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ABSTRACT. In this paper, we present some generalizations of an
inequality of Hardy-Littlewood-Pdlya. We give the n-exponential convexity
and log-convexity of the functions associated with the linear functionals
defined as the non-negative differences of the generalized inequalities and
prove the monotonicity property of the generalized Cauchy means obtained
via these functionals. Finally, we give several examples of the families of
functions for which the results can be applied.

1. INTRODUCTION AND PRELIMINARIES

The following theorem is given in the famous Hardy-Littlewood-Pélya
book [3, Theorem 134].

THEOREM 1.1. If f is a convex and continuous function defined on [0, 00)
and ay, k € N are non-negative and non-increasing, then

) () 0> (Flha) — A - Dar).
k=1

k=1

If f is a strictly increasing function, there is equality only when ax are equal
up to a certain point and then zero. If f is concave, then (1.1) holds in the
reverse direction.

An example of above theorem is given below (see [3, Theorem 134]).
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THEOREM 1.2. Let ar, > 0 and assume that the sequence (ay, k € N) is
non-increasing. If s > 1, then we have

(1.2) (zn: ak> > zn:aks (k* — (k- 1)%).

k=1 k=1

If 0 < s < 1, then (1.2) holds in the reverse direction.

Inequality (1.1) is of great interest and has been generalized in many
different ways by various mathematicians.

In 1995, inequality (1.2) was improved by J. Pecari¢ and L. E. Persson in
[9] and this improvement is given below:

THEOREM 1.3. If the sequence (ar, > 0, k € N) is non-increasing in mean
i.e if
1 n 1 n+1
- > — ) € N7
L ST
k=1 k=1

where (ar, k € N) CR and if s is a real number such that s > 1, then

(1.3) (fﬁ) >3 et (6 — (k- 1)),

k=1
holds. If 0 < s < 1, then (1.3) holds in the reverse direction.

It is well known and easy to see that if a sequence (ay, k € N) is non-
increasing, then it is also non-increasing in mean but the reverse implications
don’t hold in general. This means that Theorem 1.3 is a genuine generalization
of Theorem 1.2.

In 1986, G. Bennett ([2]) proved a weighted version of inequality (1.2) in
the following form: if a; (kK =1,...,n) are non-negative and non-increasing
and pi > 0 for each k = 1,...,n with P, = Zlepi (k=1,...,n), then for
any real number s > 1,

n

(1.4) (Zpkak> > (pra1)® + Z ay (Pk‘S - Pksfl)
k=1

k=2

holds. If 0 < s < 1, then (1.4) holds in the reverse direction.

In 1997, C. Jardas, J. Pecari¢, R. Roki and N. Sarapa presented the
generalizations of these inequalities ((1.3) and its reverse) in [5]. As a
consequence some inequalities for entropies of discrete probability distributions
are also presented in [5]. Some basic properties of entropies of probability
distributions can be found in [7].

The following result was proved in [5].
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THEOREM 1.4. Let ar > 0 (k=1,...,n) be real numbers and S =
Zleai (k=1,...,n). Then for all s, 0 < s <1 or s> 2, we have

+53 ay ! (Seo1 — (k= Dag) (k*7 = (k= 1)"7")

For all s, 1 < s < 2, the opposite inequalities hold in (1.5). Equalities hold in
(1.5) if and only if a1 = az = ... = ay,.

The following theorem was proved in [5] as a consequence of Theorem 1.4.
THEOREM 1.5. Let pp, > 0 (k=1,...,n) be a probability distribution with
entropy H = — """ | p;logp; and P, = Zle pi(k=1,...,n). Then we have

n

H+ > ((k = 1)px — Po—y) (log k — log(k — 1))
(1.6) <) F(k-1)p

<H+ Z ((k—1)px — Pr—1) (log P, —log Py—1) ,

k=2
where F(z) = (x +1)log (z + 1) — zlog x(xz > 0). Equalities hold in (1.6) if
— 1 —
Pk —E(k’—l,,n)
In order to obtain our general results we need some definitions.

