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Distribution of random quadratic forms arising in
singular-spectrum analysis

VALENTINA G. MOSKVINA*

Abstract. We derive explicit expressions for the coefficients of cer-
tain quadratic forms arising in the singular-spectrum analysis, a novel
technique of time series analysis. We also derive expressions for the
first two moments of these quadratic forms under the assumption that
the time series is a sum of a linear trend and white noise.
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1. Introduction

One of the methods of time series analysis, that has recently attracted a lot of
attention, is the so-called singular-spectrum analysis (SSA), see Elsher and Tsonis
(1996) for an introduction and Golyandina, Nekrutkin and Zhigljavsky (2001) for
a detailed description of the methodology and theory.

Let y1, ¥, . .. be a time series. SSA is based on the singular-value decomposition
of the so-called “trajectory matrix”

Yy Y2 Y3 - YK
Y2 Y3 Ya s YK+l
MK
X = (wij)21 = : : : o (1)
Yvm Ym+1 Ym+2 --- YN

where N is the number of observations, M is an integer called “lag parameter”
(M <N/2), K=N-M+1land z;; =y;j—1 foralli=1... ,M,j=1..., K.
In many cases performing a singe or double centring of the trajectory matrix
is recommended, see Golyandina, Nekrutkin and Zhigljavsky (2001). Denote by Z
the matrix obtained from X after a centring operation is performed.
Single centring means that the row averages are subtracted from each element
of the matrix X; that is, the elements of Z are

1 M
% = Tij — 7 > @i (2)
=1
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If we subtract the row and column averages from z;; and add the general mean,
then we obtain double centring of the trajectory matrix. The resulted M xK-matrix
M,K
Z = (2ij);;2; has the elements

zij:xij—M;xij—?;xu—i—W;;xij. (3)

Obviously, we could use the formulae (2) and (3) to compute the values z;; for
j > K; this corresponds to the use of y; with ¢ > N.
The following sum of squares

SS. —f: zq: 2 4
p,q — sz ( )

i=1 j=p+1

is of high importance in the theory of SSA in relation to the problems of de-
tection of structural heterogeneities in time series, see Chapter 3 in Golyandina,
Nekrutkin and Zhigljavsky (2001), Moskvina and Zhigljavsky (2000) and the Web-
site http://www.cf.ac.uk/maths/stats/changepoint/. Here p and ¢ are arbitrary in-
tegers, 0 < p < gq.

The case when p = 0 and ¢ = K is of a particular interest. Another important
case is when p > K; in this case the sum of squares is computed for the subseries
that contain points lying outside the interval [1, N].

We will demonstrate that the sum of squares S5, , can be represented as a
quadratic form

S8, = e’ Be, (5)

where e = (e1,...,e,00m—1)7 is some vector that can often be associated with the
observation noise in the original series y1,y2,... and Bisa (g+M —1) x (g+M —1)
matrix.

In Section 2 we consider the most difficult case of double centring. We assume
that yy =a+bt+e (t=1,2,...), where a and b are unknown parameters and e;
is noise.

If b is known (and we thus can assume b = 0), then there is no need to do double
centring of the trajectory matrix X to achieve independence of a, the subtraction
of the row averages would suffice. This case is considered in Section 3.

In the simplest case, when both a and b are known (we thus can assume a =
b = 0), we do not need to do centring at all to achieve independence of a and b.
We thus have z;; = x;; = y;4;—1 in the formula for S5, ;; the case of no centring
is considered in Section 4.

In all three cases we shall compute the matrix B and the first two moments under
the assumption that e; are independent normal random variables with Fe;, = 0 and
var(e;) = 02 = const.

To compute the moments, we will use the results on distributions of quadratic
forms of random variables, see e.g. Section 3.2 in Mathai and Provost (1992) and
Section 2.5 in Searle (1971). These results imply that

E(e"Be) = o*trB, (6)
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var(e” Be) = 20*tr B2 (7)

Note that the proof of (6) does not require normality of e; and that both properties
(6) and (7) can be easily generalized to the case when the components of e are
dependent (e.g. to the case when e; is an autoregressive process).

