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BIRATIONAL MAPS OF X(1) INTO P?

DAMIR MIKOC AND GORAN MuI¢
University of Rijeka and University of Zagreb, Croatia

ABSTRACT. In this paper we study birational maps of modular curve
X (1) attached to SL2(Z) into the projective plain P2. We prove that every
curve of genus 0 and degree ¢ in P2 can be uniformized by modular forms
for SL2(Z) of weight 12¢ but not with modular forms of smaller weight,
and that the corresponding uniformization can be chosen to be a birational
equivalence. We study other regular maps X (1) — P2 and we compute
the equation of obtained projective curve. We provide numerical examples
in SAGE.

1. INTRODUCTION

The idea of using automorphic forms and uniformization theory (via
Poincaré series) to construct holomorphic maps on compact Riemann surfaces
is very old one ([12]). Regarding modular curves, the uniformization of the
modular curves via theta functions has been studied extensively for example
in [3-5,7]. Furthermore, arithmetic aspects of the theory can be found in a
well-known book of Shimura ([13]). The uniformization of modular curves is
used to compute equations of modular curves Xy (V) in [2,6,14,16].

The usual plane models of curves Xo(N) are derived using classical
modular j—function [13] but the equations of obtained curves are rather
difficult ([1]). Thus, it is a reasonable problem to search for other plane
models ([11]). A related question is what kind of loci we can get when we
uniformize with modular forms on I'g(N) of a particular even weight m > 2.
In general, this is rather messy ([11]) but in the case of the modular curve
X (1) = Xo(1) (which is a modular curve for T'g(1) = SL2(Z)) this has a
complete and satisfactory answer which is given in the present paper.
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Before we introduce our main result, we introduce some notation. Let
M, be the space of all modular forms of weight m for SLs(Z). We introduce
the two Eisenstein series

o0
E4(z) =14 240 Z os(n)q",

n=1
oo
Eg(2) =1-504) o5(n)q"
n=1

of weight 4 and 6, where ¢ = exp (27wiz). Then, for any m > 4, we have

(1.1) My =@ o850 (CEZ‘Eg.
4a+6B=m

Let H be the upper half-plane and let
X(1)=HuQU {icc})/SLs(Z)

be the corresponding modular curve. The curve X (1) has genus zero. X (1)
is isomorphic to P! via modular j—function.

Every irreducible complex projective curve is birationally equivalent to
a plane curve. We say that an irreducible curve C C P? is uniformized by
modular forms of weight m if there exists f,g,h € M,, such that C is the
image of the holomorphic map X (1) — P? given by

(1.2) z— (f(2) : g(2) : h(2)).

This forces that C has genus 0 (see Lemma 2.2). The main result of the present
paper is the following theorem:

THEOREM 1.1. Let C C IP? be an irreducible curve of degree q and genus 0.
Then, C can be uniformized by the modular forms of weight 12q but not with
modular forms of smaller weight. More precisely, the uniformization map by
modular forms of weight 12q can be selected to be a birational equivalence.

Theorem 1.1 is proved in Section 2. In Section 3 we give examples of
uniformization for various classes of curves of genus 0.

In the spirit of [6], it is reasonable to study the following problem. Given
three linearly independent modular forms f, g, h € M,,, we construct the map
(1.2). Then, it is reasonable to compute the (reduced) equation of the curve
(of genus zero) obtained as the image of the map (1.2). We discuss these
questions in Section 3 where we take f, g, h from the canonical bases of M,,
(see Proposition 3.1), and in Section 4 where we explore the computational
aspects of the problem using SAGE (see [15]).

We would like to thank the referee for carefully reading the paper and
suggesting some improvements.
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2. PROOF OF THEOREM 1.1

In the proof we use standard results about complex algebraic curves ([9]).
We begin the proof of Theorem 1.1 by recalling the notion of the divisor of a
modular form (in the settings of SLy(Z)) from [8, 2.3].

Let m > 4 be an even integer and f € M,, — {0}. Then v,_¢(f) is the
order of the holomorphic function f at £&. The number is constant on the
SLo(Z)-orbit of .

The point ¢ is elliptic if the stabilizer SLy(Z)¢ in SLo(Z) when divided
by {£1} is not trivial. In any case, we let

eg = # (SLa(Z)e /{£1}).
So, ¢ is elliptic if and only if ec > 1. We define

ve(f) = va—e(f)/ec.
The numbers e and ve(f) depend only on the SLy(Z)—orbit of . Thus,
if a¢ is a projection of £ to X (1), we may let
I/ag(f) = Vf(f)

There are just two orbits of elliptic points in SLy(Z): i and e™/3. We
have e; =2 and e ~i/3 = 3.