DEFINITION 1.6. A sequence (ax, k € N) C R is non-increasing in
weighted mean, if

n n+1
1 1
L7 = E DPrar > E prak, mn €N,
( ) Pn k Pn+1 =1

=1
where ay, and py (k € N) are real numbers such that pr > 0 (k € N) with
Po=%5,pi (keN).

A sequence (ax, k € N) C R is non-decreasing in weighted mean, if
opposite inequality holds in (1.7).
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In a similar way we can define when a finite sequence (ax, k =1,...,n) C
R is non-increasing in weighted mean or non-decreasing in weighted mean.

REMARK 1.7. Tt is easy to see that a sequence (ajp, k € N) is non-
increasing in weighted mean (non-decreasing in weighted mean) if and only if

Zf;ll pia; > Pr_1ag (Zf;ll pia; < Pk_lak> for k=2,3,....

The following property of convex function will be useful further (see [8,
p-2]).

ProrosITION 1.8. A function f: I — R is convex on I if
(1.8) [ (@) (23 — 32) 4 f(22) (21 — 23) + f (23) (22 — 21) 2 0
holds for all x1,x2,x3 € I such that x1 < o < T3.

ProrosiTiON 1.9. If f is a convex function on an interval I and x; <
Y1, Ta < Yo, T1 F£ Ta, Y1 # Y2, then the following inequality is valid:

flxa) = fx1) _ [ (y2) = f )
Tg —T1 N Y2 — Y1

If the function f is concave, the inequality reverses (see [8, p.2)).

LEMMA 1.10. A differentiable function of one variable is conver on an
interval I if and only if the function lies above all of its tangents i.e

(1.9) f)zf@)+y—=2)f ().
By choosing the points in the reverse, we have
(1.10) f@)=f@+@—y) .

On combining (1.9) and (1.10), we have
(1.11) f@) + (@ =y)f'(y) < @) < fy) + (2 —y) [ (@),

The nth-order divided difference of a function f : [a,b] — R at mutually
distinct points yo, y1, - .., Yn € [a,b] is defined recursively by

[ymf]:f(yz)a i=0,...,n,
Wi yni f1 = Yo, - yn—15 f]

Yn — Yo .
The value [yo, ..., yn; f] is independent of the order of the points yo, ..., yn.
This definition may be extended to include the case in which some or all the
points coincide (see [8, p.14]).

The following definition of a real-valued convex function is characterized
by nth-order divided difference (see [8, p.15]).

[y07"'7yn;f]:

DEFINITION 1.11. A function f : [a,b] — R is said to be n-convex (n > 0)
if and only if for all choices of (n + 1) distinct points yo, ..., yn € |a,b], we
have [yo, ..., yn; f] > 0.
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In Section 2, we present generalizations of Theorems 1.4 and 1.5. We
define linear functionals as the non-negative differences of the generalized
inequalities and give mean value theorems for the linear functionals. In
Section 3, we give definitions and results which will be needed later.
Further, we investigate the n-exponential convexity and log-convexity of the
functions associated with the linear functionals and also deduce Lyapunov-
type inequalities for these functionals. We also prove the monotonicity
property of the generalized Cauchy means obtained via these functionals.
Finally, in Section 4 we give several examples of the families of functions for
which the obtained results can be applied.

2. MAIN RESULTS
Our first main result is the generalization of Theorems 1.4 and 1.5.
THEOREM 2.1. Let ap, > 0 and p > 0 (k =1,...,n) be real numbers such

L k )
that Py = Y0 pi (k=1,...,n). Let Po_y, Py, Zi=LP% gpg ZamiPits ¢

[a,b] for allk =2,...,n and g : [a,b] — R be a differentiable functiokn such
that g (x + h) — g (x) is convez for all z,x + h € [a,b], where h > 0. Then for
any s € R, we have

> a (9(Pe) — g(Pi))

k=2

k-1
+ Zafl <Zpiai - Pk—lak> (¢'(Px) — ¢'(Px—1))

k k—1
2.1) <Sa <g (M) .y <M>>
k=2 ak ag

k1
S a; (9 (Px) — 9 (Pr-1) Jrza <Zpiaipk1ak>'
i=1

( < i= 1p1az ) _g <Zf_1 piai>>.
ak

If g(x+h) — g (x) is concave for all z, x + h € [a,b] such that h > 0, then
opposite mequalztzes hold in (2.1).

