho- and metapositioned atoms75 and this pattern is not in line with the
fact that exclusively meta-derivatives result from the
relevant electrophilic substitution. In this connection, we
will illustrate our general results by applying them just to
pyridine under attack of electrophile in this section.
Numbering of 2pz AOs of this heterocycle (see
Scheme 1) is chosen so as to ensure the anti-blockdiagonal structure of the relevant submatrix of the total
Hamiltonian matrix of Eq. (1). [Non-zero resonance
parameters referring to chemical bonds and equal to unit
are found in the off-diagonal blocks B and B  in this
(α )
representing the
matrix]. Matrices B , QB  and X (1)
47
pyridine heterocycle take the form
1 0 1
2 2 1
1

B  1 1 0 , QB  1 2 2 ,
3
0 1 1
2 1 2
X

( α)
(1)

43 5 5
α

5 1 1 .
108
5 1 1

1
U
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0

6
1

3
1

6
1

3

6

1


(62)

(64)

2
1
2

that contains the relevant eigenvectors in its columns. As
a result, eigenvalues of the matrix R may be easily shown
to coincide with {1/2, 1,1}, whilst those of R 1 are
accordingly equal to {2,1,1}. Positive signs of these
eigenvalues illustrate the positive-definite nature of
matrices R and R 1 discussed above. Moreover, the
largest eigenvalue of the matrix R coincides with 1. This
implies the series of Eq. (60) to converge for μ  1.
Further, the above-described spectrum of the matrix R
may be used to derive the matrix Fe of Eq. (20). We
obtain

3μ  5
1
1

1

1

3μ  5
1
1
3μ  5

(65)

It is seen that Fe is a Hermitian (symmetric) matrix,
eigenvalues of which coincide with { ( μ  2)1 ,
( μ  1)1 , ( μ  1)1 } and prove to be positive quantities
for μ  0 . Thus, the positive-definite nature of our
matrix Fe also is beyond any doubt along with
coincidence between Fe and R for μ  0 .
Let us turn now to matrices of Eqs. (34)−(37).
Using Eqs. (34) and (65), we obtain

(63)
*

M (1)

and illustrate validity of approximations of Eq. (57).

3
1



1
Fe 
3( μ  1)( μ  2)

Meanwhile, matrices R and R 1 are as follows
5 1 1
4 1 1
1
1
1
R  1 5 1 , R  1 4 1
6
3
1 1 5
1 1 4

[Note that Q = R for this particular system].
Let us start our discussion with a notation that
graphs representing matrices R and R 1 of Eq. (63)
coincide with symmetric triangles. Consequently, these
matrices may be diagonalized by the following
transformation matrix

5r ( μ) 5r ( μ)
l ( μ)
α

5
r
(
)
μ
r ( μ)
r ( μ) (66)
108( μ  1) 2 ( μ  2) 2
5r ( μ) r ( μ)
r ( μ)
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where

l ( μ)  43 μ 2  150 μ  139, r ( μ)  μ 2  6 μ  7. (67)
*
Diagonal elements of the above matrix (i.e. M (1)
kk )
are positive quantities for μ  0 in accordance with
*
Eq. (45). Thus, the increment M (1)
contributes to
growth of CT abilities for attacks upon AOs χ1* , χ 2*
and χ 3* after introducing the nitrogen atom in
accordance with our general conclusion. The matrix
*
N (1)
, in turn, easily results from Eqs. (35) and (65)
and is as follows

N

*
(1)

t ( μ)  s ( μ)  s( μ)
α

 s( μ) w( μ) w( μ) , (68)
18( μ  1)3 ( μ  2)3
 s( μ) w( μ) w( μ)

where
t ( μ)  2(3 μ 2  10 μ  9)(3 μ  5),
(69)
s ( μ)  9 μ  29 μ  24, w( μ)  2(2 μ  3).
2

*
Diagonal elements of this matrix ( N (1)
kk ) are negative
quantities in accordance with Eq. (47). This conclusion
may be entirely traced back to the minus sign of Eq.
*
(35) and indicates the term N (1)
to contribute to
lowering of CT abilities for attacks upon metapositioned carbon atoms after introducing the nitrogen
atom.
For the remaining subset { χ o }  { χ 4o , χ5o , χ6o } , the
o
o
relevant matrices M (1)
and N (1)
may be easily derived
on the basis of Eqs. (42) and (44) after an additional
invoking Eqs. (6), (62),(66) and (68). Let us confine
ourselves here to diagonal elements of matrices
concerned. These are

o
o
M (1)44
 M (1)66


o
M (1)55


α (11μ 2  54 μ  59)
,
12( μ  1) 2 ( μ  2) 2

o
o
N (1)44
 N (1)66


o
N (1)55


α (17 μ 2  54 μ  47)
,
12( μ  1) 2 ( μ  2) 2

α (4 μ  18 μ  28 μ  15)
,
( μ  1)3 ( μ  2)3
3

2

Let us return to the subset { χ * } . To establish the
actual sign of alteration in the CT ability for the attack
upon the meta-positioned carbon atom when passing
from benzene to pyridine, we need a sum of elements
M*(1)22 and N*(1)22 (see Eq. (38)). Using Eqs. (66)−(69),
we obtain
*
*
*
D(1)22
 M (1)22
 N (1)22




