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ON SOME INEQUALITIES OF JENSEN-MCSHANE’S
TYPE ON RECTANGLE AND APPLICATIONS

V. CULJAK, B. IVANKOVIC AND J. PECARIC

Abstract. In this paper we provide the sequence of inequalities which include McShane’s gen-
eralization of Jensen’s inequality for normalized isotonic positive linear functional and convex
(concave) function defined on a rectangle. As applications, for different choice of functionals
F, we present the refinements of the recent results: Diaz-Metcalf’s type inequality for bounded
random variables in [2], Feyér’s and Lupag type inequality for a function of two variables, and
Petrovi¢’s type inequality for two nonnegative real n-tuples in [6].

1. Introduction

Let Q be a nonempty set and L be a linear class of real-valued functions
f:Q — R, having the properties:
Ll: f,geL=(af+Pg) €L, forall a,p €R;
L2: 1 €Ljie., if f(t)=1 forall € Q, then f € L.
In this paper we consider normalized isotonic positive linear functional
F : L — R, that is, we assume that
Al: Flaf+PBg) = aF(f)+PF(g) for f,g € L o, f € R (linearity);
A2: feL, f(t) >0 on Q= F(f) > 0 (positive isotonicity);
A3: F(1)=1.
For instance, some normalized linear positive functionals are:

1
F(f) = o) / fdv, for positive measure v on £;
Q
1
F(f)= —— 2 fipr, fordiscrete measure on Q = {1,2,..},
YkeQ Pk (26

where pr >0, 0 < Yo pr < oo

Jensen’s inequality for convex functions is one of the most important inequalities
in mathematics and statistics. There are many forms of this famous inequality (dis-
crete form, integral form, etc.). We will use McShane’s generalizations of the Jensen’s
inequality (see [7], [8, p.48-49]).
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THEOREM A 1. (McShane) Let ¢ be a continuous convex function on a closed
convex set K in R" and F be a normalized isotonic positive linear functional on L.
Let g; be a functionin Lyi = 1,...,n, such that (g1(t),...,gn(t)) isin K forall t € Q
and the components of ¢(g;) are in the class L. Then (F(g1),...,F(gn)) is in K,
o(F(g1),..-,F(gn)) is defined and

P(F(81),-,F(8n)) SF(@(81),-,90(8n))- ()
If @ is a continuous concave function then the reverse inequality holds.

Note that Raga in [10] pointed out that ¢ have to be continuous.

In this paper we provide an extension of this McShane’s inequality for ¢ a con-
vex (concave) function defined on rectangle D = [a,A] x [b, B] and functions g;,g2 € L
such that g;(¢) € [a,A],82(¢) € [b,B] forall ¢ € Q. This extension gives an upper bound
for F(¢(g1),...,¢(gn)) which includes linear functions 7y : D — R, k= 1,...,4, de-
termined with vertices (a,b,¢(a,b)),...,(A,B,¢(A,B)).

By setting conditions A¢ > 0 or A@ < 0 in the notation

A(p:(p(avb)7@(“73)7¢(A7b)+(p(‘473)7 (2)

we obtain the refinements of the main result.

The methods we use are elementary and are based on the properties of the func-
tionals F.

As applications, for different choice of functionals F', we present, in the Sections
4.-7., the improvements of the recent results: Diaz-Metcalf’s type inequality for math-
ematical expectation in [2], Feyér’s and Lupas type inequality for a function of two
variables and Petrovi’c type inequality for two n-tuples of nonnegative real numbers in

[6].

2. Preliminaries

Notation will be our first issue for clarifications purposes. We are observing rect-
angle D = [a,A] x [b, B] separated into triangles in the two different ways.

(i) D= A|UA;,, where A is a triangle with vertices (a,b),(A,b) and (a,B), and
Ay = A((A,B),(a,B),(A,b)). Note that
ANA; = {(x,y): (A—a)y+ (B—b)x—AB+ab=0}
(x,y) €A < (A—a)y+ (B—b)x—AB+ab<0 3)
(x,y) €A & (A—a)y+ (B—b)x—AB+ab>0 4)
(i) D =A3UA4 where A; is a triangle determined with vertices (a,b),(A,B) and
(a,B), while the A4 is determined with (a,b),(A,B) and (A,b). Note that:
ANAy = {(x,y): (A—a)y— (B—b)x—Ab+aB=0}
(x,y) EAs & (A—a)y— (B—b)x—Ab+aB>0 Q)
(x,y) EAs & (A—a)y— (B—b)x—Ab+aB<0 (6)
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Let us denote Ti(a,b,0(a,b)), T(A,B,0(A,B)), Ts(a,B,p(a,b)) and
T4(A,b,(A,B)) and the planes IT; determined by vertices as follows: I1;(T},T3,T4),
I,(1,T5,Ty), 11I5(T5,T1, 1) and T14(74,T;,T>). These planes are the graphs of affine
functions m; : D - R, k=1,...,4:

me(x,y) = Aex + ey + vi,  k={1,2,3,4} (7

with the coefficients:

_ _ (»0(A?b)_(p(a?b) _ _ (p(a,B)—qo(a,b).
A=Ay = - e R S A
A,B)—¢(a,B A,B)— @(A,b
A=y = 2 j 9(a,B). M2:M4:(p( )—9(A,b). ®)
—a B—b

vi = @(a,b) — Aia— ib; va = @(A,B) — LA — B
v3 = @(a,B) —Aza— 3B; v4=@(A,b) — A4A — usb.