2. Double centring
2.1. Notation

Assume that yy = a+bt+e; (t=1,2,...), where a and b are unknown parameters
and e; is noise. Consider the case of double centring, when the elements of the
matrix Z are defined by (3).

An important observation about the matrix Z is that its elements z;; do not
depend on the actual values of the parameters ¢ and b. Indeed, we can write
xij = a+b(i+j—1)+¢e;5, where €;; = e;4j_1, and therefore we obtain

M K
zij, = a+b(i+j—1)+ei;+ KMZZ (a+b(i+j—1)+ei)

=1 j=1

1 1

M K
Za—f—bz—I—j—l ) +eij) — Za—l—bz—l—y—l)—f—s”)
1:1 j:l

= E&ijj —Ej —Ei. +e€.,
where

K
Z (8)

1 k=1

HM§

K M
1 1
€. = i E €ik, €4 = Y E Eijs
k=1 i=1

Denote @ = ¢—p. To formulate the results, we shall need the function was,p, 4 (%)
which is defined as follows (see also Figure 1):

if M <Q,
t—p, forp<t<p+M
) M, forp+ M <t<g
Wt pq(t) = g+ M—t, forq<t<q+M )
0, otherwise
and, if 0 < Q < M,
t—p, forp<t<gqg
Q, forg<t<M+p

Warp.q(t) = qg+M—t, forM+p<t<M+gq

0, otherwise.
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p ptM q q+M
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q-p

\ t

P q M+p  qtM

Figurel. Function war,p,q(t)
We shall also need six matrices By, ..., Bg that are defined as follows.

Matrix Bj is the diagonal matrix of size (M+Q—1) x (M+Q—1); its elements are

1) wM70,Q(Z'), if i=j
bij _{ 0, otherwise. (1)

Matrix Bs is presented in Figure 2. It is an (M4+Q—1) x (M +Q—1)-matrix with
A=min{M, Q}. The elements of By are

w;,0,4(7), 1<i<A
b = wao.ald), A <i <max{M,Q} (12)
Wr+Q—iyi-Ai(j), max{M,Q} <i< M+Q-1.

Matrix Bs is the matrix V' of Figure 2; its size is (M +K—1) x (M +K—1) and the
parameters are A=M, vi=vo= K and a =M —1. The elements of Bs are

wi 0,k (J), if 1<i<M
b%(?) = war,0,x (7), if M<i<K (13)
wM+K,i,i,K,i(j), if K<i<M+K-1.

Matrix By is the matrix U of Figure 2 with A = B = M and u; =us=K—-M+1.
Its size is (M +K —1) x (M+K —1) and its elements are

by = war o, (i) x waro,k(4), (14)

where 1 <4, < K+M-—1.
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(1 2..8B B 2 1 (1 1. 11 0
24 . 2B.2B.. 42 2 2 1 a
A 2A .. AB..AB..2A A 12 . A.A. 21
U: U =
A2A..AB..AB 2A A 12 A A2
24 ..28B..28.. 4 2|la1 al g 12 21
\1 2..B..B..21 \ 1 1... 11
H_JH_J ~— — A
Uy B-1 a Vo
[11.. 1
12. 2 1 0
12 ... A ...2 1
BZ= . E.
12 ..A .21
0 1 2.2 1"
\ 1 ...11
_
A

Figure2. Matrices U, V and Bs.

Matrix Bs is an (M +K —1) x (M +Q —1)-matrix V (see Figure 2) with A =
min{M, Q}, v =K, v1 =0, and a =M — 1. The elements are

s w;,0,0(J), if 1<i<M
Bs = bl(‘j) =4 wrm,0,(J) if M<i<K
WMt K—iyi-K,Q+i-k (1), I K<i<M+K-—1

Matrix Bg is the matrix U with A = M, B = min{M,Q}, u; = K—M+1 and
ug =] Q—M | +1. Its size is (M +K—1) x (M+Q—1) and the elements are
b = war0.x (i) X waro,q(j) for 1<I<K+M—1, 1<j<Q+M—1.

