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On NP - polyagroups

JANEZ USAN* AND RADOSLAV GALIGT

Abstract. In the present paper: 1) an NP-polyagroup is defined
as a generalization of an n—group for n > 3; and 2) NP-polyagroups of
the type (s,n — 1) is described as algebras of the type <n,n—1,n—2 >
[=<k-s+1,k-s,k-s—1>k>1s>1]
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1. Preliminaries

Definition 1. Letn > 2 and let (Q, A) be an n-groupoid. We say that (Q, A) is
a Dornte n-group [ briefly: n-group ] iff it is an n-semigroup and an n-quasigroup
as well.

Remark 1. A notion of an n-group was introduced by W. Dérnte in [1] as a
generalization of the notion of a group. See, also [2—4].

Proposition 1 [10]. Let n > 2 and let (Q, A) be an n-groupoid. Then the
following statements are equivalent :

(i) (Q,A) is an n-group;

(ii) there are mappings ~‘and e of the sets Q"' and Q" 2, respectively, into the
set Q such that the following laws hold in the algebra (Q,{A, ~1,e}) [ of the
type (n,n —1,n—2) |

(@) AW} AEYT) w20) = Al AEETY),

n—1
() Ale(a}?),a} 2 a) = and
() A((a!™*,a) "La{ 7% a) = e(ay™?); and
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(iii) there are mappings ~Land e of the sets Q™! and Q" 2, respectively, into the
set Q such that the following laws hold in the algebra (Q,{A, ~',e}) [ of the
type (n,n —1,n—2) |
@  AA@D), eyt = Alen, A(rg ™), 27051,

(b)  A(z,ay % e(a;™?) =
@©  Ala,a?™?,(a77%0) ) = e(a; ).

Remark 2. e is a {1,n}-neutral operation of an n-groupoid (Q, A) iff algebra
(Q, {A,e}) of the type (n,n—2) satisfies the laws (b) and (b) from Proposition1 [: [7]
J. The notion of an {i, j }-neutral operation (i,j € {1,...,n}, i < j) of an n-groupoid
is defined in a similar way [: [7] ]. Every n-groupoid has at most one {i, j }-neutral
operation [: [7] |. In every n-group (n > 2) there is an {1, n}-neutral operation [: [7]
J. There are n-groups without an {i, j}-neutral operation with {i,j} # {1,n} [ :[9]
J. In [9], n-groups with {i,j}-neutral operations, for {i,j} # {1,n} are described.
Operation ~1from Proposition1 [ (c), (¢)] is a generalization of the inverse operation
in a group. In fact, if (Q,A) is an n-group, n > 2, then for every a € Q and for
every sequence a} 2 over Q
( n— 27a) 71déf E(an 2

aj ,a,al” )7

where E is a {1, 2n—1}-neutral operation of the (2n— 1) group (Q, A) ( an—1) def

A(A(ap), 222 N [8] ] (For n = 2,a=t= E(a);a ' is the inverse element of
element a with respect to the neutral element e(D) of the group (Q, A).)

Definition 2. Letk > 1,s > 1,n=Fk-s+1 and let (Q, A) be an n—groupoid.
Then, we say that (Q,A) is a partiallys—associative (briefly: Ps—associative)
n—groupoid iff for every i,j € {t-s+ 1t € {0,1,...,k}},i < j, the following law
holds

A A, = AT A, a3)

[ <i,j > —associative law |.
Remark 3. For s =1(Q,A) is a (k+ 1)—semigroup; k > 1. A notion of an
s-associative n-groupoid was introduced by F.M. Sokhatsky (for example [5]).
Definition 3. Let k> 1, s> 1, n=k-s+1 and let (Q, A) be an n—groupoid.
Then, we say that (Q,A) is a P-polyagroup of the type (s,n — 1) iff it is a
Ps—associative n— groupoid and an n— quasigroup.
A notion of a polyagroup was introduced by F.M. Sokhatsky (for example [6]).

