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Continued fractions and Newton’s approximations
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Abstract. We generalise the relationship between continued frac-
tions and Newton’s approrimations.
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1. Introduction

6 = ap; a1, a2, ... ] denotes the continued fraction expansion of 6, where
0 :CLO+90, apg = LGJ,
1/6h-1 =an+ 6, an = |1/6,-1] (n=1, 2, ...).
The k-th convergent py/qr = [ ao; a1, ..., ar ] of 8 is then given by the recurrence
relations
Pk = agPr—1+ Prk—2 (k=0,1, ...), p—2=0, pa=1,
Qx = arqQrk—1+ qk—2 (k:Oa 15 )a q—2 = 15 qd—-1 =0.

As well-known, continued fraction expansion of a quadratic irrational has its
periodic form. Especially, the continued fraction expansion of the type v D, where
D is a positive integer not being any square, is represented as

\/5:[@0; ar, az, ---, s,
where
a;=as—; (1=1,2,....,5—1) and as = 2ag .

See Theorem 3 in [2], pp. 317.
Elezovié [1] establishes the following relationship between such a continued frac-
tion expansion and Newton’s approximation.

Proposition 1. ([1], Theorem1)

1 . _ _
_(pnr 1+QHT 1D>_p2nr 1 (n:1,2,...),
2 Qnr—1 Pnr—1 qd2nr—1

where
T{s, if s is odd

s/2, if s is even.
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Moreover, the following remark is added there without any proof.

Proposition 2. ([1], Remark 1) For D = a? + 4 with an odd a > 3

Dokt if k=5n—1
q2k+1
P2k—1 ifk=5n—2
q2k—1

l(lﬁJrq_kD)_ pokis if k= 5n

2 \ g Dk q2k+3

-2
@ = Dprira b P2ves gy gy
(@ —2)q2r42 + q2r11

—(a—2
Pt = (@=2Pok ey 5, 3
G2r+1 — (@ = 2)qak

In this paper we shall give the complete proof of such a result in an extended
form.

2. Main theorem

Theorem 1. Let VD = ag; a1, az, ..., as—1, 2a0 |. If fori=0,1,...,|s/2]
1 (pneril n Gns+i—1 D) _ QiP2nst2i + Ponst2i-1 (n=01,2,..)
2 \ Gns+i—1  Pnsti—1 i G2ns+2i + Q2ns42i—1
and
l (pnsil T Qnsi1D> _ D2ns—2i—1 — BiP2ns—2i—2 (n —12, .. ) ,
2 \ Gns—i—1 Pns—i—1 Gons—2i—1 — Bigens—2i—2
then

Remark 1. In fact, from

1 (pil i qi—1 D) _ Qip2i + p2i—1

2\qi-1  pi—1 aiq2i + q2i—1
we have ) )
o — (P71 +q;1D)g2i—1 — 2pi—1qi—1P2i—1
’ (P2, + 4> 1D)g2i — 2pi—1Gi—1p2i

From

l (psil T QSi1D> _ DP2s—2i-1— Bip2s—2i—2

2 \ gs—i—1 Ps—i—1 G2s—2i—1 — PBig2s—2i—2
we have

(P2 1+ @i _1D)ao(s—i)—1 — 2Ds—i—1qs—i—1P2(s—i)—1
(P2 1+ a2 1D)go(s—i—1) — 2Ps—i—1qs—i—1P2(s—i1)

Bi=-
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Immediately, Proposition 1 is a corollary when o = 0 (and g0 = 0 if 5 is
even). The case i = 1 implies the following corollary.

Corollary 1. When VD = /a2 +t = [ ao; a1, az, ..., as_1, 2a9 | (t>0),

1 ns ns ns ns
(p +q—D>_O‘p2 2t Pomsid g )

2 dns Pns ag2ns+2 + d2ns+1
and
l (pn52 + dns—2 D) _ P2ns—3 — QP2ans—4 (n _ 1, 2, - ) ,
2 dns—2 Pns—2 q2ns—3 — OQ2ns—4
where

2&0 - Cth

o (CL16L2 + 1)t — 2&0&2 '

3. Some lemmas

Lemma 1.

1 VD+k,
9—:\/_% (n=0,1,2,..),

where forn >0
(=1 "(gngn-1D — pppn-1) ,

(=1)"(¢2D —p3).