" Finally, as an addition to (8), we define

I ) 1 1
g = a Z €ij, €. = M—Q Z Z €ij (15)
j=p+1 i=1 j=p+1
2.2. The quadratic form

Theorem 1. Let yy = a+ bt +e; for allt =1,2,... and some a and b. Then the
sum of squares SS, 4 can be represented as a quadratic form

SS,.q =’ Be,
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where e = (eq, . . .,eq+M_1)T and
B - (0 0) 1(0 0), Q (B 0) Q@ (Bio
o 0 B M\ 0 B K2 00 K2M 00

(8% (o 8))eml(B %)+ (af 8)

The structure of the matrix B is represented in Figure 3, where zero is coded
by white and different patterns in right bottom, left top, and left bottom corners
correspond to the matrices By — 47 Bo, %Bg — %34 and —%Bs + =5 B,
respectively.

M-1
K-M+1| T
M-1
M-1 Q-M+1
p-T
M-1
% i
Q-M+1 Q-M-1| Q+M-1

M-1 K-M+1 M-1 M Q-M-1 M

T p-T Q+M-1
Figure3. Matriz B

Proof of Theorem 1. According to the notations of (8) and (15) and the definition
of the sum of squares (4), we have

M q
SSIMI:Z Z (eij —ej—ei +e.)2.

i=1 j=p+1
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Expanding the square and simplifying separately each term in the sum, we obtain
SSp’q =81 —MSs+QS3 — MQSs —2QS5 +2MQSs, (16)

where

M q M
512‘2‘23 ZE 5322153,

i=1 j=p+1 j=p+1
M

54262, 55— E 6:1‘51, 56255
i=1

To see how the simplification is made, consider the three most difficult terms:

M q M q M 1 K q 1 M
Z ZEi'E'j:ZEi'ZE'j: Z?ZEU Z MZEU‘ :ME,,QE.,7

i=1j=p+1 i=1 j=p+1 i=1 " j=1 j=p+1 i=1

M q q 1 M q
DD e =My ey [Mzgij =My &,
=1 i

i=1j=p+1 J=p+1 Jj=p+1

1=1j=p+1 J =p+1

M
Z > e —QZ& S e
i=1

Consider separately each sum in (16).
It is easy to see from (11) and (16) that

(0 0O
Si=e (0 Bl)e

Consider Sy and replace € ; by the corresponding expression from (8). Using the

notation e;; = e;4;_1 and e = (ep41. .., eq+m—1)7 we have
M M M
q 1 , 1 q
Sy = E (M E €ij)” = el E E E €itj—16i/+5-1-
j=p+1 i=1 j=p+1i=1i¢=1

We now change the indices by the formula

t=i+j5—-1
t'=i+5-1

Since 4,4’ =1,...,M,j=p+1,...,qwe have t,t' = p+1,...,q+M—1. Therefore,

ptM  ptM pEMHL pHMAL ¢M—1 g+M—1

o= | > O et 3 ekt 33 an

t=pHl t'=p+l t=pi2 t'= =q t'=q

q—-P
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01 Oy 0100
1 1 O ) )
= We ( OM OM’@l ) + Onrn 15, Or,0-2
LM @1, Og21 Ogov Ogooo2

Og202 0Ogaom 0Opon
+...+ Onrr,0-2 1 On 1 + <

0o-1,01 0@-1,M) o
01,02 Os 01

Orvoa  1m

where 1,7 is the M x M-matrix of ones and 0, , is the u x v-matrix of zeros.
Summing the matrices above we obtain the matrix Bs, see (12), and

1 /70 0
MSQ—M@ (0 32>e

Matrix Bs, see (13), is built from the sum of squares S5 analogously to the
construction of By from S». In this case we use the substitution

t=i+k—1
t=i+k —1

wherei=1,...,M, k,k'=1,...,Kand t,t' =1,..., K+M—1. This gives
~Q p( By O
QS3—ﬁ€ 00 €.

The sum of squares Sy gives us the matrix ﬁ&; this can be easily seen if
we consider By as a square of the (M +K —1) x (M + K —1)-matrix with elements
w0,k (1), if i = 7, and 0, otherwise. Thus,

~Q (B O
MQS4—K2M6 0 o0 )¢

We can obtain the matrix Bs similarly to the case of Bs using the similarity
between the sums of squares S3 and Ss. In view of the differences in the number
of terms in the sums &; and ¢;, see (8) and (15), we obtain different sizes and
multipliers. We thus have

s [(3 %) (f )]

Finally, Bg is an (M+K—1) x (M+@Q—1)-matrix which can be obtained similarly

tOB4.
1 [[{0 B 0 0
2MQSs = e [(0 o)*(gg 0)]6.