3

PROOF. Since g (x + h) — g (z) is a convex function, where g is differen-
tiable, by setting f (z) = g (z+ h) — g (x) in (1.11), we have

gly+h)—gw)+@—y) (¢ +h)—g 1)
(2.2) <g(x+h)—g(z)
<gly+h)—gly)+(@—y) (¢ (x+h) g (2).
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=1
Substituting x = Z':alkpl Ly=Pe_yand h=pi (k=2,...,n), wherear >0
(k=1,...,n)in (2.2), we have,

k—1

9(P) ~g(Pr) + (Z“l e P'“‘”’“) (5/(Pe) — 9/ (Pi)

k k—
< Zi:l pia; _ Zizll pia;
=9 ag g ag

k—1
. i — Pi_1a
Sg(Pk)_g(Pk—l)‘i‘(Z’L_lp - k—1 k)

k k—1
) <g' <2i=1 piai> —g' <Zi=1 pﬂh‘)) .
ar (075

Multiplying (2.3) throughout by af > 0 (k=1,...,n), where s € R and
summing over k from 2 to n, we have (2.1).

If g (x + h) — g (x) is concave for all z, z+ h € [a,b] such that A > 0, then
we have opposite inequalities in (1.11) and in the same way we have opposite

(2.3)

inequalities in (2.1). O

COROLLARY 2.2. Let a > 0 and pr > 0 (k=1,...,n) be real
K1

numbers such that P, = Zlepi (k=1,...,n). Let Py_1, Py, 2 Piai g

ay
EL@% € la,b] for all k = 2,....,n and g : [a,b] — R be a differentiable

function. If the function g is 3-convex, then for any s € R (2.1) holds and if
it is 3-concave, then (2.1) holds in the reverse direction.

PROOF. Since g is a 3-convex function, ¢’ exists and is convex on [a, b]
(see [8, p.16]). Therefore for any h > 0 such that «, x+h € [a,b], f'(z) exists,
where f(z) := g(x 4+ h) — g(x) and we can write

Fly) = =) _g'ly+h) —g'zt+h) ¢y —g()

y—x (y+h)—(z+h) y—

Now by using Proposition 1.9, we have W > 0, showing that f’ is non-
decreasing on [a,b] and so f is convex. By taking f (z) =g (x + h) — g (x) in
(1.11) and by making the same substitutions as given in the proof of Theorem
2.1, we have (2.1).

Similarly, if g is a 3-concave function, then it is easy to prove that f is
concave and so we then have opposite inequalities in (1.11) and in the same
way we have opposite inequalities in (2.1). O

The second main theorem is again the generalization of Theorems 1.4 and 1.5.

THEOREM 2.3. Let ar, > 0 and pr, > 0 (k = 1,...,n) be real numbers
such that P, = Zlepi (k=1,...,n). Let pra1, Py_1ak, Pray, Z;:ll DPia;
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and Zle pia; € [a,b] for allk =2,...,n and g : [a,b] — R be a differentiable
function such that g(xz + h) — g(x) is convex for all x, x + h € [a,b], where
h > 0. Then we have,

9 (prax +Z (Peak) — g(Pr-1ax))

£

k—

=1

1
Di; — Pklak> (¢’ (Prar) — ¢’ (Pe—1ak))

< g(piar) + Y (9 (Pear) — g(Pr-ray))

n k—1 k k—1
oy (zpiaz- . p) <g' (zp> g (zp>> |
k=2 =1 =1 =1

If g(x + h) — g (x) is concave for all x, x + h € [a,b] such that h > 0, then
opposite inequalities hold in (2.4).

