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On the absolute Norlund summability factors

HUSEYIN BoRr*

Abstract. In this paper a theorem on the absolute Norlund sum-
mability factors has been proved under more weaker conditions by using
an almost increasing sequence.
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1. Introduction

Let > a, be a given infinite series with the sequence of partial sums (s,) and
wy, = na,. By ul and tS we denote the n-th Cesaro means of order «, with
a > —1, of the sequences (s;,) and (wy,), respectively. The series Y a,, is said to
be summable | C, « |, if (see [4], [6])

oo >~ q
Slug-u = 3t e W
n=1 n=1

Let (p,) be a sequence of constants, real or complex, and let us write

The sequence-to-sequence transformation

1 n
On = P_n anfusv (3)
v=0

defines the sequence (o) of the Norlund mean of the sequence (s,), generated by
the sequence of coefficients (p,,). The series ) a,, is said to be summable | N, p,, |,
if (see [7])

 lon—ona| < oo (4)
n=1
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In the special case where

I'(n+a)

= Farmrn 70 (5)
the Nérlund mean reduces to the (C, «) mean and | N,p, | summability becomes
| C,« | summability. For p, = 1 and P,, = n, we get the (C,1) mean and then
| N, p, | summability becomes | C,1 | summability. For any sequence (\,) we write
ANy = Ap — A1 and AN, = A(AN,) = AN, — A

In [5] Kishore has proved the following theorem concerning | C,1 | and | N,p,, |
summability methods.

Theorem 1. Let py > 0, p, > 0 and (p,) be a non-increasing sequence. If > an
is summable | C,1 |, then the series Y a,Pp(n + 1)~ is summable | N,p,, |.

Ahmad [1] proved the following theorem for absolute Norlund summability factors.

Theorem 2. Let (py,) be as in Theorem 1. If

n

Z% |t, |=O(X,) as n— oo, (6)

v=1

where (X,,) is a positive non-decreasing sequence and (\,) is a sequence such that

nAX, = O(X,), (8)
Zan | A2\, |< oo, 9)

then the series > anPyin(n + 1)t is summable | N, py, |.

Later on Bor [3] has proved Theorem 2. under weaker conditions in the following
form.

Theorem 3. Let (p,,) be as in Theorem1. Let (X,,) be a positive non-decreasing
sequence. If the conditions (6) and (7) of Theorem 2. are satisfied and the sequences
(M) and (B,) are such that

| AN, |< B (10)
> Xy | Ay |< oo, (12)

then the series Y an Pyl (n+ 1)1 is summable | N, py, |.
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2. Main results

The aim of this paper is to prove Theorem 3 under more weaker conditions. For this
we need the concept of an almost increasing sequence. A positive sequence (b,) is
said to be almost increasing if there exist a positive increasing sequence (c¢,) and
two positive constants A and B such that Ac, < b, < Bc, (see [2]). Obviously,
every increasing sequence is almost increasing but the converse need not be true, as
can be seen from the example b,, = ne(~D". So we are weakening the hypotheses of
the theorem replacing the increasing sequence by any almost increasing sequence.
Now we shall prove the following theorem.

Theorem 4. Let (p,) be as in Theorem1 and let (X,,) be an almost increasing
sequence. If the conditions (6), (7), (10) and (12) of Theorem2. and Theorem 3.
are satisfied, then the series > anPoAn(n + 1)~ is summable | N,p,, |.

We need the following Lemma for the proof of our theorem.

Lemma 1. Under the conditions on (X,,), (An) and (Br), as taken in the statement
of the theorem, the following conditions hold, when (12) is satisfied:

nB, X, =0(1) as n — oo, (13)

> BuXp < 00 (14)
n=1

Proof. Let Ac,, <b,, < Bc,, where (¢,,) is an increasing sequence. In this case

nBn X, < nBecy, | Z AB, |< nBey Z | AB, < B Z vey | ABy |

v=n
o0

<(A/B)> vX, | AB, |< oc.

v=n

Hence, n6,X,, = O(1) as n — oc.
Again

> BuXn <Bzcn6n—Bch | ZMVI
n=1
<BZCHZ|MV |_BZ|AﬁV | ch

<BZVCV | AB, |< (B/A) ZVXV | AB, |< oo.

v=1 v=1

oo
Thus Zﬂan < 00. O
n=1
Proof of Theorem 4. In order to prove the theorem, we need consider only
the special case in which (N, p,,) is (C,1), that is, we shall prove that _ a,\, is
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summable | C; 1 |. Our theorem will then follow by means of Theorem 1. Let T;, be
the n-th (C,1) mean of the sequence (na,\,), that is,

1 n
T, = v AL 1
n+1;mz (15)

Using Abel’s transformation, we have

1 — 1 —
T, = DAy = —— AN, Dt, + Moty
n+1;ya n—l—l; (V+ ) +

= 1in,1 +Tn,2 , Say.

By (1), to completes the proof of the theorem, it is sufficient to show that

Z(l/n) | Ty |< o0 forr=1,2. (16)
n=1
Now, we have
m+1 m+1 n—1
/) [ Tua] <> (1/n(n+1) {Z v+ 1) /v | AN || L, |}
n=2 n=2 _— :1
=0 Y (1/n? ){Zvﬂy 4, |}
n=2 v=1
m m+1 m
=0 vB [t | Y 1/n*=0M) vB [t | /v
v=1 n=v+1 v=1

m—1
—01) S Aws) Z|t | /r+0(1 mﬁmZItul/V
v=1
m—1
1) > 1AWS,) | X, + O(1)mBm X
l/:l

- m—1
Z'AﬂV|VX +O Z'ﬁu—‘—llxu—o—l"’O( )mﬂm

v=1
:O(l) as m — 0o,

by (6), (10), (12), (13) and (14).
Again

m

> (1/n) | Tuz | ZIAnI (Itn [ n)

n=1 =
A|)\n|2|t,,|u+|)\m|2|tn|n
v=1 n=1

71

S

1

3
Il

m—1
ST IAN [ Xn+01) | A | Xom
n=1

1) X+ O) | A | X = O(1) as m— o0,
n=1

by (6), (7), (10) and (14). This completes the proof of the theorem. O
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