This completes the proof. O

2.3. Computation of trB and trB?

As a corollary of Theorem 1, we can derive the expressions for trB and trB? in
several particular cases, depending on the values of parameters p and q.
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Case 1: p > N. We have
QM —-1)BK2+ M +1)
3K?
QK*+Q*))(M?*-1)2M?*+7) QM —-1)(M*-M—-1) (M—-1)(2M*-M—-3)

2 _
B = A5K2 + 3M 6

trB =

Case 2: p=0, g = K. In this case

M K
SSp.q = ZZ (ik —en —€i+e.)? =

i=1 k=1

M K M K

ZZsk KZE? MZE?k+MK5%:eTBe
i=1 k=1 k=1

implying Q = K, B3 = Bs = BY and By = Bg = Bl; therefore, the matrix B has

the form L L
B=B ——B Bs — ——B
LTt PR T gt

Fori:<jandi+j < K+ M we have

WM MEK) - if =1 <i<M—1
M —1, if i=j,M<i<MEK
E-1, if M<j, j—M+1<i<j

bij = 71% if 1<i<j<M-—1
AT i ?iiiK+M .1’ IS.ZS]_K
i <j#EK+i, 1<i<M-1
0, otherwise

and bij :bji7 bM+K7i,M+K7j :bij forl1<i<M+K-1, 1<j<M+K-1.
This yields
(M —-1)(3K? - M —1)
3K ’
M?*-1)(2M*47)  K(M-1)(3M*-M-1)  (M?*-1)(2M-3) N (M?-1)(2-3M?)
45K2 3M 6 15K M '

trB =

trB? = (

3. Single centring

Consider the case of single centring. Using the notation €;; = e;4;—1 and (8) and
(15) we obtain

M q M q
SSp,q:Z Z (eij —€i.) Z Z QZE —2QZEZEZ
i=1 j=p+1

i=1 j=p+1

This yields that the sum of squares SSp,q can again be represented as a quadratic
form e” Be, where the matrix B has the form

s (8 8) R0 0) &3 %)+ (2 0]
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Here the matrices By, B3, Bs are described as above and 0 is the zero-matrix of
suitable size.

Let us compute trB and trB? in the two particular cases as in Section 2.

Case 1: p > N. We have

trBz%?
trB? = MQQ_]V[(MfQ_I)
+%[(K_M+1)2M2_%(5M2_8KM—7M+4K)]
2
+oo5 (K = M+ 1)(Q = M + M
_%(5]\/[?—4M(K+Q)—7M+2(K+Q))]

Case 2: p =0, g = K. We have

M K M K M
TBe=85,,=) ) (eij—e)’ =D ) e ~K) e,
i=1 j=1 i=1

i=1 j=1

implying Q = K, B3 = Bs = BY. Therefore, the matrix B has the form

B=DB — %33;
its elements are
w0,k (5), if i=j
bij = _%wi’QK(j).’ ?f Hé] 1Si_SM
—xwn, o, k(J), if i£j, M<i<K

—twnik—i, i-k, i(§), ifi#j K<i<M+4+K-1
The expressions for trB and trB? are

MOM? 1) MM -1

_ 2 _ 2
trB = M(K — 1), tr1B%= M?K — 5 7

4. No centring

The case without averaging is the easiest. In this case we have

SR 0 0
SSWI:Z Z 6?j:eTBe, where B:<O B, ),

i=1 j=p+1

trB = ZwM,p,q(t) = Z waro0.0(t) = MQ
t t
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and

RBMQ+1-@*), Q<M.

In particular, for p = 0 and ¢ = K we have B = By,

trB? = Zw?\/f,p,q(t) - { %M (3MQ 1 M2) , Q=M
t

M(M? —1)
—— .

trB= MK and trB?= M2?K —
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