2. Auxiliary propositions

Proposition 2 [10]. Let n > 2 and let (Q, A) be an n—groupoid. Furthermore,
let the < 1,n > —associative law hold in (Q,A), and let for every a} € Q there
be at least one = € ) and at least one y € Q) such that the following equalities
Ala}™ ' 2) = a, and A(y,a?™") = a, hold. Then, there are mappings e and ~*
respectively of the sets Q™™ 2 and Q"1 into the set Q such that the following laws

Ale(a!™?),a1 72 ) = 2, A(z,d! 7% e(a]7?)) =,

A((ay ™, 2) 71 0 7% 2) = e(al™?), A(,a)7% (a7 2)71) = e(a]7Y),
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A((a}2,a)7 a2, Ala, a2 2)) = = and
A(A(z, a?_27 a), a’?—27 (a?_Qv a)il) =T

hold in the algebra (Q,{A,~1,e}).
(See, also [11].)

Proposition 3. Letk > 1, s > 1, n=k-s+1 and let (Q, A) be an n—groupoid.
Also, let

(a) the < 1,54+ 1> —associative [< (k—1)-s+1, k-s+ 1> —associative | law
hold in the (Q, A); and

(b) for every x,y,a} " € Q the following implication holds

Az, o} ") = Aly,al ) =a2=y
[A(a} " 2)=Aa] L y) = a=y ]

Then (Q, A) is a Ps—associative n—groupoid.
Sketch of the proof.
AAGD), 220 1) = Alaf, AT, a2h) = Al AAGE), 257, 05)

= A(yfv A(J?f, A(xzi?)a xii;—li-l)a y:—:ll) = A(A(yf7 A(]J?), x?ﬁ—_ll_s)a x%zzia y:—:ll)

2n—1— 2n—1 -1 2n—1—
= A(A(yixi A(xzi?)7xsin+ls) T " y:+1) = A(yva(x?)vanI S)

»2n—s>

= Aly}, 21, A1), 2000
(See, also [10,11].) O

3. Results

Definition 4. Letk > 1,s > 1, n=k-s+1 and let (Q,A) be a Ps—associative
n—groupoid. We shall say that (Q, A) is a near—P—polyagroup (briefly: NP—
polyagroup) of the type (s,n — 1) iff for every i € {t-s+ 1|t € {0,1,...,k}}
and for all al € Q) there is exactly one x; € Q) such that the equality

A(alflmha"*l) =a,

holds.

Remark 4. Every P-polyagroup of the type (s,n — 1) is an NP-polyagroup of
the type (s,n —1).

Example 1. Let (Q,-) be a group and let a be a mapping of the set Q into the
set Q. Let, also, for each x5 € Q

A@) ey - alws) - w5 - alzs) - s.

Then (@, A) is an NP—polyagroup of the type (2,4). Moreover, if a is not a permu-
tation of the set Q, then (Q, A) is not a 5—quasigroup.

Theorem 1. Letk>1, s> 1, n=k-s+ 1 and let (Q,A) be an n—groupoid.
Then, (Q, A) is an NP—polyagroup of the type (s,n—1) iff there are mappings
1 and e respectively of the sets Q"' and Q"2 into the set Q such that the
following laws hold in the algebra (Q,{A,~1,e}) [ of the type <n,n—1,n—2> J:
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(i) A(A(z "), apit) = Aef, AT e,
(i) A(z,a?% e(a?™?)) =2 and
(iii) Aa,a7™?, (a7 ™% a)"") = e(af™?).

[See, also Proposition 1, Remark 2 and Theorem 2]

Proof. 1)=: Let (Q, A) be an NP—polyagroup of the type (s,n — 1). Then, by
Proposition 2, there is an algebra (Q,{4,71,e}) of the type < n,n —1,n —2 > in
which the laws (¢) — (¢4¢) hold.