 μ2  6 μ  7
α
3(2 μ  3)  (71)

.
2
2 
27( μ  1) ( μ  2) 
4
( μ  1)( μ  2) 

Analysis of this expression shows that the final sign of
the total first order correction to the CT ability for the
*
attack upon the AO χ 2* ( D(1)22
) depends on the relative
value of the principal parameter μ of the approaching
electrophile in accordance with the expectation.
Moreover, the above-mentioned correction takes a
negative value for 0  μ  0.685 . Hence, the total CT
abilities for attacks upon the meta-positioned carbon
atoms become reduced when passing from benzene to
pyridine within a rather extended interval of μ values.
This result along with negative signs of corrections
o
o
D(1)44
and D(1)55
following from Eq. (70) illustrates the
principal rule of our study about the suppressed charge
transfer towards soft electrophiles in the case of
heteroaromatic reactants.
Before finishing, let us compare absolute values of
first order corrections to CT abilities for shifting
*
positions of electrophile along the cycle, viz. D(1)44
,
o
o
D(1)22 and D(1)55 that are expected to describe relative
reactivities of ortho-, meta- and para-positions of
pyridine. As it turns out after application of Eqs.
o
o
(66)−(70), absolute values of D(1)44
and D(1)55
exceed
*
that of D(1)22 considerably. For example, we obtain that
*
o
o
D(1)22
 0.025α, D(1)44
 2.85α, D(1)55
 3.85α (72)

for μ  0 and
*
o
o
D(1)22
 0.002α, D(1)44
 1.109α, D(1)55
 1.206α (73)

(70)

α ( μ 3  9 μ 2  25 μ  21)
( μ  1)3 ( μ  2)3

and prove to be negative quantities for μ  0 . This
result also is in line with our general conclusions
following from Eqs. (46) and (48).

for μ  0.5 , respectively. These results reflect the wellknown fact that exclusively meta-substitution is peculiar
to pyridine.5,8 Thus, our approach acquires a certain
advantage over the HOMO/LUMO concept.22−27

CONCLUSIONS
The above study gives algebraic expressions for
matrices of CT abilities of systems participating in the
SE2 reactions. Changes in the CT abilities due to
Croat. Chem. Acta 86 (2013) 171.
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introduction of the heteroatom into the reactant follow
from diagonal elements of the above-mentioned
matrices. In the case of a sufficiently soft electrophile,
these elements are shown to be negative quantities for
any derivative of an AH whatever the actual route of the
reaction. Thus, the relevant rule of suppressed charge
transfer between heteroaromatic compounds and
electrophiles is proven.
Significance of the results may be summarized as
follows:
1. The present study corroborates the empirical
rule on the reduced relative reactivities in the SE2
reactions at all sites of heteroaromatic reactants vs.
those of respective parent hydrocarbons.
2. The results yield a common accounting for the
above-mentioned empirical rule: The effect of
suppression is shown to originate from predominance of the negative contributions to CT
abilities over the alternating ones, the former being
related to the increased distance in the energy scale
between orbitals participating in the intermolecular
charge transfer.
3. The above derivation provides us with
conditions underlying the rule of suppressed CT
abilities. Two principal requirements may be
mentioned, viz. a sufficiently high electronaccepting ability of the reagent and absence of
molecular orbitals described by one-electron
energies of low absolute values in the one-electron
spectrum of the reactant (substrate).
4. The results demonstrate importance of
intermolecular interactions and insufficiency of
reactivity descriptors based on an isolated reactant
in the SE2 reactions.
5. The study allows us to reconcile an alternating
pattern of excessive populations in the isolated
heteroaromatic reactants and their suppressed
reactivities towards electrophiles: The reactivity is
shown to be representable more adequately by the
respective CT ability, the final suppression of
which, in turn, is compatible with an increased
population.
6. The present study supplements the classical
common rules on electronic structures of AHs and
of their heteroatom-containing derivatives. The
concept of common properties is now shown to
refer also to responses of both AHs and their
derivatives to external influences including that of
an approaching reagent.
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