The cusps for SLy(Z) are QU {ico}. They form a single orbit. We define
Vioo(f) by using the Fourier expansion:

%)
f(Z) _ Zane%mnz'
n=0

We let
where N is defined by a9 = a1 = --- = ay—1 = 0, ay # 0. It is more
technical to define v, (f) for x € Q but it turns out that v,(f) does not
depend on z € QU {ioco}.

Finally we define the divisor of f as follows:

div(f) = Z va(f)a.
aeX (1)

This is a divisor with rational coefficient on the Riemann surface X (1).

Using [8, 2.3], this sum is finite i.e., v4(f) # 0 only for finitely many
points. We let

deg(div(f)) = > va(f)-
aeX (1)
The particular case of [8, Theorem 2.3.3] is the following relation:

deg(div(f)) = 7=
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As in the proof [10, Lemma 4-1 (vi)] we prove that

LEMMA 2.1. Assume that m > 12 is an even integer and f € My, f # 0.
Then there exists an integral effective divisor ¢y > 0 of degree dim M, — 1

such that
=+ (5 [2) o (3 - (2]

Now, we begin the proof of Theorem 1.1. The first step in the proof of
Theorem 1.1 is the following lemma:

LEMMA 2.2. Assume that m > 12 is an even integer such that dim M, >
3. Let f,g,h € M,, be linearly independent. Then, the image of the map
X (1) — P? given by !

a: — (f(2) 1 9(2) : h(2))

is an irreducible projective curve of genus 0 which we denote by C(f,g,h).
Furthermore, the degree of C(f,g,h) is < dim M,, — 1 but > 1.

PRrROOF. X (1) has a canonical structure of a smooth projective curve, and
f/h and g/h are rational functions on X (1). Thus, a, — (f(2) : g(2) : h(z))
is the rational map

a: — (f(2)/h(z) : g(2)/h(z) : 1).
But since X (1) is smooth, this map is regular. Consequently, the image,
which is our C(f, g, h), is an irreducible projective curve. By definition, the
genus of C(f, g, h) is the genus of its desingularization (normalization), say C.
Thus, there exists a rational map ¢ : C(f,g,h) — C which is a birational
equivalence. This implies that the composition

a:—(f(2):9(2):h(2))

X(1) C(f.g,h) —— ¢
is a non—constant rational map. Hence, the composition is regular and
surjective. By Hurwitz’s formula, the genus of C is less than or equal to
the genus of X (1). This implies that the genus of C is 0. Thus, C(f, g, h) has
genus 0.

We prove the last claim of the lemma. Let us write (z¢ : 21 : z2) for
homogeneous coordinates on P2. Since f,g and h are linearly independent,
the degree of C(f, g, h) cannot be one. Let us show that it is < dim M,,, — 1.
Let [ be the line in P? in general position with respect to C(f,g,h). Then,
it intersects C(f,g,h) in different points a number of which is the degree of
C(f,g,h). We can change the coordinate system so that the line [ is 29 = 0.
In new coordinate system, the map a, — (f(2) : g(z) : h(2)) is of the form

a, = (F(z): G(z) : H(z)),

'In this paper a. denotes the projection to X (1) of the point z € H, and a, denotes
the projection to X (1) of the cusp x € QU {ioco}.
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where F, G, H € M, are again linearly independent. In particular, F, G, H #
0.
We write this map in the form of a regular map X (1) — C(F, G, H)

(2.1) a.— (1:G(2)/F(z): H(z)/F(2)).
Thanks to Lemma 2.1, the divisors of rational functions F'/H and G/H
are easy to compute. We obtain

div(G/F) = div(G) — div(F) = ¢g — cp

div(H/F) =div(H) — div(F) = ¢y — ¢,

where the divisors ¢p, ¢g, and ¢y are integral effective divisors of degree
dim M, — 1.

Now, we intersect C(f, g, h) with the line g = 0. Considering the map
in the form (2.1), the intersection is determined by the poles of G/F and
H/F. Since all divisors in (2.2) are effective, the poles of G/F and H/F are
contained among the points in the support of ¢r. The claim follows at once
since the support of ¢z cannot have more than dim M, — 1 points because ¢p
is effective and it has degree dim M,,, — 1. O

(2.2)

LEMMA 2.3. Assume that m > 12 is an even integer such that dim M, >
2. Let f,g,h € M, such that two of them are linearly independent but not all
three. Then, the image of the map X (1) — P2 given by

a. — (f(2) 1 9(2) : h(2))

s a line.