PROOF. Since g (x + h)—g () is a convex function, where g is differentia-
ble, by setting f(z) = g(z +h) — g(z) in (1.11), we obtain (2.2). Substituting
T = Zf_llpzaz, y = Py_1ar and h = prax (k=2,...,n) in (2.2), where
ar, >0 (k=1,...,n), we get

g (Prax) — g (Pr—1ax) <szaz - Py lak> (9’ (Prax) — ' (Pr—1ax))

<g <Zpiai> -9 <Z_:piai> < g (Prax) — g (Pr—1az)

k—1 k k—1
. (zpm - p) <g, (zp> g (zp>> |
=1 =1 =1

Summing over k from 2 to n, we obtain (2.4).

If g (x + h) — g (x) is concave for all z, z+ h € [a,b] such that A > 0, then
we have opposite inequalities in (1.11) and in the same way we have opposite
inequalities in (2.4). O

COROLLARY 2.4. Let ap > 0 and pr, > 0 (k=1,...,n) be real numbers
such that P, = Zlepi (k=1,...,n). Let pra1, Pr_1ax, Pray, Z;:ll Dia;
and Zle pia; € [a,b] for allk =2,...,n and g : [a,b] — R be a differentiable
function. If the function g is 3-convez, then (2.4) holds and if it is 3-concave,
then (2.4) holds in the reverse direction.
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PRrROOF. Analogous to the proof of Corollary 2.2. O

REMARK 2.5. For g(z) = z°, the function g (z + h) — g(z) is convex
when 0 < s < 1 or s > 2 and concave when 1 < s < 2 on (0,00) with h > 0.
The results from Theorem 1.4 can be recaptured by making the substitutions
pr =1 (k=1,...,n) and g (z) = 2°, © € (0,00) in the results of Theorems
2.1 and 2.3 and in this way these theorems are the generalizations of Theorem
1.4. Tt is easy to see that g (z + h) — g (z) is convex for g (z) = —zInz and
concave for g (z) = zlnx on (0,00) with h > 0. If we make the substitutions
pr — 1 (k=1,...,n) in Theorems 2.1 and 2.3 and then replace ar — pg
(k=1,...,n) and take g(z) = —zInz in (2.1) and (2.4) or g(2) = zlnz in
their reverses and also using the fact that

=1

then we (1.6) follows. In this way Theorems 2.1 and 2.3 are the generalizations
of the Theorem 1.5.

REMARK 2.6. It is easy to see that the function g (z) = x*, where x €
(0,00) is both convex and 3-convex for s > 2, convex and 3-concave for 1 <
s < 2 and concave and 3-convex for 0 < s < 1. If we make the substitutions
pr—1(k=1,...,n)and g (z) = 2%, = € (0,00) in Corollary 2.2 or Corollary
2.4 and if (ap >0, k=1,...,n) C R is a sequence non-increasing in mean,
then the left inequality in (2.1) and (2.4) is a refinement of (1.2) for s > 2, and
the right inequality in (2.1) and (2.4) is a refinement of the reversed inequality
of (1.2) for 0 < s < 1. In case of 3-concave functions, the right inequality in
the reverse of (2.1) and (2.4) is a refinement of (1.2) for 1 < s < 2.

More generally, if a sequence (ar, > 0, k = 1,...,n) C R is non-increasing
in weighted mean and the function g is convex and 3-convex, then the left
inequality in (2.4) is a refinement of (1.1). If ¢ is convex and 3-concave, then
the inequalities in (2.4) are reversed and the right inequality is the refinement
of (1.1). Analogous statements can be made for a function which is concave
and 3-convex or concave and 3-concave.

