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Some relations and properties concerning
tangential polygons

Mirko RaDpié*

Abstract. The k-tangential polygon is defined, and some of its
properties are proved.
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1. Preliminaries

A polygon with the vertices Ay, ..., A, (in this order) will be denoted by A;...A,,.
The lengths of the sides of the polygon A;... A, will be denoted by | A1 As|, ..., |AnA1]
or ag, ..., an. The interior angle at the vertex A; will be denoted by «; or ZA;, i.e.

LA; = ZAH,1+1'A1'A1'+1, i=1,...,n (0 <o < 7T). (1)

Of course, indices are calculated modulo n.
A polygon A = A;...A, is a tangential polygon if there exists a circle C such
that each side of A is on a tangent line of C.

Definition 1. Let A = A;...A,, be a tangential polygon, and let k be a positive

integer such that k < |25, that is, k < 25t if nis odd and k < 252 if n is

even. Then the polygon A will be called a k-tangential polygon if any two of its
consecutive sides have only one point in common, and if there holds
™
51+'~~+5n:(n—2k)§, (2)
where 20, = ZA;, i=1,...,n.

Consequently, a tangential polygon A is k-tangential if

z": ; = 2k,
1=1

where ¢; = ZA;CA;11 and C is the centre of the circle inscribed into the polygon
A. Namely, from this and the relation 23; = ZA; it follows that

Bi+Bisi=m—pi, i=1..,n
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n

> (Bi+ Bit1) = nm — 2k,
1=1

n

Z a; = (n —2k)7.
i=1
For example, the tangential star-like pentagon is a 2-tangential polygon (Fig-
ure 1). Let us remark that the integer k£ can be most "Tfl if n is odd and "772 ifn
is even. If A = A;...A, is a k-tangential polygon and if ¢4, ..., ¢, are the lengths of

3)

its tangents, then
ti:T'Ctgﬂi, i:l,...,n

where 7 is the radius of the circle inscribed to A.

= B

B4

Figure 1.

2. Some properties and relations concerning k-tangential poly-

gons
First we consider the existence of a k-tangential polygon.
Theorem 1. Let ay, ..., an, t1, ..., t, be any given lengths (in fact positive numbers)

such that
ti—i-thrl:ai, i:l,...,n

and let k be a positive integer such that k < L"2;1J Then there exists a k-tangential

polygon whose sides have the lengths a1, ..., Gy.

Proof. It is sufficient to prove that there exist acute angles 31, ...., 8, such that

titgh = - = tntgfn (4)
T
Prt-ot P = (n=2k)5. (5)
For this purpose we can use the expressions
(6)

t
tgB; = t—l_tgﬁl, i=2,..,n
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For any choice of the acute angle (3, there are completely determined acute
angles s, ..., B, and there holds one of the relations

s

61+"'+6n<(n_2k>§ (7)
Bt oot fo=(n—2k)% (®)
Bu+eeot B> (n—2k) . (9)

If there holds (7) or (9), let then (; increase or decrease until (8) holds. It is
possible because tg/3 is a continuous function for 0 < 8 < 7.
When (4) and (5) hold, then, as it is easily seen, we have

titglB = -+ = tptglBn = 1, (10)

where 7y, is the radius of the circle inscribed to the corresponding a k-tangential
polygon. So, Theorem 1 is proved. O

Corollary 1. Let n > 3 be an odd number, and let ay,...,a, be given lengths.
Then for any k < "Tfl there exists a k-tangential polygon whose sides have lengths
a1, ..., Gn if and only if

n—1

> (-1)*ai; >0, j=1,..n (11)

=0

Proof. The solution of the system

ti—|—ti+1:ai, i:l,...,n (12)
is unique and given by
n—1 .
2t] = Z(_1)2+la”i+ja J= 15 y TV
1=0
a

Remark 1. It can be easily proved that the condition (11) follows from the condi-
tion

> ai>2ka;, j=1,..n (13)
=1

where k = "Tfl

Corollary 2. Let n > 4 be an even number, and let ay,...,a, be given lengths.
Then for any k < "772 there exists a k-tangential polygon whose sides have lengths
a1, ..., an if and only if it is fulfilled

Z(—Uiai =0, (14)
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min{bq, bs, ..., bp—1} > max{bs, bs, ..., by} (15)

where _
J
bj = Z(—l)iJrlCLi, ] = 1, NI
i=1

Proof. If (14) is not valid, then the system
ti—|—ti+1:ai, i:l,...,n (16)

has no solution. In the case when (14) is valid, then the above system has infinitely
many solutions. But it can happen that none of these is positive. To see that the
system (16) has infinitely many positive solutions if (14) and (15) are valid, it can
be concluded as follows:

From (16) it follows

ta = a1 —t,
t3 = az—ay+ty,
ty = az—az+a; —t,

In order to have t1, ..., t, positive, it must be

T < a1
ap—ax < 1
t1 < a1 —az2+as

a

Before making a statement of the following theorem we introduce some nota-
tions.