2)<: Let (Q,{A,~!,e}) be an algebra of the type < n,n — 1,n — 2 > in which
the laws (7) — (i9¢) hold. We prove respectively that in that case the following
statements hold:

1° For every z,v, a{‘_l € (@ the following implication holds

Alz,at™ N = Ay, al ) =2 =y.
2° (Q, A) is a Ps—associative n—groupoid.
3° (Va; € Q)7 *(Vx € Q)A(e(a) ™?), a7 z) = x.
4° (Ya; € Q)7 *(Vz € Q)A((a % a) " a] %, a) = e(ay ™).
5° For every x,v, al_ € @ the following implication holds
Ala} b 2) = Ala} L y) =2 =y.

6° For every z,y,a? " € Q and for all t € {1,...,k—1} the following implication
holds

A(al”®, x, a?;+1) A(al®,y,ap s+1) =T =Y.

7° For every i € {t-s+ 1]t € {0,1,...,k}} and for all a} € @Q there is at least
one z; € Q such that the following equality holds A(a’i™!, z;, a?‘l) =a,.

The proof of the statement of 1° :

Byn>3(:n=k-s+1,k>1,s > 1), we conclude that the following series of
implications holds:

A(z,ai Y a,a??) = A(y,ai ™ a,a7 %) =

»s

A(A(z a3 a,an72) a5 el 2, 057Y), " d e(al " a ) =
A(Ay, a5~ a,al72) a8 e(ar % a3, a Neag " ) =
Al af ™ Ala,al = af ! elarai ), (e ) =
Ay, a3 A(a a2, a3 1,e(a2*27af_l))7nizfs,e(af_ﬂnfzfsﬂ)) =
Alz,ai 0" a ey, %™

Aly, a5~ 17a,”‘é‘s,e(aiﬂ"das“))

The proof of the statement of 2° :

By (i), 1°,n > 3 and by Proposition 3, we conclude that (Q), A) is a Ps—associative
n—groupoid.
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The proof of the statement of 3° :

Ale(ay™), a7 7% a) = b= A(A(e(a]™?),a{ "%, a),a}~ 2»(61?_27@)*1)
A, a2, (a7 72,a) 1) = Ale(a?™?),a7 7% Aa, a7 7%, (a7 7%, a) 7))

= A(b,a?™?, (a]~ 27a) ') = Ale(al™?),a1 7%, e(ay™?))
A(b, ay™ ,a)~") = e(ai™?) = A(b,ay 7%, (a7 a) ) =

A(a,al™ -2 (a? 2,a)’1):A(b,a? 2 ,(af™ 2,a)’1):>a:b

[ 2°, (%), (i4), (441), 1°].

The proof of the proof of 4° :

A((a7™a) 71 a7, )=b=>A(A((a"727a) Lay % a), a? % (a7 a)7 )

= A(b,ai ™% (ay%a) ") = A((a7 ™, a) 71,6 7% Aa, 0] 7%, (0] 7% a) )
= A(b.ai™* (a7 7% 0) ") = A((a) 7% 0) ! a? * e(a;™?)

A(b,a7™? (a7 7% a)7h) = Afe(a)™?),a1 7%, (a7 7% a) )
= A(b,ai ™% (a7 %,a) ") = e(a] ) = b

[ 2°, (ii3), (zz) 3°,1°].