PRrROOF. If for example f and g are linearly independent, then the map
X (1) — P! given by f/g is non—constant, and therefore surjective. In
another words, the map a, — (f(z) : g(z)) is surjective. Since h is by
the assumption a linear combination of f and g, h = Af + pg, the claim
follows from the fact that the map can be factored as follows:

a.—=(f(2):9(2)) (s:t)—>(s:t:As+ut)

X(1) P! P2.

O

COROLLARY 2.4. Under the assumptions of either Lemma 2.2 or Lemma
2.8, there exists unique up to a scalar homogeneous polynomial P = Py 41, in
three variables of degree < dim M,,, — 1 such that the locus (P(xo,x1,x2) = 0)

is C(f,g,h).

PRrOOF. This follows from Nullstellensatz. We remind the reader that
the degree of P equals the degree of C(f, g, h). O

The critical step in the proof of Theorem 1.1 is the following lemma:

LEMMA 2.5. Let C C P? be an irreducible curve of degree ¢ > 1 and genus
0. Then, C cannot be uniformized by modular forms of weight < 12q.
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PrRoOOF. We recall that

[%] if m=2 (mod 12)

(2] +1 if m # 2 (mod 12),

-

dim M, = {

where [z] denotes the largest integer < x. From this we see that if m < 12¢,
then

dim Mm < diligq =q + 1.
Thus, if dim M,,, > 2 (to assure that normalization is possible at all), then, by

Lemmas 2.2 and 2.3, it can uniformize the curves of degree < dim M,,—1 < q.
O

The following lemma completes the proof of Theorem 1.1:

LEMMA 2.6. Let C C P? be an irreducible curve of degree ¢ > 1 and genus
0. Then, C can be uniformized by modular forms of weight 12q such that the
corresponding map is a birational equivalence.

PROOF. Since C has a genus 0, there exists a birational map
P! —C.
This map is necessary of the form
(s:t) — (als,t) : B(s,t) : v(s,t)),

where «, 3, and v are homogeneous polynomials in two variables of the same
degree of homogeneity.

Since C has degree q. We see that «a, 3, and ~ have g as their degree of
homogeneity. Indeed, to see this we just consider the number of points of the
intersection of the curve with a line in a general position. For Zariski open
subset of (A : B : C) € P2, we have that the polynomial

Aa(s,t) + Bf(s, t) + C(s, 1)

must have degree ¢ since it must have g-different solutions (s : t) € P1. But
since «, 3,7 are homogeneous, they must have the same degree.

We observe that since above map is birational, at least two of «, 3,7~
are linearly independent. But they are homogeneous. Thus, at least two of
a(T,1),8(T,1),v(T, 1) are linearly independent, where T is indeterminate.

The field of rational functions C(X (1)) is given by

C(X(1) =C() =~ C(T),
where j is the classical modular j—function

j=Ej/A.
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We recall that Fj is defined in the introduction, and A is the Ramanujan
delta function

A(z)=q [ —q"*, q=exp(2miz).

Thus, we see that at least two of the following modular functions
a(j(2),1),8((2),1),7(j(2),1) are linearly independent as elements of the
field C(X(1)). Hence, because of homogeneity, the same is true for the
modular forms a(E3(z), A(2)), B(E$(2), A(z)), and y(E3(2), A(z)) of degree
12¢q. Furthermore, Lemmas 2.2 and 2.3 are applicable to the map

X(1)—P—¢C
given by

a: —(a(j(2),1) : B(j(2),1) : 7(j(2), 1))
=(a(E3(2), A(2)) : B (2), A(2)) = 7(E (2), A(2)))-

Thus, the curve C (a(E3,A),B(E3, A),v(E3,A)) is contained inside C.
Hence, they are equal. This map is a birational equivalence. O

3. EXAMPLES OF UNIFORMIZATION

In this section we consider polynomials in two variables x,y, which we
homogenize in a usual manner x = z1/x¢ and y = x2/x9. The examples
constructed in this section are obtained by a direct application of Theorem
1.1. They give a birational equivalence. In the next section we will construct
different type of uniformization and birational equivalence.