In this geometrical setting, a condition A¢ > 0 means that the edge 7374 lies
below the edge T17>.
Let M;;,m;; : D — R denote functions defined by

Mij(x’y) = max{ﬂi(-x?y)’ﬂj(x?y)} and mij(x’y) = min{”i(-x?y)’ﬂj(x’y)}' )

Note that compositions of functions M;;(g1,82) : @ — R and m;;(g1,82) : Q— R
are well defined for g1,g2 € L such that g, () € [a,A],82(¢) € [b,B] forall t € Q by

Mij(g1,82)(t) = Mij(g1(t),82(t)) = max{m;(g1(7),82(7)), 7(82(7), 82(?)) },
mij(g1,82)(t) = Mij(81(2),82(t)) = min{m;(g1(¢),82(2)), 7 (g2(¢),82(2)) }-

‘We introduce functions:

mat) = { ) () A and matey) = { ) BHER o)

Note that functions 7;;(g1,82) : @ — R,i =1,3,j = 2,4 are also well defined for

81,82 € L such that g, (¢) € [a,A],g2(¢) € [b,B] forall t € Q.
The following Lemma is a consequence of previously presented relations.

LEMMA 1. Let M;j,m;; and m;; be functions defined in (9) and (10). For function
¢ :D — R and A@ defined by (2) we have

(i) if Ap >0, then for all (x,y) € D

7T]2(X,y) <77534(x7}’), (11)

and
m2(x,y) = M1z (x,y) and m4(x,y) = m3s(x,y); (12)
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(ii) if Ap <0, then for all (x,y) € D
an('x?y) 2 7T34(xay)? (13)

and
mia(x,y) = mia(x,y) and m4(x,y) = Maa(x,y). (14)

Proof. Using elementary algebra, we can obtain some convenient formulas. Namely,
in the term of A@ there exists relations:

(A—a)y+ (B—b)x—AB+ab

m(x,y) = m(x,y) = A@- B-0)A—a) (15)
ma(xy) — i (x,3) = Ap- 22 (16)
m(x.y) —m(xy) = Ap- T (17)
73(x,y) = m(x,y) = A¢~g (18)
M)~ mny) = Ag- 5 19)
mlny) ~mixy) = ap- BB O REE ap)

According (16), (17), (18) and (19) for all (x,y) in D we have
mi(x,y) — m(x,y) = 0for j € {3,4},i € {1,2},

and (11) holds by (10).

To prove (12), we check that for (x,y) € Ay, (3) and (15) entail 7 > 7 and
Mz (x,y) = m(x,y) = ma(x,y). If (x,y) € Ay, then (4) and (15) give that 7 < 7y,
s0 My2(x,y) = my(x,y) = mi2(x,y) . Furthermore, we note that for (x,y) € Az, (5) and
(20) entails 74 > 73 and m34(x,y) = m3(x,y) = m34(x,y). Finally, for (x,y) € A4, (6)
and (20) ensure that 7y < 73, s0 m34(x,y) = 7M4(x,y) = m34(x,y) according definitions
(10), as before.

Similarly we can prove (ii).

3. Main results

Now, we state the basic result of this paper.

THEOREM 3.1. Let F : L — R be anormalized isotonic positive linear functional,
where L is a linear space of real-valued functions defined on a nonempty set Q. More-
over, let g1,g> € L be functions such that g(t) € [a,Al],g2(¢) € [b,B] forall t € Q and
T2, T34 be functions defined by (10).
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If ¢ : D — R is continuous concave function then

max{F (m12(g1,82)), F (m4(g1,82))}
F(max{mi>(g1,82),m34(g1,82)}) 21
F(p(g1,82)) < 0(F(g1),F(g2)),

and if ¢ : D — R is a continuous convex function then

min{F (712(g1,82)), F (734(g1,82)) } (22)
F(min{m2(g1,82),m4(81,82)})
F(p(g1,82)) = o(F(g1),F(g2))-

Proof. Note that from the property Al we can obtain

ALt F(1(g1,82,--,8n)) = 1(F(81),F (82), ... F (gn)) forevery function I(z1,...,2)
linear on R”.

