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On fuzzy BCC-ideals over a t-norm

WIESLAW A. DUDEK* AND YOUNG BAE Jun'

Abstract. Using a t-norm T, the notion of T-fuzzy BCC-ideals
of BCC-algebras is introduced, and some of their properties are investi-
gated. Connections between different types of fuzzy BCC-ideals induced
by t-norms are described.

Key words: T-fuzzy BCC-ideal
AMS subject classifications: 06F35, 03G25, 94D05

Received October 3, 2000 Accepted November 27, 2000

1. Introduction

As it is well known many classes of algebras (for example: BCK-algebras, Hilbert
algebras, Hertz algebras, Heyting algebras, MV-algebras) may be isomorphicaly
or anti-isomorphicaly embedded into the class of BCC-algebras. Hence the class
of BCC-algebras is important. A special role in the theory of BCC-algebras play
ideals of different types and their connections with congruences (cf. [6]) and fuzzy
sets (cf. [4]).

Y. B. Jun and K. H. Kim introduced in [7] the notion of fuzzy ideals of BCK-
algebras with respect to a given t-norm, and obtained some of their properties. In
this paper, we generalize these results to the case of BCC-ideals of BCC-algebras
and investigate some of their new properties.

2. Preliminaries

In the present paper a binary multiplication will be denoted by juxtaposition.
Dots we use only to avoid repetitions of brackets. For example, the formula
((zy)(zy))(zz) = 0 will be written as (zy - zy) - xz = 0.

A non-empty set G with a constant 0 and a binary operation denoted by juxta-
position is called a BCC-algebra if for all z,y, z € G the following axioms hold:
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(1.)) (zy - zy) - xzz=0,

(i) zz =0,
(iii) 0x =0,
(iv) 0=z,

(v) zy=0 and yxz =0 imply =z =y.
A BCC-algebra satisfying the identity:
(Vi) zy-z=xz-y

is a BCK-algebra (cf. [3]).

Note by the way, that a proper BCC-algebra (i.e., a BCC-algebra which is not
a BCK-algebra) has at least four elements (cf. [3]). Moreover, there are proper
BCC-algebras in which all proper subalgebras are BCK-algebras (cf. [2]).

A non-empty subset I of a BCC-algebra G is called a BCC-ideal of G if (i) 0 € I
and (i4) zy-z,y € I implies xz € I. If (4) holds only in the case when z = 0, i.e.,
if (i4i) xy,y € I implies = € I, then I is called a BCK-ideal.

In BCK-algebras BCK-ideals coincides with BCC-ideals, but in BCC-algebras
there are BCK-ideals which are not BCC-ideals. Moreover, in BCC-algebras any
BCC-ideal is determined by some congruence (cf. [6]).

Now we review some fuzzy concepts. A fuzzy set in a set G is a function y :
G — [0,1]. For a € [0,1], the set U(u; ) := {x € G|u(z) > a} is called an upper
level set of p.

Definition 1. By a t-norm, we mean a function T : [0,1] x [0,1] — [0, 1] satisfying
the following conditions (cf. [1]):
(1) T(1)=a,
(Te) T(a,p) <T(a,7y) whenever (<1,
(T3) T(ev,B) =T(B, ),
(T4) T(avT(ﬂ7 ’7)) = T(T(a7ﬂ)7’7)
]

for all o, B, € [0,1].

A simple example of such defined t-norm is a function T'(a, §) = min{a, 8}.
In the general case T'(o,3) < min{a, S} and T(a,0) = 0 for all o,3 € [0,1].
Moreover, ([0, 1];7) may be considered as a commutative semigroup with 0 as the
neutral element. In particular

T(T(e, 8), T(7,9)) = T(T(c,7), T(5,9))

holds for all «a,f,7,d € [0,1].
The set of all idempotents with respect to T', i.e. the set

Er:={a€|0,1] | T(a,a) = a}

is a subsemigroup of a semigroup ([0, 1], 7). If Im(u) C Er, then a fuzzy set p is
called an idempotent with respect to a t-norm T. (briefly: an idempotent T-fuzzy
set). In this case T'(«a, 8) = min{«, 8} for all o, 8 € I'm(u) since o < 3 implies

a=T(a,a) <T(a,B) < min{a, f} = a.
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T-fuzzy BCC-ideals

In what follows, let G denote a BCC-algebra unless otherwise specified.
Definition 2. A fuzzy set p in G is called a fuzzy BCC-ideal of G with respect to a
t-norm T ( briefly, a T-fuzzy BCC-ideal ) if

(F1)  p(0) = p(x),

(F2)  plzz) =2 T(p(zy - 2), pu(y))
forall x,y,z € G.

A fuzzy set p satisfying (F1) and
(F3)  p(x) > T(u(zy), uy))

is called a T-fuzzy BCK-ideal of G.

This means that any T-fuzzy BCC-ideal is a T-fuzzy BCK-ideal, but not conversely
as shows the example given below.