Let 29 + ag—1297 ' + -+ + a12 + ap — y be a polynomial with complex
coefficients a;. It is easy to see its irreducibility in the ring Clz,y] just by
considering it as a polynomial in y with coefficients in C[z]. The affine curve
(y =27+ ag_127 ' + -+ + a1z + ag) is irreducible and we have the obvious
(affine) isomorphism (x,y) — x which has inverse x — (2,27 +ag_129 " +
-+ a12 + ag). The corresponding projective curve C = (achg_l =z +
aq_lx(f_laco—i—- . -+a1$1x8_1 +apxzd) is irreducible and has degree g. Moreover,
its genus equals zero since the above affine isomorphisms induce birational
map from C to P*.

In terms of projective coordinates, the birational equivalence P! — C is
given by

(3.1) (s:1) — (s7: 8719 fag1st97 4 - ar89 M 4 aps?).

Thus, the birational equivalence between X (1) and C is obtained from the
factorization

a:— (B (2):A(2)) pt map (3.1) c

X(1)
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Thus, C is uniformized and birationally equivalent to X (1) with aid of
EN AEN A4 a, 1 ATVER 4 4 ey AEYT? 4 agEY € M,

Let m,n > 1 be relatively prime integers. Then the curve (2™ — y™ = 0)
is irreducible and birationally equivalent to the affine line A'. Indeed, we
consider the map

(3.2) R indCACAON (2™ — y" = 0).

This map is a birational equivalence since applying the Euclid algorithm it
can be decomposed into a sequence of birational equivalences:

m=kin+r (@™ —y™ = 0) (z.y)— (y,2y*1) (@™ — y" = 0),

n = k'27"1 + 79 (SL'TI _ yr2 _ 0) (I,y)H(y,my’Q) (I'n . yTl _ 0)7

ki
ric1 = kiar; + 71 (CL’” it = 0) (z,y)—(y,zy " it+1) (l‘ri’l —yri = 0)’

7 = kiyarit1 +1 (z"i+1 —y = 0) (Ey eyt (" =yt = 0),
Al EZEETTD (i gy = 0),

Let us assume m > n. We remark that the polynomial 2™ — y", or
equivalently =" — z5xy' ™" is irreducible. This is so because the curve (z™ —
y™ = 0) is irreducible. This implies that (7" — 252" ™" = 0) is irreducible.
Thus, by Nullstellensatz, 27" —z5x{'~" is a power of an irreducible polynomial,
a degree of which determines the degree of (" — a5zg'™"™ = 0). But if we
intersect with the line (xg —z2 = 0), we get m different points of intersection.
This proves the claim.

Thus, still assuming m > n for definiteness, the birational isomorphism
between X (1) and C = (27" — 25z~ " = 0) is obtained from the factorization

az— (E3(2):A(2)) (s:8) (st ST ™)

X (1) P! C,
where the last map is the birational isomorphism (3.2) in its projective
form. Thus, C is unformized and birationally equivalent to X (1) with aid
of E§™, AME3™ 3" A™ € Mgy,.

In the following proposition we describe all curves that can be obtained
by the uniformization using using three forms in the canonical basis (see (1.1))

(3.3) B} ENTE2 B
of Mygq for ¢ > 2.

PROPOSITION 3.1. Let ¢ > 2. We consider the basis of M2, described in
(3.3). Then all curves up to the order of basis elements and uniformization
by smaller Miag, ¢ > 2, that can be uniformized by three basis forms of Mg
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are given by (:cglfj/:cg - :c‘f/ =0), where 0 < j < q, (j,q) =d, and ¢ = q/d,
and j' = j/d. The uniformization is a birational equivalence if and only if
d=1.

PRrOOF. First, let us consider the case ¢ = 2. In this case we are dealing
with M4 and the canonical basis is E$,E3E2, E§. Tt is obvious that we have
ESE§ — (ESE%)Q = 0. Thus, we obtain the curve xgze — 2%. This proves the
claim for ¢ = 2.

In general, let us consider the curve obtained from E3¢ ™ E2¢, B39 3 27
B33 B2k where 0 < i < j < k < g, in that order. If i > 0 or k < ¢, then
every form is divisible by E2 or E3, respectively. But this means that the
resulting equation comes from the corresponding forms in Mis4—1y. So, it
is already on the list. Thus, we conclude that a contribution of Mz, is by
means of the triples B3, E3 % E27 E27 where 0 < j < ¢. In this case, we
let (4,q) =d, ¢ = q/d, and j' = j/d. Then we obtain the following;:

3o\ 9’ 3’ 3i 9\
() (me) = (o)
_ (Eiq'd)‘l'*j' (qu’d)j' _ ( Eiq/d—Bj'dEgj'd)ql _0.