Symbol S7'. Let 1, ..., ¢, be any given lengths of some line segments, and let j be

any given integer such that 1 < j <n. Then S7 is the sum of all 7; products

of the form ¢;,...t;;, where iy, ...,i; are different elements of the set {1,...,n}, that

1S
S;l: Z t’il"'t’i]"

1<i)<--<i;<n

For example, if n = 3, then
S =t1 +to+ts, S5 =tity+tatz+taty, S5 =titats.

Symbol C7'. Let B, ..., B, be any given angles such that

0<61-<g, i=1,...n

and let j be a given integer such that 1 < j < n. Then C}" is the sum of all 7;

products of the form ctgf3;,...ctgB;,, where i1, ...,4; are different elements of the set

{1,...,n}.
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Now we can express the connection between the lengths t1, ..., t,, of the tangents
of the given k-tangential polygon and the radius r of its circle. For the reason of
simplicity we shall first consider a 1-tangential polygon.

Theorem 2. Let n > 3 be any given odd number. Then
Syt — SRy T3 4 GRS L (—1)58T =0, (17)
S?+1T"71 _ Sg+1T"73 + Sg+1rnf5 oy (_I)SSZ+1 =0, (18)
where s=(1+3+54+---+n)+ 1.

Proof. First we state some special cases:

32— §3 =0 (triangle)
Sir? — 84 =0 (quadrangle)
Sord — S3r2 + 85 =0 (pentagon)
SOp4 — §6r2 4 8 = (hexagon)
S7r6 — SIrt 4 SIr2 — ST =0 (heptagon)
SPré — S5t + 5517 — $7 =0 (octagon)

In proving this theorem the following lemma will be used.

Lemma 1. Let n > 3 be a given odd number. If (1, ..., 3, are acute angles such
that By + - -+ B = (n —2)F, then

Cl—Cy+CF— ...+ (-1)°C) =0, (19)
and if By, ..., Bny1 are acute angles such that By + - -+ Bny1 = (n — 1)%, then
it —cytt 4ot — - (-1)PCn T =0, (20)
where in both s =(14+34+54+---4+n) + 1.

Proof of Lemmal. If 1, 9, s, ... are acute angles, it can be easily found
that

Cz2 -1
ct + =
g(<p1 <P2) 012

3 _ CB

ctg(p1 + 2+ ¢3) = > :

C3—1
Ci-C3+1
ctg(p1 + @2 + 03+ 1) = 404%04

3 1

Co—Co4CP

t =
ctglpr+ @2+ @3+ 1t vs) = " or
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By using induction on n, it can be proved that it generally holds

k
> (=1)Ch s

ctg(pr+ - +pn) = S L on=2k+1 (21)
2 (=1)ICR
1=0
k
Z:O( )l n—21
cglpr+-+on) = 5 , n =2k (22)
_70( 1) Cg 1—24

From this, it is easy to see that (19) and (20) hold, because if ;1 + -+ -+ (3, =
(n —2)%, and n is odd, then

T 1
¢ ot Bur) = ctg [(n = 2)2 = B =
ctg(Bi+ 4 o) = ctg [(n=2)5 = | = T
and this can be written as (19). Similar holds for the even number n + 1. O
Now, let us return to the relations (17) and (18). We obtain these relations if
in (19) and (20) we put & instead ctgf;. O

Having proved Theorem 2 we are going to consider some of its corollaries.

Corollary 3. Let m be a positive integer such that m = "Tfl if n > 3 is odd, and
letri, k=1,...,m be the radius of a k-tangential polygon whose lengths of tangents
are t1,...,tn. Then every ry is a solution of the equation (17), i.e.

Syt — SR 4 ST L (—1)58T = 0. (23)
Similar holds for the equation (18) where n+ 1 is an even number.

Proof. If instead of By +-- -+ B, = (n —2)% we put B1 +-- -+ B, = (n —2k) 7,
then all essential remains unchanged because

T 1 n—1
1 [ —o T _p.] = k=1, .
ctg |(n )2 B ctab, 5

Similar holds if instead of By +- -+ 8,41 = (n+1-2)F we take 1+ -+ Fni1 =
(n+1-2k)3. O
Here are some examples which may be interesting.