The proof of the statement of 5° :
Since the < 1,n > —associative law [:2°] as well as the statements 4° and 3°
hold in (@, A), we conclude that for every x,y,a € Q and for every sequence a >

over @ the following series of implication holds:
A(a,a77% x) = Ala,af 2, y) = A((a7 7%, a) 7, a2, Ala, a2, 7))

= A(ay™?,0) 71,0772 Aa, a7 7% y) = A(A((a? %,a)7" ay % a),at 72 )
= A(A((a77%,a) "1 a7 7% a),a) 2 y) = Ale(af ), af 2 )
= Ale(a?),a" 2 y)=x=y.
The proof of the proof of 6° :
-8 -8 -8 -8 k—t)-s -8 -8 -8
A(aﬁ 71‘7a1l£€<s+1) = A(ai y Ly aﬁs+1) = A(bg t) vA(ai s Ly aﬁs+1)7 bl(Ck_t)As-g-l)
k—t)-s -8 -8 s
— A(bg t) A(al®,y,afs ), b’(“k_t),sﬂ) =
k—t)-s .s .s k—
A(A(b( o al vx)vaf~s+lvb?k7t).s+1) = A(A(bg o al 7y) ag. s+17b(k t)- s+1)

= AW bt 2) = AGFT bty s a =y
[2°,1°,5°].
The proof of the proof of 7° :

a)t=0: A(z,a}™?, )—b@
(2,01 7%, a), a7 7%, (a7 72, 0) ™) ZA(?%@?
) =

A(A
A(z,af™? A(a ay™?, (a7 %))
A(z,a77% e(a7™?)) = A(b,a} >, (a7~
T = A(bva?_27 (a?_Qva)il)

[:20, (i), (i)].

n—2

=3
\.N
&
1o
~—
)
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bt=k: A(a,a} % z)=bs
A((a}™2,a)" 1 ab 2 Aa, a7 %, 2)) = A((a}%,a) "1 al 2b) &
A(A(a ™ a) 7 ai 72 a) 0! 72 w)) = A(af 7% a) e TR D) &
Ale(ai ™) a7 7% @) = A((a7 % 0) 1 a7 0) &
z=A((a} 2 a)" a2 b)
[:2°,4°,3°].
0<t<k: Alai®z,afi|)=bs ADFTD Adats, afs+1)»b(k Bost1)

k—
= A0 0,00 1) ©

k_ S -8 -8
A(A(b( t)-s ai 7{1,')7 af_s+1, béckft)s#»l)
k—t)- s
= AGTY b0 )

[:6°,2°]. O

By a simple imitation of the proof of Theorem 1 it is possible to prove that the
following proposition holds:

Theorem 2. Let k> 1, s> 1, n=k-s+1 and let (Q,A) be an n—groupoid.
Then, (Q, A) is an NP—polyagroup of the type (s,n— 1) iff there are mappings
1 and e respectively of the sets Q"' and Q"2 into the set Q such that the
following laws hold in the algebra (Q,{A,~',e}) [ of the type < n,n —1,n—2 >/

(D) A AT, 2t ) = A AGSY)),

(71) A(e(a}™2),a} % z) =z and

(770) A(y 2, )1t 2, a) = e(al~2),

Similarly, it is possible to prove that the following proposition holds. (See, also
[10,11].)

Theorem 3. Letk >1s>1, n=k-s+ 1 and let (Q,A) be an n—groupoid.
Then, (Q, A) is an NP—polyagroup of the type (s,n— 1) iff there are mappings
! and e respectively of the sets Q"' and Q"2 into the set Q such that the
following laws hold in the algebra (Q,{A,~',e}) [ of the type < n,n —1,n—2 >/

(1) (i) from Theorem1 or (i) from Theorem 2;

(2) (ii) from Theoreml and

(8) A((a7™2,a)" 1, a7 2 Aa, a2, 2)) = .

Theorem 4. Let k >1s>1, n=k-s+1 and let (Q,A) be an n—groupoid.
Then, (Q, A) is an NP—polyagroup of the type (s,n— 1) iff there are mappings
! and e respectively of the sets Q"' and Q"2 into the set Q such that the
following laws hold in the algebra (Q,{A,”,e}) [ of the type < n,n—1,n—2 >]:

(1) (i) from Theorem1 or (i) from Theorem 2;
(2) (i) from Theorem 2; and
( ) A( (1’ al ,a),a?_Q’(a?_Q,a)_l) =X.
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