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Mann iteration for generalized pseudocontractive
maps in Hilbert spaces

STEFAN M. Sorruz*

Abstract. If X is a real Hilbert space, B is a nonempty, bounded,
convez and closed subset, T : B — B is a generalized pseudocontraction;
then the iteration

r1 € B, (1)

Tnt1 = (1—an)en + oy,

(Oln)n C (07 1)a Z Qp = OO,
n=1

o0
E lant1 —an| < oo, lim a, =0,
n=1

n—oo

strongly converges to the fixed point of T.
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1. Preliminaries

In this note we study the convergence of the Mann iteration process (1) for gener-
alized pseudocontractions. According to [8] the generalized pseudocontractions are
more general than the pseudocontractions introduced by Browder.

Definition 1. [8]. Let X be a Hilbert space, let B be a nonempty subset. A
map T : B — B is said to be a generalized pseudocontraction if for x,y € B there
exists v > 0 such that

(Tx —Ty,z—y) <rlz—y|*. (2)

Clearly, (2) is equivalent to

(I-T)e—(I-T)y,x—y) > 1—r) |z -yl
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The map T is a strong pseudocontraction if there exists k € (0,1) such that for all
z,y € B,
(I=T)x—(I=T)y,z—y) > kllz -y,

see, for example [6]. Remark that both generalized pseudocontractivity and strong
pseudocontractivity generalize the pseudocontractivity, but in a different manner.
Iteration (1),where T is a strong pseudocontraction in Banach spaces, was studied
in [1], 2], [3], [4], [6], [9].

The following lemma can be found in [9] as Lemma 4. Also, it can be found in
[4] as Lemma 1.2, with another proof. A more general case is in Lemma 2 from [5].
The proof from [5] is similar to the proof of Lemma 4 from [9].

Lemma 1. [9], [4]. Let (pn)n be a nonnegative real sequence satisfying

Pn+1 < (1 - )\n)pn + on,

where A, € (0,1),Vn € N,Y 07 | A\, = 00 and 0, = o(\,). Then lim,_.o p, = 0.
The normalized duality mapping J is the identity, when X is a Hilbert space,
see [4]. Thus Lemma 1.1 from [4] becomes:
Lemma 2. [4]. If X is a Hilbert space, then

|z + gyl < 2| + 2 ¢y, (z +y)),

for all z,y € X.

The following result is a corollary of Lemma 1 from [7]:

Lemma 3. [7]. If X is a real Hilbert space, B is a nonempty, bounded, convex
and closed subset, and T : B — B is a generalized pseudocontraction, then the
sequence given by (1) satisfies

lim ||2p11 — zn] = 0.
n—oo

In [7], the map T is nonexpansive. If we consider the proof of Lemma1 from [7],
we see that the result is true, when our assumptions are fulfilled.

2. Main result

We are now able to give the following result:
Theorem 1. If X is a real Hilbert space, B is a nonempty, bounded, convexr and
closed subset, and T : B — B is a generalized pseudocontraction, then the iteration

(1)

xr1T € B,
Tnt1 = (1 —an)zn +ayT,,
o0 o
(an)" C (07 1)’ Z Qp = OO, Z |Oln+1 - Oln| < 0,
n=1 n=1
lim o, = O.

n—oo
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strongly converges to the fized point of T.
Proof. Theorem 2.1 from [8] gives us the existence and the uniqueness of the
fixed point of T. Let us denote this fixed point by g. Using Lemma 3 and (2), we

have

2 2
[Znt1 —qll” = (1 —an)(@n — @) + an(T2n — g)|
< (1= an)? flon — qll® + 200 (T2 — ¢, 2041 — q)
= (1 - an)2 Hxn - QH2 + 20y, <Txn —4,Tn — Q> =+
+20, (Txy — ¢, Tpt1 — Tn)
< (1= o) llzn — all + 2007 [z, — ql?
+20, (Txy — ¢, Tpt1 — Tn)
2
< [T—an (21 =7) —an)] lzn — 4|
+2an <Txn — 4, Tpny1 — xn> .
Let us denote
An L= <Txn — ¢, Tn+1 — .’L'n> )
A 0 =a, (2(1—7) —ay),
2
Pn = ||xn - qH )
on = 20,A,.
Thus, we have
Pn+1 S (1 - An)pn + On.
We observe that
. On . 20, {Txy — q,Tpy1 — Ty)
lim — = lim
n—o0 A\p, n—oo an (2(1—7) — an)
T n — Y,4n — 4n
:2lim<$ % Tnt x>=0;
n—oo  (2(1—7) —an)
the last equality is true. From Lemma 4, we have lim,_,o ||Zn+1 — 2| = 0. The

sequence (||Tz, — ¢||)n is bounded, being in the bounded set B. Hence we have

limy, o0 (T — ¢, Tp+1 — ) = 0. The assumptions from Lemma 2 are fulfilled.

Hence p, — 0 as n — oo. Thus z, — q as n — oo. O
A prototype for (an)n is (1/v/n)n>1.
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