(i) fn=>5andt; =4, j=1,2,3,4,5, then
15rf — 19577 +120=0, k=1,2
r A~ 3.51459, 7y~ 0.80477.
(if) fn=6and t; =4, j=1,2,...,6, then
217t —735r2 41764 =0, k=1,2

1~ 5.69280, 7o ~ 1.60995.
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(iii) fn=7and t; =4, j=1,2,...,7, then

28r% — 1960r¢ + 1313277 — 5040 =0, k=1,2,3

1~ 7.90871, 79 ~2.65399, 73~ 0.63919.

Figure 2.
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Corollary 4. The equations
SPat = SPatT 4 8Pt — 4 (—1)°S" =0
S?“x"%l _ Sgﬂanfg + Sg“x% ey (_1)SSZ+1 -0
have all positive solutions.
Of course, t1, ..., ty, tn+1 may be arbitrary positive numbers because to the length

of a line segment there corresponds a positive number. For example, if ¢y, ..., tg are
arbitrary positive numbers, then

SPa? — Sz 4+ 52 =0,

S8a? — S8z 4 S8 =0,

where
(55)% — 45782 >0,
(S9)% — 45958 > 0.
Especially, if t1y =--- =t, = %, and n is odd, then

1 n n—1 1 ’ n n—3 s 1 "7
() (3) o ()
1 TL—|—1 n—1 1 ° TL—|—1 n—3 s 1 " TL—|—1 _
For example, if n = 5, then (Figure 3)

4 Lo 1

<
=
Il
] =
+
—_
S
X
<
=)
o0
ols}
—
©
<
(V)

Il
] =
|
Sp
ot
X
©
—_
=
o
=
©

4
p

Figure 3.
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Generally, if m = "Tfl when n is odd and m = "772 when n is even, then there

are m tangential n-gons with equal sides and equal interior angles. For example, if
n = 9 the situation is shown in Figure/. (where the regular 1-tangential 9-gon is
not drawn).

The radii of the corresponding circles are solutions of the equation

H(D)-G)(3) G (3)-(G) (3)e+ () o

Figure 4.

Let us remark that in the case when k|n, the vertices A;yn i, @ = 1,...,n/k are
identical.

Before stating the following corollary we shall introduce one symbol. By T'(k, n)
we shall denote a k-tangential n-gon, k =1, ..., L%J, whose tangents have a prop-
erty that t; =ty = -+~ =, = 1.

Corollary 5. If ry is the radius of the circle inscribed to T(k,n), then by the ex-
pression

-1
op =12 = tg? ((n_zk)l), k=1, (24)
2n 2
are given all the solutions of the equation
nTﬂ
i1 n n-2i41 .
Zl(—l) ( 9i — 1 )x 2 =0, n isodd (25)

or of the equation

b .
Z(—l)”l ( 21.711 )xn;l =0, n is even. (26)

Proof. If we put z instead of r} in the equations

(1) () (B ) mrir () =0 o
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we obtain the equations (25) and (26).
From 31 +---+ 3, = (n —2k) 7, in the case when $; = --- = 3, = §, it follows
that 3 = (n — 2k)5-, and from 1 = rpctgp, it follows that

T n—1
—t ( — ok —), k=1, ...,
i = tg ((n—2h) - [ty
a
Corollary 6. Ifn is odd, then
n n
T (o-ng) - (5)+(1)
T T ™ n n
t2( —2—) t2( —4—) g2 = :
g ((n=2)5-) te”((n—4)5- g5 =\ p ]
Similar holds when n is even.
Proof. The above equations are Vieta’s formulas for the equation (25). O

Corollary 7. If r, k € {1,..., [251]} is a solution of the equation (25) or (26)
and k such that n < 4k, then

1 1 1
Tk——rl?é-l-—Tz——TJZ‘F"':(”_WC)%' (27)

3 5 7
Proof. rj, = tg ((n — 2k)5%), it is

arctgry = (n — 21{)2l
n

INERN|

In order to define the left-hand side of (27) (r < 1), the condition (n—2k)7- <
or n < 4k must be fulfilled. For example:

if k=1, then n= 3,4

if k=2, then n=25,6,7,8

if k=3, then n=17,8,9,10,11,12

So, if n =4, k=1, then r = 1, and we have Leibniz series

1 1 n 1 1 m
3 5 7 47
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