So, for linear functions 7; defined by(7) we conclude that

F(mi(g1,82)) = mi(F(g1,82)), i=1,...4,

and F(max{m2(g1,82),m4(g1,82)}) is well defined. A conclusion of McShane’s the-
orem ensure that (F(g;),F(g2)) € D.
The first inequality follows by properties of functional F as follows:

~— ~—

<
<

VoWV

m12(g1,82) < max{m2(g1,82),m34(g1,82)},
m34(g1,82) < max{m2(g1,82),M34(g1,82)},
F(m2(g1,82)) < F(max{mi2(g1,82), m34(g1,82)}),
F(m34(g1,82)) < F(max{mi2(g1,82), m34(g1,82)})-

Concavity of ¢ : D — R provides that for all r € Q :
(81(2),82(0)) € Ai = mi(g1(1), 82(1)) < @(81(1),82(1)), fori=1,...4. (23)

In the case that ¢ is a convex function, the inequalities are opposite.
Using inequalities (23) and (10) we achieve that

m12(g1,82) < ©(g1,82) and m34(g1,22) < @(g1,82)

hold for concave functions ¢, for all # € Q. Hence we have

max{mi2(g1,82),34(81,82)} < @(g1,82)-

Applying isotonic normalized positive linear functional F' we obtain the second
inequality in (21).

The third inequality in (21) is the well-known Jensen’s inequality which was mod-
ified by Jessen and generalized by McShane (1). To prove (22), note that if ¢ is convex,
then —¢ is the concave function.

By setting condition A@ > (<)0, Theorem 3.1 can be generalized as follows:

91



Rad Hrvat. akad. znan. umjet. 503. Matematicke znanosti 16 (2009), str. 87—106
V. Culjak, B. Ivankovié and J. Pegari¢ On some inequalities of Jensen-McShane’s type on rectangle

THEOREM 3.2. Let F : L — R be a normalized isotonic positive linear functional,
where L is a linear space of real-valued functions defined on a nonempty set Q. More-
over, let g1,82 € L be functions such that g, (t) € [a,A],g2(t) € [b,B] forall t € Q and
12, T34 be functions defined by (10).

(i) Suppose that ¢ : D — R is a continuous and concave function.

(i1) If Ap >0, then

Mi2(F(g1),F(g2)) < F(M12(g1,82))
maX{F(ﬂlz(gl,gz)), (734(g1,82))}
F(max{m12(g1,82), m34(g1,82)})

= F(ma4(g1,82)) < F(9(g1,82)) < @(F(g1),F(82))- (24)

N IN

(iz) If Ap <0, then

M3u(F(81).F(82)) < F(M34(g1,82))
max{F(m>(g1,82)), F (m4(g1,82))}
F(max{m2(g1,82), m4(g1, gz)})

= F(m2(g1,82)) < F(9(g1,82)) < @(F(g1),F(82))- (25)

NN

(ii) Suppose that @ : D — R is a continuous and convex function.
(iiy) If Ap <0, then

mi2(F(g1),F(g2)) = F(mi2(g1,82))
> min{F (1m12(g1,82)), F (m34(g1,82))}
> F(min{m(g1,82), m34(¢1,82)})

= F(M34(g1,82)) = F(0(g1,82)) = @(F(g1),F (g2))-

(iiz) If Ap >0, then

m34(F(g1),F (g2)) = F(m3a(g1,82))
> min{F(m12(g1,82)), F (m34(g1,82))}
> F(min{m2(g1,82),m4(81,82)})

= F(Mi2(g1,82)) = F(0(g1.82)) = @(F(g1),F(g2))-

Proof. (i) First, we consider a concave function ¢ : D — R.

(i1) Since m1(g1,82) < Mi2(g1,82) and m(g1,82) < Mi2(g1,82), properties of
functional F ensure that F(m;(g1,82)) = m(F(g1),F(g2)) < F(M12(g1,82)) and
F(m(g1,82)) = m(F(g1),F (g2)) < F(Mi2(g1,82)) so the first inequality in (24) states.
Since ¢ is a concave function with A¢ > 0, the second, fourth and fifth inequalities in
(24) are consequence of (11) and (12) in Lemma 1. The third inequality and the last
one are rewritten from (21).
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(ip) If we assume that ¢ is a concave function with A¢ < 0, first inequality in
(25) is consequence of isotonicity. The second, fourth and fifth inequalities in (25) are
consequence of (13) and (14) in Lemmal. The third inequality and the last one are
rewritten from (21).

(i1) Similarly we can prove (ii; ) and (i, ).

4. Diaz-Metcalf type inequality

The Diaz-Metcalf inequality in the probabilistic setting (see [3], [9]) inspired au-
thors in [2] to prove the following generalization (in our notation):

THEOREM A 2. Suppose that ¢ : D = [a,A] X [b,B] — R is a concave function.
Let (X,Y) be a random vector, P[(X,Y) € D] =1 and E[X],E[Y] be the expectations
of random variables X and Y with respect to probability P.