Example 1. The function T, defined by Ty (a, 8) = max{a + 8 — 1, 0} for all

a,f € [0,1] is a t-norm (cf. [10]).
Let G ={0,a,b,c,d} be a BCC-algebra with the following multiplication:

0 a b ¢ d
0j0 0O 0 O O
ala 0 a 0 O
blb b 0 0 0
clec ¢ a 0 O
dld ¢ d ¢ 0

By routine calculations, we known that a fuzzy set p in G defined by p(0) =
w(a) =0.9 and pu(db) = p(c) = p(d) = 0.3 is a Ty, -fuzzy BCK-ideal of G, which is
not a T, -fuzzy BCC-ideal because p(db) < Ty (p(da - b), p(a)).

Proposition 1. In a BCK-algebra every T-fuzzy BCK-ideal is a T-fuzzy BCC-
ideal.

Proof. Let u be a T-fuzzy BCK-ideal of a BCK-algebra GG, where T' is a t-norm.
Since (vi) holds in G for all x,y, z € G, we have

wzz) > T(p(zz - y), 1(y) = T(p(zy - 2), p(y))

and so p is a T-fuzzy BCC-ideal of G. O

Remark that in the case T'(«, 3) = min{a, 8} our T-fuzzy BCC-ideals (BCK-
ideals) are fuzzy BCC-ideals (BCK-ideals) described in [4] and [5]. On the other
hand, any fuzzy BCC-ideal (BCK-ideal) is a T-fuzzy BCC-ideal (BCK-ideal) for
every t-norm T because for T'(«, 3) < min{a, 8} for every t-norm T'. But there are
T-fuzzy BCC-ideals which are not fuzzy BCC-ideals.

Example 2. Let a BCC-algebra G and a t-norm T, be as in the above example.
Then a fuzzy set p in G defined by p(0) = 0.9, p(a) = p(b) = 0.6, p(c) = p(d) = 0.5
is — as is not difficult to see — a Ty, -fuzzy BCC-ideal, which is not a fuzzy BCC-ideal
since p(c0) < min{p(cb-0), p(b)}.
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This example proves also that a T-fuzzy BCC-ideal is not a fuzzy BCK-ideal in
general.

Proposition 2. If u is a T-fuzzy BCC-ideal of G, then U(u;1) is either empty or
a BCC-ideal of G.

Proof. Assume that U(u;1) # (0. Then there exists x € U(u;1), and so p(0) >
w(x) =1,1e.,0€ U(;1).
Let z,y,z € G be such that zy - z € U(p; 1) and y € U(p;1). Then

p(xz) = T(p(zy - 2), ply)) =2 T(1,1) =1

so that zz € U(u;1). Hence U(u;1) is a BCC-ideal of G. O

Note that in the above example U(p; 1) is empty but U(p; 0.6) = {0, a, b} is not
a BCC-ideal (BCK-ideal also). If a T-fuzzy BCC-ideal (BCK-ideal) p is idempo-
tent, then T(a, ) = min{a, f} for all a, 8 € I'm(u), and in the consequence (cf.
[4]), its each non-empty upper level set U(y; «) is a BCC-ideal (BCK-ideal) of the
corresponding BCC-algebra. Moreover, from [5] follows that an idempotent T-fuzzy
BCC-ideal is order reversing.

Let f be a mapping defined on G. If v is a fuzzy set in f(G), then the fuzzy set
p=wvo fin G (ie., the fuzzy set defined by p(x) = v(f(z)) for all x € G) is called
the preimage of v under f.

Proposition 3. Let T be a t-norm and let [ : G — G’ be an onto homomorphism
of BCC-algebras, v a T-fuzzy BCC-ideal of G' and p the preimage of v under f.
Then p is a T-fuzzy BCC-ideal of G. Moreover, if v is idempotent, then so is .

Proof. For any = € G, we get

Let z,z € G. Then
u(az) = v(f(zz)) = v(f(2)f(2)) = T(u(f(x)y - f(2)), v(y"))

for any ¢y’ € G.
Let y be an arbitrary preimage of ' unless f. Then

(@)y" - f(2)), v(y')
(@) f(y) - f(2)), v(
(zy - 2)), v(f(y)))
zy - 2), u(y)) -

plxz) > T(v

> TI( )

= T fw)
(
(

T

v

v

I

(
(
(
(

N

Since y is arbitrary, the above inequality is true for all y € G, i.e.,

w(z) > T(u(zy - 2), p(y))

for all x,y, z € G, which proves that p is a T-fuzzy BCC-ideal.

Now, if v is idempotent and o € I'm(u), then o = p(x) = v(f(z))) for some
x € G. Hence Im(u) C Im(v) C Erp, and therefore p is an idempotent T-fuzzy
BCC-ideal. O
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3. Fuzzy BCC-ideals induced by norms
Now we present some methods of constructions of T-fuzzy BCC-ideals.

Definition 3. Let T be a t-norm and let p and v be two fuzzy sets in G. Then the
T-product of i and v, denoted by [p - V], , is defined by

- Vg (2) = T(u(x), v(z))
for allz € G.
Obviously [ - V], is a fuzzy set in G and [p-v], = [V - ], .