——
—
>
S 3
(I

Moreover,
Dqy, = knpn + lnPrn—1,
Dn = kn@n + ln@n-1
and
Dn + kngn
1 lipn + Pn—-1
- (Zﬁ 4 q_"p) _ ndn
2 +k )
dn Pn Pn ndn dn + Q1
lngn

Proof. Firstly, note that k,, and l,, (n > 1) satisfy the recurrence relations
kn = anlnfl - knfla ln = ln72 - ailnfl + 2ankn71; D — kz = lnlnfl
with k_1 =0,1-1 =1, ko = ap and lp = D — a3 (c.f. [2], pp-313-315). Hence,

koz—(l'O'D—QO'l):CLOa
lo=12D — a =t,
l = —(a3D — (aga1 +1)?) = 1 — a}t + 2a1aq

are valid. Now, k,, 1 is induced from k,, and l,,, and l,, 42 is from [, l,, 41 and ky 1,
because
(=1)™(gn+19nD — pps1pn) = (=1)"(@ng1(¢2D — p2) + (@ndn-1D — pppn-1))
= (=D)™(@n41(=1)"lp + (=1)""kn)

- anJrlln - kn - knJrl
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and

(—1)n+2(q721+2D —p%+2) = (—1)n+2(a721+2(q721+1D - p121+1) + (Q%D - p%)
+2an+2(qn+19nD — pnt1Pn))
= (= 1)"2(a2 1y (—1) " 1+ (—1) o+ 2 52(=1) K1)
=1, — a%+2ln+1 + 2an+42kn+1 = lnya -

Therefore, the first part of Lemma is proved.
By using this we have

knpn + lapn—1 = (=1)" " (pngngn—1D — p2pn_1) + (—1)"(pn-1¢2D — p2pn—1)
= (=1)""'qn(Pngn-1 — pn—1gn)D = Dy,
and

Engn +1ngn-1= (=1)""Y¢2qn-1D — pnpn_1an) + (=1)"(¢2qn_1D — p2qn_1)
= (=1)""'pu(pndn-1 = Pn-14n) = Pn -

Hence, finally we obtain

1 p_pn + Dqy, (p_ + kn) Pn + Pn—1 ZJpn + Pn—1
_(@JFQ_nD)qn _\a i
2 n n - D N n ~ pa+kngn '
! g q_qn tPn (p_ + kn) n + qn—-1 u%z + @n—1
n dn ann
O
Lemma 2. Fori=0,1,2,...,|s/2]
kneri = ki; lneri = li; (n = Oa 15 25 . )
kns—i—1 = ki, lns—i—1 =1li1 (n =1,2,.. )
Proof. The first two identities are clear because
1 1
= — =0,1,2,...).
9ns+i 91 (TL ) Ly 4y )
By ans—; = a; one has
onsfiflz\/_i or = \/_+ (7’1,21,2,...),

li onsfifl lifl

yielding the second two results. g
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4. Proof of the theorem

Proof of Theorem. By Lemmas 1 and 2, the left-hand side of the first identity is

Prs+i—1+Knsti—1qnsti—1
1 (pnerifl 4 neticn D) _ lnsti—1Qnsti—1
2 \ gns+i-1 Pns+i—1 Pnsti—1+Kknsti—1qnsti—1
lnsti-1qnsti-1

Pns+i—1 + Pns+i—2

Ans+i—1 + Ans+i—2

Prs+i—1+ki—1qnsti—1
li—1Qnsti—1
Prs+i—1+tKki—1qnsti—1
li—1qnsti—1

On the other hand, the right-hand side is

Pns+i—1 + Pns+i—2

Ans+i—1 + Ans+i—2

QiP2ns+2i TP2ns42i—1 __
= ap, a ey @ iy O
QiQanst2i+q2nst2i—1 [ 05 @1, » @2ns+2i G ]
_ lnsti; @neqivr, s Ganst2is @ JPnstic1+Pnstio2
[ Gnstis Qnstitls - A2ns+2i> Qi |qns+i—1Tqns+i—2
_ [@i; @ig1, ...y Gnst2i, Qi |Pnstio1+Pnsti2
[ ai; aiy1, -, Gnst2i, Qi |qneti-1+qnsti-2

