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Necessary and sufficient condition for
L'-convergence of cosine trigonometric series with
d-quasimonotone coefficients

ZIVORAD TOMOVSKI*

Abstract. For a cosine trigonometric series with coefficients in the
class Sp(6), 1 < p < 2, the necessary and sufficient condition for L'-
convergence is obtained.
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1. Introduction

Let f be a 2m-periodic and even function in L' (0, 7), and let {ax} be the sequence
of its Fourier coefficients. Denote by J the class of sequences of Fourier coefficients
of all such functions. It is well known that, in general, it does not follow from
{an} € J that

Sp(x) = %—l—Zak cos kx (1)
k=1

converges to f in the L'-norm, i.e. it does not follow that ||.S,, — f|| = o(1), n — occ.
There is a classical example for which ||S, — f]| = o(1), n — oo is equivalent with
anlogn = o(1), n — oc.

Telyakovskii [8] introduced the following class S. A sequence {aj} belongs to
the class S'if a, — 0 as k — oo and there exists a monotonically decreasing sequence

o0
{Ax} such that ZAk < oo and |Aay| < Ay, for all k. A sequence {a} of positive
k=1
numbers is said to be quasi-monotone if ar — oo as k — 0 and Aay > -3, for
some [ > 0.
A sequence {ax} issaid to be d—quasi-monotone if ar — 0, ar > 0, ultimately,
and Aay, > —0i, where {0} is a sequence of positive numbers.

*Faculty of Mathematical and Natural Sciences, PO BOX 162, 91000 Skopje, Macedonia,
e-mail: tomovski@iunona.pmf.ukim.edu.mk



220 7. TOMOVSKI

A sequence {ar} is said to satisfy condition S’, if ay — 0 as k — oo and
o0

there exists a sequence {Ap} such that {A;} is quasi-monotone, ZAk < o0,
k=1
|A6Lk| S Ak, for all k.
On the other hand, a sequence {ay} is said to satisfy condition S(¢), if ap — 0
as k — oo and there exists a sequence {Ax} such that {A} is d—quasi-monotone,

D Ap <00, Y kb < oo and |Aag| < Ay, for all k.
k=1 k=1

Now, we say that a null-sequence {ax} belongs to the class S,(d), 1 <p < 2 if
there exists a sequence of numbers {Ay} such that:

(a) {Ar} is d—quasi-monotone and Y kd; < oc.
k=1

(b) ki Ay < o0

(c) L Z'A‘“"p o(1).

Thus, in view of the above definitions it is obvious that S C S(d) C S,(6).

2. Lemmas
For the proof of our theorem we require the following lemmas.

Lemma 1. (Hausdorff-Young, see [3]) Let the sequence of complex numbers
{en} €1, 1 <p < 2. Then {c,} is the sequence of Fourier coefficients of some

1 1
¢€Lq<—+——1>,and
p q

1/q

1 27 0o 1/p
o [ e s(Z |cn|p> .
0

n=—oo

Lemma 2. (see [1],[11] case v=1) If {an} is a 6—quasi-monotone sequence with

Zn5 <00, then the convergence of Zan implies that na, = o(1), n — oo.

n=1 n=1

Lemma 3. (see [11]) Let {ayn} be a §-quasi-monotone sequence with Zn5n < 0.

n=1

IfZan<oo, thenZ(n+1)|Aan|<oo.

n=1 n=1

Lemma 4. Let the coefficients of the series (1) satisfy the condition Sp(d), 1 <
p < 2. Then the following relations hold
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Proof. a) We have

s 7'l'/k s

/ﬁz%" = [+ [ =1

0 7/k
Recalling the uniform estimate of the Dirichlet kernel we have:

1/p

IA
|
M-

S
S
=

i 1

where A is an absolute constant.
To estimate the second integral:

™ ™

#i/é :

x
7/k 7/k 5 J=0

)k o [7=0
Since _
/ dx < 7P d_x < m kp*l
. IT\P P -1 ’
(sm —) x p
7/k 2 7/k

it follows that

L N oy ﬂzk
< Z( — p=1)/p
Jk_2(p—1> g /
0
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Finally,
1/p

|P

Jr < B,

1S

k
|Aa
2

=

<

where B, is an absolute constant dependent on p. Thus

b) Applying first the relation a) of this lemma, then Lemma 2 yields

™

/ Z AA—CJL_ij(x) dz = Op(ndy,) =o(1), n— 0.
o |i=0

3. Main result

Theorem 1. Let {ar} € Sp(d), 1 < p < 2. Then (11) is a Fourier series of some
f € LY0,7) and ||S, — f|| = o(1), n — oo if and only if a, logn = o(1), n — oco.

Proof. By summation by parts, we have:

o1 ; 1/p " 1/p
< X kA4 ( > i ) +nd, ( > S )
J J: J

=1

ko

— o) [:X_:ik|AAk|+nAn] <0(1) [nzl(k+1)|AAk|+nAn] .

k=1

Application of Lemma 2 and Lemma 3 yields, Z|Aan| < 00, i.e. S,(x) converges

n=1

to f(x), for x # 0.
Using Abel’s transformation, we obtain:

fle) =" AagDi(x),
k=0

by the fact that lim a,D,(z) =0, if z # 0, where D, (z) is the Dirichlet kernel.

n—oo
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Then,

[1Sn — £l

9L+ kzl ay cos kx — f(x)

n n
= t%o _ an2+1 —l—kzl(ak — an+1) coskx —f(x)—i— a"% —l—kzl Gn+1 COS kx

Aak

Il
N
M=

HM:

ﬁ: jcoskx — f(x) + any1Dn(x)

k=0

llgn(x) = f(x) + ant1 D ()],

1 n n n
where g, (z) = 52Aak + ZZACLJ' coskz are the Rees-Stanojevié¢ sums (see
k=0

k=1j=k
[2],[6],[7]).
We have:

gn(z) = B4 (%Aak + > Aajcos kx)
k=1

Jj=k
n

n
= A;“ + > %Aak + > agcoskxr — any1Dp(z) + %anﬂ .
k=1 k=1

Using Abel’s transformation, we obtain:

gn(x): Aao +Z lAa,k +Z Aak (Dk( ) )+6Ln (Dn(x)—
_a;nJrlD ( )—|—1an+1

= AaoDo(z) + i AapDy(2) + anDyp(x) — aps1Dn(x)
k=1

)

N [=

= Z Aak Dk (:E) .
k=0

o0 o0
Since Z|Aan| < 00, the series ZAaka () converges. Hence lim g,(x) exists

ot pars n—oo
for x # 0.
Then,

1f(2) = gn(@)[| = Z Aay Dy, (x

k=n-+1

Z Aaka

k=n-+1

dx .

|

Application of Abel’s transformation and Lemma 4.b) yields

/

0

f: Ak%Dk

k=n-+1

dx < Z |AAk|/ ZA%D ) dx+ o(l), n— o0.

k=n-+1

Then, by Lemma4.a) and Lemma 3, we have:

/ i AayDy(z)

0 k=n-+1

dx—0p< i |AAk|(k+1)>+0(1)—0(1), n — 00.

k=n-+1
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Thus [|f(2) = gn(2)[| = o(1), n — oo.
“If”: Let [|Sn, — f|l = o(1), n — oo, then by the formulae:

Sn(x) = gn(x) + a’nJran('r)a

we get:
lant1Dn ()| = 150 = gnll < 150 = fIl + [1f = gnll = o(1) +o(1), n — oo.

Since || Dy, (z)|| = O(logn), we have, a,logn = o(1), n — oco.
“Ounly if”: Let aplogn = o(1), n — oco. Then,

150 = fll < llgn = fll + llans1 Dn(@)]| = 0(1) + an410(ogn) = o(1), n — oco.
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