Theorem 1. Let T be a t-norm and let p and v be two T-fuzzy BCC-ideals of G.
If a t-norm T™ dominates T, i.e., if

T*(T(0,7), T(8,6)) = T(T" (@, 8), T*(7.5))
for all o, 8,7,6 € [0,1], then T*-product [p - v),.. is a T-fuzzy BCC-ideal of G.
Proof. At first observe that
- Ve (0) = T*(u(0), v(0)) = T* (), v(a)) = [ - V], ()

for all x € G. Similarly, for z,y,z € G we have

vy (@) = T (p(xz),v(22))
> T*(T(uzy - 2), 1(y)), T(w(zy - 2),v(y)))
> T(T*(p(zy - 2),v(zy - 2)), T*(u(y),v(y)))
= T([MV]T* (xyz)’[uV]T* (y))v
which proves that [p - v],. is a T-fuzzy BCC-ideal of G. O

Corollary 1. The T-product of two T-fuzzy BCC-ideals of G is a T-fuzzy ideal of
the same BCC-algebra G.

Theorem 2. Let T and T* be t-norms in which T* dominates T. Let f : G — G’
be an onto homomorphism of BCC-algebras. For any T-fuzzy BCC-ideals p and v
of G', we have

S = 17w - £ )]
Proof. Let x € G. Then
M (e v]p))(@) = [ v (F(2) = T (u(f(2), v(f(2)))
= (1) !

completing the proof. O

Corollary 2. If f : G — G’ is an onto homomorphism of BCC-algebras, then
Y u-vly) =1f Y- ()], for any T-fuzzy BCC-ideals i and v of G'.
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Theorem 3. Let T be a t-norm and let G = Gy X G2 be the direct product of BCC-
algebras G1 and Go. 1If p1 (resp. pe2) is a T-fuzzy BCC-ideal of G1 (resp. Ga),
then = p1 X po is a T-fuzzy BCC-ideal of G defined by

p(@) = pwr, w2) = (1 X p2) (@1, w2) = T(pa(21), p2(2))
for all (x1,20) =z € G.

Proof. For any © = (z1,22) € G we have

wx) = (u x p2)(z1,22) = T(u(z1), p2(z2))
< T(p1(01), p2(02)) = (1 x p2)(01,02) = p(0).

Let © = (z1,22), y = (y1,¥2), 2 = (21,22) € G. Then

wxz) = (pa % p2)((w1,22) (21, 22)) = (1 X p2)(@121, T222)

= T(u(z121), po(2222))

T(T(pa(z1ys - 21), pa(yn)), T(p2(22y2 - 22), pa2(y2)))
= T(T(u1(z1y1 - 21), po(z2y2 - 22)), T(p1(y1), 12(y2)))
(11 X p2)(T1y1 - 21, T2y2 - 22), (1 X pi2)(y1,92))
(1 x p2)((w1, 22) (Y1, 92) - (21, 22)), (1 X p2)(Y1,92))
(zy - 2), u(y)) -
Hence p = p1 X pe is a T-fuzzy BCC-ideal of G. O

The relationship between T-fuzzy BCC-ideals p x v and [u-v]r can be viewed
via the following diagram

Y

|
N

= T

(T
(
(
(
= T(u

d
G GxG
wX v
[ v]r K v
T
1 IxI

where I =[0,1] and d: G — G x G is defined by d(z) = (z,x).

It is not difficult to see that [u-v|r is the preimage of pu X v under d.

Note by the way, that our T-product of fuzzy sets is different from the product
studied by Liu [8] and Sessa [9].

Now we generalize the product of two T-fuzzy BCC-ideals to the product of
n > 2 T-fuzzy BCC-ideals. We first need to generalize the domain of ¢-norm 7' to

[110,1] as follows:
i=1

Definition 4. The function T, : H [0,1] — [0,1] is defined by

Tn(O[l)O[Q?"'? ) (au n— 1(a17'"7ai—17ai+17"'7an))

forall 1 <i<mn, wheren>2, To =T and Ty = id (identity).
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Using the induction on n, we have the following lemma.

Lemma 1. For a t-norm T and every «;, 5; € [0,1], where 1 < i <mn andn > 2,
we have

Tn(T(a1761)7T(a27ﬂ2)7 .o 7T(a’ﬂ7ﬂ’ﬂ))
:T(Tn(O‘l)OZQa"'aan)7Tn(ﬁ1aﬂ27"'7ﬁn)) o.

Basing on this Lemma and Theorem 3. we can prove
Theorem 4. Let T be a t-norm and let G = || G; be the direct product of BCC-
i=1
algebras {G;}1—y. 1If p; is a T-fuzzy BCC-ideal of G;, where 1 < i < n, then
w= 11 p: defined by
i=1

/1,(1:) = (H :ui)(xhx?v oo vxn) = Tn(ul(xl)vﬂ2(x2)v oo vﬂn(xn))
=1

for all x = (x1,22,...,2,) € G, is a T-fuzzy BCC-ideal of G. Moreover, if all u;
are T-idempotent, then so is .
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