Note that
a; 1 Aj41 1 Ans+2i 1 (673 1
1 0 1 0 1 0 1 0
1

_ (Pi-1 pi2 Dns+2i Pns4+2i—1) (@ 1

Gi-1  Gi—2 Qns+2i  Gns+2i—1 10
(_Uix qi—2Pns+2i — Pi—2qns+2i qi—2Pns+2i—1 — Pi—2Gns+2i—1 a; 1

—~Qi—1Pns+2i T Pi—1qns+2i —qi—1Pns+2i—1 T Pi—1qns+2i-1)\ 1 0/~

Hence, the denominator of [ a;; @41, .., Gnst2i, @; ] is equal to
(‘Ui ((_Qiflpns+2i + pi71QHs+2i)ai — Qi—1Pns+2i—1 T pi71QHs+2ifl)
= (‘Ui ((—Qi—l(knsni%sni + lnst2iGns+2i—1) + Dim1Qns+2i) Qi
—qi—1(knst2i—1qnst2i—1 + lnst2i—1qnst2i—2) + pi71Qns+2ifl)
= (=1)"((—gi—1k2i + Pi—1)QiGnst2i
+H(—=qi—1l2i0i — gi—1k2i—1 + Di—1)qns+2i—1 — Qifll2i71QHs+2i72)
= (gi—1k2i — pi—1)i(A1Gnsti + A2Gnsti—1)

+(Qifll2iai + Gi—1k2i—1 — pifl)(ABQneri + A4Qns+ifl)
+qi—1l2i—1(Asqnsti + A6qnsti—1)

where
A = Agl_) = (qi—1P2i — Pi—1924, Ay = AS_) = {qiP2i — Piq2i,
Az = Ag_) = (q;—1P2i—1 — Pi—142i—1, Ay = AS) = {q;P2i—1 — Piq2i—1,
As = Aé” = (q;—1P2i—2 — Pi—142i—2, Ag = Aé” = {q;P2i—2 — Piq2i—2 -

Thus, the coefficient of gy ¢4 is

((gim1k2i — pi—1) A1 + qi—1l2iAz) s + (qi—1k2i—1 — pi—1) Az + qi—1l2i—145 =0
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if and only if
o _ As(gi-1k2i—1 — pi-1) + Asqi—1lei—1
’ Ar(qiorkai — pic1) + Asqialai

Then, the coefficient of Ans+i—1 X(Al (qiflei - pifl) + quifllm) is

—(qi—1k2i — pi—1)(qi—1k2i—1 — pi—1)A2A3 — (qi—1k2i — Pi—1)@i—1l2i-14245
_Qifll2i(Qiflk2ifl - pifl)A4A3 - q1'27112il2i71A4A5
H(qgi—1k2i-1 — pi—1)(qi—1k2i — pi—1) AsAr + (qi—1k2i—1 — pi—1)qi—1l2:) A4 A3
+Qifll2ifl((h71k2i - pi—l)AﬁAl + q1'27112ifll2i>A6A3

= (qi—tk2i—1 — pi=1)(qi—1k2i — pi—1)(=1)" "' + qi—1l2i—1(qi—1k2i — pi—1)(—1)"az;
+q?_1loi—1l2i(—1)

= (D¢ 1D —piy) =—lima

because
—A2A3—|—A1A4 = (—1)1.71, —A2A5—|—A1A6 = (—1)ia2i, —A4A5—|—A3A6 = (—1)1 .

Similarly, by using p;q;—1 — pi—1¢; = (—1)i71 and p2;q2i—1 — P2i—192; = —1, the
numerator of [ a;; @jy1, ..., Gnst2i, @ | is equal to
—(gi—2ka; — pi—2)ai(A1qnsti + Aognsyi—1)
_(Qi72l2iai + qi—2koi—1 — pi72)(A3Qns+i + A4QH5+1’71)

—@i—2l2i—1(Asqns+ti + AGnsti—1)

_liciGnsyit(Rici—k)nsticl _  Prsticitkic1Gnstion
A1(qi—1kai—pi—1)+Azqi—1l2: A1(qi—1kai—pi—1)+A3qi—1l2: °

Therefore, we obtain

) Pns+i—1+ Ki—1Gnsti—1
[ @i; @it1, -y Ansi2i, @] = .