If Ap >0, then

My (EX]E[Y]) <E[p(X.Y)] < @(E[X],E[Y])
holds and if Ag <0, then
M4 (E[X],EY]) <E[p(X,Y)] < @(E[X],E[Y]),
holds, where My, and My are defined by (9).

As an application of Theorem 3.2 for mathematical expectations and bounded ran-
dom variables X,Y : Q — R we obtain the following refinement of the Theorem A2.

THEOREM 4.1. Suppose that ¢ : D = [a,A] X [b,B] — R is a concave function.
Let (X,Y) be a random vector with P[(X,Y) € D] =1 and E[X],E[Y] be the expecta-
tions of random variables X and Y with respect to probability P.

If Ap >0, then

M (E[X],E[Y]) < E(M12(X,Y))
< maX{E[ﬂ']z( Y)], [7Z34(X Y)]} E[max{mz(X Y) 7Z34(X Y)}]
= E[my(X,Y)]| < E[p(X,Y)] < @(E[X],E[Y]),

and if Ap <0, then

Mas(E[X],E[Y]) < E[M34(X,Y)]
< max{E[ma(X,Y)], E[m4(f,8)]} < E[max{m2(X,Y), m34(X,Y)}]
= E[m(X,Y)] < E[o(X,Y)] < @(E[X],E[Y]).
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5. Hadamard’s and Fejér’s inequalities

In the [6] authors obtained the following Corollary considering the extension of the
weighted version of Hadamard’s inequality by Fejér for the functions of two-variables
defined on a rectangle (see [5], [8, p.138]).

COROLLARY F 1. Let w: D = [a,A] x [b,B] — R be a nonnegative integrable
function such that w(s,t) = u(s)v(t), where u: [a,A] — R is an integrable function
such that [*u(s)ds =1, u(s) = u(a+A—s), forall s € [a,A], and v : [b,B] — R is
an integrable function such that [} v(t)dt =1, v(t) = v(b+B—1).for all s € [a,A]. If
¢ : D — R is a concave function, then

(p(A,b)erw(a,B) < /DW<X)(p(X)dX < (p(anrA’bJrTB)

As application of Theorem 3.1 for a functional defined as weighted integral over
the rectangle D, we obtain a refinement of Feyér’s inequalities calculated by |A@|.

THEOREM 5.1. Let w: D = [a,A] X [b,B] — R be a nonnegative integrable func-
tion such that w(s,t) = u(s)v(r), where u : [a,A] — R is an integrable function, [*u(s)ds=
1, u(s) =ula+A—ys), forall s € [a,A], and v : [b,B] — R is an integrable function,
[Ev(e)dt =1, v(t) =v(b+B—1), forall t € [b,B]. If ¢ : D — R is a continuous
concave function, then

(a,b) +@(A,B) ¢@(A,b)+@(a,B)
2 ’ 2

a+A b+B)

2 2

max{ % } - 0(lAg))

< /D w(x)@(x)dx < o 26)

If ¢ : D — R is a continuous convex function, then

A b+B
o(“TE T < [ wp(ax @7

< min{(p<a’b) "’2' (»0<A’B), (p(A,b) ;— (»0<a’B

)y 4 o(ag)),

where

|Ag|
O(|Ag]) = -

1 A Bfg—:z(sfa)
Afa/a su(s)(/bﬂ[;_z(sa) v(t)dt)ds

1 B A—4=4(1—b)
+— tv(t / ds)dt| .
55y MO gy MO

Proof. Suppose that ¢ : D — R is a concave function. We apply Theorem 3.1 and
the Lemma 1 for a functional F' defined on L, the class of integrable real functions on
Q=D by F(f) = [pwXx)f(x)dx, for f: Q=D —R. Let g1,g1 € L be such that
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g1(s,t) = s,82(s,¢) =t, for all (s,7) in Q = D. Using the properties of functions w,u

and v, we may check that F(g;) = %32 as follows:

Flen) = [ wix)i(x)dx

—/ / (s,2)sdsdt
*/ su(s / t)dt)ds

a+A
—/ ds+/ su(a+A—s)ds

= use the substltutlon a +A —Ss=Xx

—/ ds+/ (a+A—x)u(x)dx

= (a JrA)/aT u(x)dx
a+A
7

Similarly, we can show that F(g,) = b+B . If Ag >0, then we calculate F (m34(g1,82))
a+b—la— b| )

using a fact min{a,b} = 5

F(m34(g1,82)) =
::%/TQG+Ans+gg+unr+w+wﬂu@w@yhm

——/|/13 Aa)s + (s — 1)t + Vs — valu(s)v(r)dsds
¢(a,b) +¢(A,B)

= PART IS oap)

where the final expression for O(A@) we obtain by elementary calculus as fellows:

0(Ap) = / (A3 — Aa)s+ (s — 1)t + Vs — valu(s)v(r)dsdr.
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Since A@ >0, (s,1) € Az implies (A3 — Ag)s + (Uz — tg)t +v3 — v4 > 0,
and (S,t) € A4 implies (A3 —Aq)s+ (‘LL3 — ‘LL4)I +v3—v4 <0