Using the second example in this section, we conclude that

v

3 3q—3j 2] g ’
C(EY, By Y ES, Eg") = («f o —af =0).

We discuss the birational equivalence. Put f = E}4, g = E37% Egj,
and h = E2%. The map a, — (f(2) : g(z) : h(z)) can be considered as a
regular map from the smooth projective curve X (1) (explained in the proof
of Lemma 2.2) which is surjective. On the level of fields of rational functions,
this implies the following:

C (2§ 7'af —2f =0) =C(C(f.9,) = C(f/h,g/h) € C(X (1)) = C(j).

By the standard characterization of birational equivalence, the map a, —
(f(2) : g(2) : h(2)) is a birational equivalence if C(f/h,g/h) = C(X (1)) =
C(j). Equivalently, reverting back to original notation, we must have

co-<((5)-(5))

But, there exists m,n € Z such that jn + ¢gm = d. This means that we
have the following: C(j) =C ((EZ/E%) _d) . Hence

i =Ch)=C ((5—‘3)3 —c <(%)d> —c(@-i7).

This forces d = 1 since C(j 1) ~ C(T'), where T is indeterminate. O
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4. COMPUTATION USING SAGE

In this section we compute some uniformizations using the open source
mathematics software SAGE. We compute irreducible polynomials given by
Corollary 2.4. For simplicity, we denote forms in canonical basis for Mg,
given by (3.3) with:

(4.1) €0, €1,...,€4,...€q
We compute this base in SAGE as follows:
sage : E4 = eisenstein_series_qexp(4, prec)

sage : E6 = eisenstein_series_qexp(6, prec)

This returns the g-expansions of the normalized weight 4 and 6 Eisenstein
series to precision prec. Then we get basis forms:

sage: ¢ = E4"(3x (q—1)) * BE6™(2*1)

for 0 < ¢ < q. We calculate equation for curve obtained from linearly
independent forms f, g, h € Mz, as follows.

First, using simple routines we calculate all monoms of degree g obtained
from f,g,h. Then, using SAGE command linear_dependence we calculate
dependences of monoms:

sage : L = V.linear_dependence(vectors, zeros =" left’).

This gives us the equation of the curve. We use SAGE command factor
to check irreducibility of the corresponding polynomial.

sage : F = factor(pol).

Since all curves obtained by three forms in the canonical basis are described in
Proposition 3.1, we make some elementary operations on elements of canonical
basis to obtain some other three linearly independent forms. The following
are some irreducible homogeneous polynomials we computed in SAGE:

1. Myo9, ¢ =10. For f =eg, g=eg+e1, h =ey+ €1+ €19 we get

220 — 9xwy + 45x5x? — 1202723 + 210252] — 252252
+ 2102528 — 120232 ] + 452225 — 10z02) + 210 — 252s.
For f =eo, g=eo+e3, h=eo+es+ e we get
2230 — Tadwy + 482522 — 1192723 + 210x52] — 2522525 + 210232$
— 1202327 + 452228 — 10202) + 210 — 3x)2s — 6252120 — 3 lrizy

8. 2 7 2 7.3
+ 3zpxs + g1y — THTS.
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For f =eg+es, g=er+es, h =e1p+ es we get

x2x8—2x0x9+2x — 812z $2+9$0x $2—8I x2+35x 2842
01 1 01 1 1 0%1T2

— 3dxoxTal + 202523 — 90:03:0‘;’@ + 103zxSx3 — 48273 + 142:E3:49‘11:E‘2l

— 182xpx5 25 + 822825 — 126232325 + 178x0x ]y — 802525 + 53x2x2as

— 86xgxias + 402wl — adal — 8axkrixl + 16xorind — Sadal + x3ad

8
— 2xgx 2y + wia.