li71Qns+ifl

Next, by Lemmas 1 and 2, the left-hand side of the second identity is

dns—i—1

Pns—i—1
(— + knsfifl

dns—i—1

(M + knsfifl) Pns—i—1 + lnsfiflpnsfi72

gns—i—1 + ln57i71Qn57i72

(M + kz) DPrs—i—1 + li—1Pns—i—2

dns—i—1

(M + kz) Gns—i—1 + lic1@ns—i—2

dns—i—1

On the other hand, the right-hand side of the second identity is

(a2n572i71 7[}1 )Pzns—zi—z +Pans—2i—3
(a2n572i71 7ﬁi)q2n572i72 +q2ns—2i—3

=[ao; a1, ..., G2ns—2i—2, G2ns—2i—1 — G ]

[ Gns—i; Gns—it1, -y G2ns—2i—2, G2ns—2i—1—Fi |Pns—i—1+Pns—i—2
[ Gns—i; Gns—it1, -y Q2ns—2i—2, G2ns—2i—1—Fi Jqns—i—1+qns—i—2 ’
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where
[ Gns—i; Ons—i+ly ---5 A2ns—2i—2, A2ns—2i—1 — 51‘ ]
= [ As—i; Qs—i+1; -y Q(n+1)s—2i—25 A(n+1)s—2i—1 — Bi ]
_ qi (Prns—2i—1—BiPns—2i—2)+Pi(Gns—2i—1—BiGns—2i—2)
Qifl(pnsf2i717ﬁipnsf2i72)+pifl(Qnsf2i717ﬁiQnsf2i72)
because

s—i L1\ (as—it1 1\  f(a@mins—2i—2 1\ (Qmi1)s—2i-1— 0 1
1 0 1 0 1 0 1 0
ansti 1\ (@nsti-1 1) faziq2 1) fa2iq1— B 1
1 0 1 0 1 0 1 0
—1 t
(p2z'+1 p2i> (pneri pns+i1> (&2i+1 — i 1)
q2i+1  q2i Qns+i  Qns+i—1 1 0

4i(Pns—2i—1 — BiPns—2i—2) + Di(Gns—2i—1 — BiGns—2i—2) *
Qifl(pnsfm'fl - 6ipnsf2i72) + pifl(Qnsfm'fl - 51'%5721'72) *k )

Here, X! denotes the transpose of the matrix X. * or ** denotes the omission of
that element. Hence, the denominator of
[ Uns—i; Qns—itls -, 02ns—2i—2, U2ns—2i—1 — i ]

equals

Gi—1(Fns—2i—1Gns—2i—1 + lns—2i—1qns—2i—2

—Bi(kns—2i—2Gns—2i—2 + lns—2i—2qns—2i-3)) + Pi—1(qns—2i—1 — Biqns—2i—2)

(qi-1k2i + pi—1 — Bigqi-1l2i)qns—2i—1 + (qi-1l2i—1 + Bigi—1k2i — BiDi—1)qns—2i—2
= (qi—1k2i +pic1 — Bidi—112:)(AaGns—i—1 + Azqns—i—2)

—(qi—1l2i—1 + Biqi—1k2i — Bipi—1)(A2qns—i—1 + A1Gns—i—2) -

Therefore, the coefficient of g, s—;—2 is nullified if and only if

B = _ Aigi—1lai—1—As(gi—1k2itpi—1)
v A1(gi—1k2i—pi—1)+Asqi—1l2;

_ As(qi—1k2i—1—pi—1)+Asqi—1lai—1

= A1(qi—1koi—pi—1)+Azqi—1l2; = Qi
Then, the coefficient of ¢,,s_;_1 in the denominator of
[ Gns—i; Ons—i+ly ---5 A2ns—2i—2, A2ns—2i—1 — B ]

is
(qi—1koi + pi—1)As — qi—1l2i—1A2 — ((qi—1Fk2i — pi—1) A2 + qi—1l2iA4) B

(1) Mg k3 —Pi 1 +ai g laio1lai) _ li—1
A1 (qi—1kai—pi—1)+A3qi—1l2 T Ai(qi-1k2i—pi—1)+Azqi—1lai
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Similarly, the numerator of [ ans—i; Gns—it1, ---, A2ns—2i—2, A2ns—2i—1 — i |
equals

(Qiflei + pi-1 — BiQifllQi)(AM]nsfifl + A3Qn571‘72)

_(QifllQifl + Biqi—1k2i — 51‘171'71)(‘42%571'71 + AIQn57i72)