O(Ap) = % N (A3 — Ag)s + (U3 — pa)t + V3 — vaJu(s)v(t)dsdt
1

-5 N

A 1
= 7{ = [/A3 su(s)v(t)dsdt — /A4 su(s)v(t)dsdt]

_m[/A3 tu(s)v(t)dsdr — /A4 tu(s)v(t)dsdt]

s uowoasar— [ utspojasan

[(Az — )L4)S+ (,U% - ,LL4)I +Vv3— V4}M(S)V(t)dsdt

—b

Ao | A B A B=b(s—a)+b
- P! | suts /Bz(saHbv(t)dt)ds | st v(t)dr)ds]

A

A—a

B a=%(1=b)+a B A
BB [/b tv(t)(/a u(s)ds)dtf/b tV(t)([‘BZ(fbHau(S)dS)dt]
aB —Ab A B
*7)% M(S)(/ , v(t)dt)ds

ia(—a)

A
_/u
a

. Ao 1 A B ﬁ(&*ﬂ)‘f*b
- P! | suts)() sy (0 / v (t)dr)ds]

—_

s—a)+b
ﬁ—:Z(Sfa) b
(5)( /b " o()dr)ds])-

1 B g&ima A
“BD) [/b tv(t)(/a u(s)ds — /_b(tb +au(s)ds)dt]
aB — Ab A B L:z(sfa)er
A—aB—D). / u(s)( /“ oy O /b v(t)dt)ds]}

Since u(s) =u(a+A—s), forall s € [a,A], and v(t) =v(b+B—1), forall t € [b,B],
we have

A fi—:z(sfa) b
0(Ap) = AT"’{ (Aia) [ / sus)( /i(sa>+bv(t)dt /;, " b+ B—t)dr)ds]
1

a

/é—:g(tfb) a A
[/bBtV(t)(/a ' u(s)ds+ u(a+A —s)ds)dt]

B-b

ab — A A= (s—a)+b
s o, o [T ek pnanas:

(B0)

=
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Use the substitution a+A —s=x, b+B—t=y;

A B
o(ag) = 5 (Aia) [ suts) /ﬂ(‘giaﬂbv(t)dt—i— /

A—a

55 (t—b)+a a
(Bib) [ /b ® o) / D (s)ds + /A iy 0]

BBb

aB — A B —Bb(s_gq)
_(A_B;)i(gb_b)[/a ”(S)(/_,H( dt+/ v(y)dy)ds].

A—a

B A 1 A Bff—:z(sfa)
= Sl 0, vanas

v)dy)ds]

ab - ~hal-a)
_MBilljbm[/[lAu(S)(ﬁBb v(t)drt)ds]}.

It ease to see that third integral equals zero.
For Ap < 0 we have to calculate F(m2(g1,82)):

F(mi2(g1,82)) =
= %/ [(A1+A2)s+ (U1 + )t + vi + valu(s)v(t)dsdt —
D

—% /D (0t = A)s+ (1 — pa)t + Vi — valu(s)v(t)dsdt
¢(a,B)+¢(A,b)

- PSR o)

Now, the inequalities in (21)

max{F (m12(g1,82)), F (m4(g1,82))}
< F(9(81,82)) < 9(F(81),F(82)),
Lemma 1, relations (12) and (14) imply (26).

In the case ¢ is a convex one, note that —¢ is the concave and use the previous
proof. The article O(]A@|) is a consequence of (22) together with (14) and the fact

b —b
max{a,b} = atb+la—b| )
Special choice of u,v in Theorem 5.1 gives refinement of Hadamard’s inequalities

for a concave and convex function of two variables obtained in the [6].

COROLLARY 5.1. Suppose @ : D = [a,A] X [b,B] — R is a continuous concave
function.
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(i) If A¢ >0, then
2¢(a,b)+2¢(A,B)+ ¢(a,B) + ¢(A,b)

2
6 (28)
_ P olr.s)drds
(A—a)(B—D)
a+A b+B
< z -
So5 )
(i) If A@ <0, then
2¢(a,B) +2¢(A,b) + ¢(a,b) + ¢ (A, B) 29)
6
o f;be(p(t,s)dtds
(A—a)(B—Db)
a+A b+B
< z -
So5 )
Proof. Substituting u(s) = = and v(t) = 55 in (27) and (26) one can get
Ag
o(lagl) = A7,

COROLLARY 5.2. Suppose that ¢ : D = [a,A] x [b,B] — R is a continuous con-
vex function.

(i) If Ap >0, then

A b+B
o(22, 225 (30)
_ SIS ol s)drds
(A—a)(B—D)
< 20(a,B) +2¢(A,0) + ¢(a,b) + ¢(4,B)
B 6 .
(i) If Ap <0, then
A b+B
o(22, 225 (1)
_ iy 9(t,5)dids
(A—a)(B—D)
< 20(a,b) +2¢(A,B) + ¢(a,B) + ¢(4,0)
S 6 .