2. Migo, g =15. For f = eg + e14, g = €13 +e14,h = e15 + e14 we get

15 13 14

T~ — Tpx1Xy —xOIQ + 2125
For f =eg+e3, g=ea+e3,h =e15+ e3 we get

xg?at — 1228 a] + 662502 — 2202928 + 4952527 — 7922728 4 926257

— 7682310 + 45023zt — 208x3x1? + 84xleld — 24xoxlt + 421® — 3z i,
+ 363t ety — 198202 g + 660225 vy — 1485252820 4 23762027 2o

— 2787xSal s + 2339252 wy — 13622521020 + 5702321 2o — 1902221 %2,

+ 48xox13 1wy — 61ty — xiPed + 1525 w23 — 1022 wed + 4182 ad 22

— 1155x0x a2 + 22772022 — 330022522 + 3564x5x] 22 — 287 x5t x3

+ 1705x5x x5 — 726232123 4 2102321 23 — 3Txoxi?el + 3xi323.
3. Maas, ¢ =19. For f =eg+ e1s, g = €17 +e1s,h = €19 + €15 we get

19 17 18

T — Xox1Tq —x0x2 + 125
For f =eq+e17, g = €16+ €17,h = €19 + €17 we get
x%x}7 — 2xoxi® 4+ 21% — 17x(2):v}612 + 3dxoz) s — 1721820 + 152x(2)x}5:v§

— 2242021522 + 13621 232 — 903x2x1 23 + 1050z021° 25 — 59521523

+ 39102321325 — 4324xx 2l 4+ 214221525 — 1287623x1%2) + 146207021325
— 6800125 4 32918z2x1 2§ — 38692z 02 %2S + 1764621325 — 657792321027

+ 79988z} 2 — 36193122 + 102416222725 — 129136z021° 25

+ 58208z 1 a5 — 122760220529 + 161208z x) — 7262421 )

+ 1109602327230 — 152584x028230 + 689522923 — 734322225211

+ 106360x0x] 23t — 484162523 + 3426822253 — 525561020 x3>

+ 242082 x3? — 1079823 x x5 + 17586mpz} s — 822828233 + 2190222723

— 3784xor iyt + 18022723t — 2692323235 + 491xgaixl’ — 2382 xd’

— a3y + 19222, 230 — 352023235 + 1723219,



312

(1]

[14]
[15]

[16]

D. MIKOC AND G. MUIC

REFERENCES

R. Broker, K. Lauter and A. V. Sutherland, Modular polynomials via isogeny
volcanoes, Mathematics of Computation 81 (2012), 1201-1231.

L. A. Borisov, P. E. Gunnells and S. Popescu, Elliptic functions and equations of
modular curves, Math. Ann. 321 (2001), 553-568.

B. Cho, N. M. Kim and J. K. Koo, Affine models of the modular curves X (p) and
its application, Ramanujan J. 24 (2011), 235-257.

H. M. Farkas and I. Kra, Theta constants, Riemann surfaces and the modular
group, Amer. Math. Soc., Providence, 2001.

H. M. Farkas, Y. Kopeliovich and 1. Kra, Uniformizations of modular curves,
Comm. Anal. Geom. 4 (1996), 207-259. Corrigendum to: ”Uniformizations of
modular curves”, Comm. Anal. Geom. 4 (1996), 681.

S. Galbraith, Equations for modular curves, Ph.D. thesis, Oxford, 1996.

R. Brooks and Y. Kopeliovich, Uniformization of some quotients of modular
curves, in: Extremal Riemann surfaces (San Francisco, CA, 1995), Amer. Math.
Soc., Providence, 1997, 155-164.

T. Miyake, Modular forms, Springer-Verlag, 2006.

R. Miranda, Algebraic curves and Riemann surfaces, American Mathematical
Society, Providence, 1995.

G. Muié, Modular curves and bases for the spaces of cuspidal modular forms,
Ramanujan J. 27 (2012), 181-208.

G. Muié, Integral models of Xo(N) and their degrees, preprint, http://lanl.
arxiv.org/abs/1305.2428.

I. R. Shafarevich, Basic algebraic geometry. 2. Schemes and complex manifolds,
Springer—Verlag, 1994.

G. Shimura, Introduction to the arithmetic theory of automorphic functions.
Kané Memorial Lectures, No. 1. Iwanami Shoten, Publishers, Tokyo; Princeton
University Press, Princeton, 1971.

M. Shimura, Defining equations of modular curves Xo(N), Tokyo J. Math. 18
(1995), 443-456.

W. Stein, Modular forms, a computational approach, American Mathematical
Society, 2007.

Y. Yifan, Defining equations of modular curves, Adv. Math. 204 (2006), 481-508.

D. Miko¢

Department of Mathematics
University of Rijeka

Omladinska 14, HR-51000 Rijeka
Croatia

E-mail: damir.mikoc@gmail.com

G. Muié

Department of Mathematics
University of Zagreb
Bijenicka 30, 10000 Zagreb
Croatia

E-mail: gmuic@math.hr

Received: 25.4.2013.
Revised: 8.6.2013.