2kigns—i—14li—1qns—i—2 Prns—i—1+KiGns—i—1
A1(qi—1kai—pi—1)+A3qi—1l2: A1(qi—1kai—pi—1)+Azqi—1la: °

Therefore, we finally obtain

. . Pns—i—1 + kiQnsfifl
[ Uns—i; Ans—it+ly; «-+5 A2ns—2i—2, A2ns—2i—1 — Bi ] = li1q .
1—14ns—i—1

Of course, using the definitions of ky, I,,, A1, A3 and As we conclude that

=0 = _ As(gi—1k2i—1—pi—1)+As5qi—1l2i—1
H g A1(qi—1k2i—pi—1)+Asqi—1l2;

_ (p?_,+4? 1 D)g2i—1—2pi—1qi—1P2i—1
- (p?_1+497_1D)q2i—2pi—1qi—1P2i

5. Some interesting patterns

Example 1. (Proof of Proposition 2) Since

—1 -1
VD =+Va?+4=g a? 1 1, QT 2a |

with an odd a > 3, by Corollary 1 we have
2a —(a—1)/2-4
((a—1)/2+1)-4—2a

It is easier to calculate ag by using «; in the proof of Theorem 1. Since

1:\/5+a g L VD + (a—2)

— d — =Y\ 9

90 4 91 a ’

o] =

by Lemma 2
k4:k0:a, 14217121, k3:k1:Q—2, 13210:4.
Notice that

- 7@—1 - +1ia2—a+2
g1 = a1 = 9 P1 = apaz = B)
and @ _ _ @ _ o
Ay = qp2 — 12 = —1,  A3” = qp3 — p1gz = —az = —1,
AP = gips —prgs = —(azas + 1) = —azl
Hence,
a— a27a a—
N G e e R e it SRR S
- a a— a2—a a— - - :
—sg (G e - )+ (D)L 1

Therefore, one has Proposition 2.
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Example 2. For D = a? + 4 with an even a

1
1 (&ﬂ_kD) _ P2kt1
2 \aqr  pr g2k+1

Proof. Since va?+4=1{a; a/2, 2a ], the result follows by Proposition 1.

Example 3. For D = a® — 4 with an even a > 6

Ma if k is odd;
q2k+1

1 Pk Gk 5\ _ 3p2k+2 + (/2 + 1)pag41 if k= dn;

2 \aqr Pk 3Q2§+2 ;- (a/2+ lqukH ’ ’
(a/2 + 1)pag+1 — 3park if k= dn— 2.

(a/24 1)gok+1 — 3q2r’

Remark 2. When a =4, from va? —4 = +/12=[3; 2, 6 |, by Proposition 1 we
have )

1 (&ﬂ_kD) _ P2kt1

2 \ar Dk Q2k+1

a2 —4=+/(a—1)2+2a—-5)=]a—1; 1,

Proof. Since

—4
aTa 17 2(@—1)]

with an even a > 6, one gets

o — 2(a—1) = (2a —5) __6

((a—4)/2+1)(2a—5)—2(a—1)(a—4)/2 a+2

Example 4. ([1], Remark 1, pp.33) For D = a? — 4 with an odd a > 5

Dok, if k= 6n— 1,6n —3,6n —4,6n—5;
q2k+1
—1
1 3p2k+2 + TPkt .,
L L% 3 — . if k= 6n;
2 \qx pr G2k+2 + T3 q2k+1

1
“5=D2k+1 — P2k

= , if k=6n—2.
2L gokt1 — 3q2k

Proof. Since

a—3 a
2 )

Va2 —4=/(a—12+ 2a—-5)=[a—1; 1,
with an odd a > 5, one gets

o — 2(a—1) = (2a — 5) __6

((a=3)/24+1)(2a—5)—2(a—1)(a—3)/2 a—-1"

Since

1 _VDt(a-) 1 _ VD=4 1 _ VD+(@=2

90 2a —5 91 4 92 a—2 ’
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by Lemma 2
k4:k1:a—4, 14210:2a—5, ngkQZCL—2, 13211:4.

Notice that

- 7@—1 - +1ia2—a+2
q1 = ai = 5 P1 = apaz =75
and
A?) = -1, Ag2) =—a3=-2, and Ag2) =—(asas +1)=—(a —2).
Hence,
e (D(@=D-a (D4
—(a—2)((a —4) —a) + (—2)(2a — 5) '
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