REMARK 5.1. Allasia in [1, Theorem 1] gives Hermite-Hadamard’s inequality
for a triangle which imply our result in Corollary 5.2. The right side of the inequality in
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Theorem 1, for a convex function ¢ and for the special choice of triangles Aj,A; and
Az, A4 gives

J2 (B o (s,t)dsdr
(A—a)(B—b)
Py min{<p(a,b)+2<p(A,b)+2<p<a,B)+<p(A,B) 2¢(a,b) +@(A,b) +¢(a,B) +2¢(A,B)
= 6 ’ 6
_ { §10(a,b) +20(A,0) +2¢(a,B) + ¢(4,B)], Ap >0
6[2(p(a’b)+(p(A’b)+q)<a’B)+2(p(AvB)]aAq) <0.

6. Lupas inequalities

A local property of the concave functions inspired Feyér’s inequalities has been
given by Vasié, Lackovi¢ (1974,1976) and Lupas (1976), (see [4, p.5]).

THEOREM A 3. Let p,q be given positive real numbers and a; < a < b < by.
Moreover; let w: [a1,b1] — R be a positive symmetric function with respect to xo =
pa+qgb

, i.e. w(xg+s) =w(xo—s), for 0 < s < h. Then the inequalities

pP+tq
[ o
w(x)@(x)dx
P9(@) +499(b) _ Jx-h <o), 32)
p+q = x0+h S ¢
/ w(x)dx
Xofl’l
hold for all continuous concave functions @ : [ay,b;] — R iff h < ﬁ -min{p,q}.

Theorem A3 inspired us to give the following result related with Theorem 3.1

THEOREM 6.1. Let L be a linear space of real-valued functions defined on a
nonempty set Q and g1,8> € L be functions such that g(t) € [a,A],g2(¢) € [b,B] for
all t € Q. Moreover, let F : L — R be a normalized isotonic positive linear functional
such that

a+ gA b+ pB b+ gB
Flg) =29 and F(gy) = BT orF(g) = E—L (33
pP+q rP+q rP+q
where p,q >0 and p*>+q*> > 0.
(i) Suppose @ : D — R is a concave continuous function. Then
max{pw(a,BHq(p(A,b) po(a,b) +q9(A,B) Awl}
p+a ’ p+a 2
< F(o(g1,82)) (34)
A pb+¢qB A gb+ pB
<mm{(p(pcﬂrq phtq >’(p(pa+q abtp >}
r+q p+q r+q p+q
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(ii) Suppose @ : D — R is a continuous convex function. Then
{ (pa—i—qA pb—l—qB) (pa—i—qA qb—l—pB)}
max (p ) 7(p )
r+q p+q r+q p+q

< F(o(g1,82))

(35)

p9(a,B)+q@(A,b) po(a,b)+q(A,B) [Ag]
2

< min{ ,
p+q rp+q
Proof. (i) First we suppose ¢ : D — R is a concave continuous function, A¢ > 0

qb+pB .
and F(g) = et According Theorem 3.1, Theorem 3.2 and Lemma 1, we have
prq

to calculate

F(ms(g1,82)) = F <ﬂ3(81,gz)+n4(81,82) —2|7r3(g1,g2) — 7'L'4(g1,g2)> |

The properties of F' and (8) enable us to continue with

1 pa+qgA qgb+ pB )
(A + +¢(a,B) — Asa— u3B
2( 3 P t+q 3 P +4q ¢(a,B) —Aza— s
1 +qgA b+ pB

(/l paTar LTl +<p(A,b)—)t3A—u3b)

+=| M 4
2 p+q p+q

F(m34(g1,82)) =

_%F(\ns(ghgz) —14(g1,82))-

Some algebra together with (20) achieve
(P+4q)(@(a,b) +9(A,B))+ (p—q)(¢(a,B) — ¢(A,D))

F(m34(g1,82)) = 2(p+q)
_%GTj%%_aF(M—akrﬂB—m&_Ab+M”

Note that the maximum value of |(A —a)gy — (B—b)g1 —Ab+aB| is (B—b)(A—a)

SO we can state that

(P+4q)(@(a,b) +9(A,B))+ (p—q)(@(a,B) —@(A,b)) Ag
> -
F(m34(gl7g2)) = 2<p+q) 2
Using Theorem 3.2 and (33) we have
p9(a,B)+q@(A,b) (pa+qA qb+p3)
<F(pg1ag2 <(P ) . (36)
p+q ( ( ) p+q p+q
pb+¢qB

The same analysis can be used with the assumption that F(gy) = pt to prove:
pPTq

Cl7b + AvB A ar A b+ -
polal) La00B) B0l pipis, g < o (ZEEE LAY )
P 5 rtq  ptq
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Taking the maximum of (36) and (37), we obtain the desired inequality (34).
Very similar efforts for Ap < 0 give the same result (34).
For the convex case we use Theorem 3.1, Theorem 3.2, Lemma 1, and calculate

m1(81,82) + ™(81,82) +|71(81,82) — ™(&1,82
F(Mi(an 52)) = F(RE8) V8182 + I 81,82) ~olgr]

Generalization of Theorem A3 for concave functions of two variable is obtained
in the following Corollary.

COROLLARY 6.1. Let w: D = [a,A] X [b,B] — R be a nonnegative integrable
Sfunction such that w(s,t) = u(s)v(t), where u: [a,A] = R and v:[b,B] — R are
integrable functions with properties:

u(x; +s) =ulx; —s), forall s € [0,h], viyi+1) =v(yi—1t), i=1,2., forall

A b+ gB b+ pB
t € [0,k] where x| = patq , ]p ' and y, = @®p are fixed and determined
p+q rp+q p+q
with given numbers p,q >0, p*>+q*> > 0. For all h,k > 0 such that

A—a B—b
0<h< ——min{p,q}, 0<k<——min{p,q}, (38)
pt+q pt+q

(i) if @ : D — R is a continuous concave function, then

pw(a,B)+q<p(A,b)+A<p—|A<p\

39
P 1 (39)
x1+h  pyr+k
/ / (s,7)dsdt
X|+h Vo +k
/ / w(s,t)dsdt
X1 »
< @ (x1,y2)3
and
b A,B) A A

r+q 4
x1+h  py1+k
/ / w(s, )@ (s,1)dsdt
x| yi—k

x1+h  pyr+k
/ / w(s,t)dtds
X1

<o (x1,y1);5
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(ii) if @ : D — R is a continuous convex function then

P+q 4

x1+h  py1+k
/ / (s,7)dsdt
X1 Y1
x1+h ey +k
/ / w(s,t)dsdt
X1

< @ (x1,)1)-

and

po(a,B)+qp(A,b) n Ap +|Ag|
p+q 4

X1+h  pyr+k
/ / (s,1)dsdt
X|+h Vo +k
/ / w(s,t)dsdt
X1 2

< @ (x1,y2).

Proof for (39). Conditions [x; — h,x» 4+ h] C [a,A] and [y; — k,y; + k] C [b,B] are
satisfied by (38). We use Lemma 1 and Theorem 3.1 for Q = D, functions g;(s,z) =
and g»(s,) =. A functional is defined by

xX1+h  pyitk
/ / F(s,2) -w(s,t)dsdt
| Yi

x1+h  pyr+k
/ / w(s,t)dsdt
X1 yo— k

The functional (41) is positive, linear and F (1) = 1, so the proof is similar to the proof
of Theorem 6.1.

=12 for f: Q=D —R. 41

A
REMARK 6.1. In the cases p=¢q, h =

— B—
a and k = Tb, Theorem 6.1 is
expressed as the Corollary 3.1 in [6].

Integral version of Hadammard’s inequalities for concave function of two variables
is consequence of Theorem 6.1.

REMARK 6.2. Using the Corollary 6.1 for w(s,?) =u(s) =v(¢t) =1 the functional

acquires the shape
x1+h  pyr+k
F dsdt = x1.
(81) = 2k xlh/ =

The inequalities obtained from the Corollary 6.1 with the mentioned shape of the func-
tional, show the local feature from the the Hadamard’s inequalities enlarged on the
functions of two variables.
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A B—b A
REMARK 6.3. For p =g, h= " k= S~ u,v such that / u(s)ds =
a

B
/ v(t)dt =1 one can get the Corollary 3.2 in [6].
b

7. Petrovié¢’s inequality

In the [6] authors achieved the following generalization of the famous Petrovic’s
inequality.

THEOREM A 4. Let p = (p1,...,pn) and q = (qi,...,qn) be n-tuples of non-
negative real numbers and put P, == ¥, p; (> 0) and Qy :=¥j_,q; (> 0). Suppose
that x = (x1,...,%,) and 'y = (y1,...,¥n) are n-tuples of nonnegative real numbers
such that 0 < x, < X1 pixi < ¢ and 0 <y < Z;f:l qjy; <d, for k=1,2,...,n. Let
¢ :[0,c] X [0,d] — R be a concave function.

n n

n n
(i) Suppose @(0,0)+ (Y, pixi, Y, q;y;) = @D, pixi,0)+ (0, Y, q;v)).
i=1 j=1 i=1 j=1

1 1

n n

1 1 1 1

FH(P (l}:lpixza ) Qn (0 2%)’]) <1_Fn_a) (p(0,0)
1 n n

< > Y pigjo(xi,y;).

~X
PaOn i=1j=1

1 1
If —+—>1, then
an On

(g o(Bon o) (8o ()
(-7)+(20)
Pi

1 n n
P QOn 2P

+
< QJ(p(xlayj)

i=1j=1

n n n n
(ii) Suppose (0,0)+@( Y. pixi, Y, qjy;) < (D, pixi,0) +@(0, q;y;).
i=1 j=1

-1 i=1
If By 2 On, then

1 [ n 11 n 1
7 (prxzw Z %’yj) + (Q— — E) ® (0,121 qm) + (1 - @) 9(0,0)

n n

nj=1j=1
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If O, > Py, then

Qn (lzlplxl, > q]y]> (an P%) o (lilpixi,0> + (1 - P%,) ¢(0,0)

2 2 piq;Q(xi, ;).

PQ"I' 1j=1

\

We obtain a refinement of Theorem A4 as application of Theorem 3.2 in a discrete
case including the special choice of € and F .

THEOREM 7.1. Let p= (p1,...,pn) and q=1(qi,-..,qn) be n-tuples of nonneg-
ative real numbers and put B, := Y[ p; (>0) and Q, :=3¥/i_ q; (> 0). Suppose that
X = (x1,...,%,) and y = (y1,...,yn) are n-tuples of nonnegative real numbers such
that 0 < xp < X pixi=A < ¢ and 0 < yy < Z;?:]qjyj =B<d, fork=1,2,....n
Let ¢ :[0,c) x [0,d) — R be a concave function.

n

n n n
(i) If 9(0,0) + (Y. pixi, . q;y;) = (Y pixi,0)+ 9(0, Y, q;y;), then
i=1 j=1 i=1 j=1

®(A,B) — ¢(0,0) <l+i)+<p(A,0)2<p(0,B) (%é)

¢(0,0) + 5 0.

Ag < | Xi
XY (42)
anQn,;Zl
n n
2 Y piq;o(xi,y;)-
nj=1 j=I1
n n n n
(i) If 9(0,0)+ (Y pixi, Y. ajv;) = 0(3, pixi,0) + 9(0, Y. q;;), then
i=1 j=1 i=1 j=1
¢(A,B) — ¢(0,0) (1 1 ) ¢(A,0) — 0(0,B) (1 1 )
0,0) 4~y ) RO TT (L
¢(0.0) 2 0, 2 P 0O
A 1 & & XY
e P —+——1‘ 43
2 P,,Q,,Z;ng AT B (43)

1 n n
< Xi,
\PnQnZ‘IZ'l IQJ(P< lyj)

Proof. We will use Theorem 3.2. Let L be a linear class of real-valued functions
defined on Q% = {1,2,...,n} x {1,2,...,n} having the conditions L1 and L2. We
consider a functional F on L defined by

2?:1 Z?:1 Pinh<i,j)
SipiXio14;

F(h) = , for h:Q* >R (44)
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where p = (p1,p2,---,pu) and q = (q1,9>2,...,qn) are given nonnegative n-tuples.
n

n
Put a=b=0, A=Y pixi; B=) g;y; and define g;,g>: Q* = R by
i—1 i—1
l : i PiXi
g1(i,j) = x; and go(i,j) = y;. Using definition (44) we have F(g;) = % =
n

A B
P and F(g2) = — . If A@ > 0 then we obtain the result in (42) using the inequality

(24) in Theorem 3. 2 F(m34(g1,82)) < F(9(g1,82)). Similarly, if Ap <0, the inequal-
ity in (43) we obtain using the inequality (25) for F(m2(g1,82)).

1 1
Note that for Agp > 0 and P 4+ — < 1 in Theorem A4 there is the similar right side.
According to Theorem 3.2 vx:le obtanin:

Qn Pinzljz‘

REMARK 7.1. The left side of (42) can be rewritten as:

1 1 n n
—+—
P, On P Qn = 2

1/1

11 1 Ap
00,0 (1- 5~ 5 ) + M0+ 500.8)+ 5

1

Similarly, for all cases in Theorem A4 we can obtain the following results as the con-
sequences of Theorem 3.2

1 1 LS X )
= E*in‘ ;; B2
1 1 Lo | XY
S AR P Es RIED

‘We obtain the following estimations as a consequence of the refinement made in
the Remark 7.1.

COROLLARY 7.1. Let p=(p1,...,pn) and q=(q1,...,qs) be n-tuples of non-
negative real numbers. Suppose that X = (x1,...,x,) and y = (y1,...,yn) are n-tuples
of nonnegative real numbers such that 0 < x; < Y7 pixi and 0 <y < Zj 14;Y;, for
k=1,2,...,n. Then

n

ii

i=1j=1

n

<Y D pidj—

i=1j=1

y n
1<%

Zk 1 Xk Pk Zk 1 Ykdk i=1;

>

n n n n
NN pigi— Y pi— Y 4il;
i=1j=1 -1

Zk 1 Xk Pk Zk 1yk61k

INgE

pPiqj—

n n
Zpi - 2 qj
i=1 =1

1
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