Let us define functionals ®; (i = 1,...,6) by the non-negative differences
of the inequalities (2.1) and (2.4) as follows:
(2.5)
n k k—1
s i=1Pi%i i—1 Pili
o1 (9) =t (g (Z—> g (Z—> — (g(Py) —g(Pk_m)
k=2

n

k—1
- a (ZW - P) (9 (P) — g (Pior)).

k=2
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(2.6) - ) -
P2 (g) = Zai_l <Z Dil; — Pk—1ak> (9/ <7Zi_1 piai) —4q <7Zi_1 bt ))
k=2 i=1 ak ag
n k—1
- Z ay ! (sz‘ai - Pklak> (¢ (Py)— g (Pi_1)),
k=2 i=1
(2.7)

n k a; ]?_1 .
23(9) = af (g (P)— g (Per) — <g (M) L, <Z_7p>>>
k=2 ag ag

n k—1 Zk it Zl_v—lplal
e (B o () (550))
k=2 =1

n

Pi(g)=g <Zpiai> —gPar) — )Y (9(Prar) —g(Pi—1ax))

k=2

(2.8) el
- Z <Zpiai - Pk—1ak> (9" (Prax) — ' (Pr—1ax)),
k=2 =1
n k-1 k k—1
O5(9) =) <szaz Pklak> (g' (me) ~-q <Zpiai>>
k=2 =1 =1 =1
(2.9) L e
- < DPi; Pklak> (¢ (Prar) — ¢’ (Pr—1ax)),
k=2 \i=1
and
(2.10)
n n
¢6@)g@mﬂg(}:mm>+§:wﬁﬁ%)ﬂﬂcww)
=1 k=2
n o k=1 k k—1
+ Z <sz‘ai - Pklak> q (sz‘ai) -9 <Zpiai>> ;
k=2 =1 =1 =1
where
k—1 k k-1 k
L Diti Yy Ditli
Pk—thaPk—lak7Pkak7zpiai;Zpiaia Zz_;kpz 72 alkp L ¢ [a,b]
i=1 i1

are such that ap > 0, pr >0 (k=1,...,n) with P,_; = Zf;ll pia; for all
k=2,...,n. If the function g is differentiable and 3-convex defined on [a, b],
then Corollaries 2.2 and 2.4 imply that

(2.11) ®;(g)>0, i=1,...,6.
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Now, we give mean value theorems for the functionals ®; (i =1,...,6) as
defined in (2.5)—(2.10). These theorems enable us to define various classes
of means that can be expressed in terms of linear functionals.

THEOREM 2.7. Let ap, > 0 andp;, >0 (k=1,...,n) be real numbers such
that Pk = Z§:1pi (k‘ = 1, .. .,n). Let Pk—17 Pk, Pk_lak, Pkak, Zf:_f pia;,
Zle pia;, Zi:alkp’ L and Z?:alkp’ L€ [a,b] for all k = 2,...,n. Suppose that
®;, (i =1,...,6) are linear functionals defined as in (2.5)—(2.10) and g €
C3 ([a,b]). Then there exists & € [a,b] such that

(2.12) ; (g) = gmﬁ(&)

®,;(g0), t=1,...,6,

where go(z) = x3.
PROOF. Since ¢"’ () is continuous on [a, b], there exist real numbers m =
mingepq,5 9" () and M = max,¢jq,p) 9" () such that m < g (x) < M. It is

easy to see that the functions g1 (x) and g2 (z) defined by g; (z) = Mz® _ g (x)

: 6
_ ma®

and go (v) = g (x) — g~ are 3-convex. Therefore, by using g1 and g» in (2.11),
we have ®; (MgB -9 (x)) >0 and ®; (g(m) - mx3> >0(i=1,...,6), which

6
are equivalent to

M
(213) q)’i (g) < Fq)l (90); L= 17 567
and

m .
(2.14) D, (g9) > ECIDi(go), i=1,...,6,
respectively. From (2.13) and (2.14), we have

m M )
(2.15) 5 i (90) < ®i(g) < =®ilg), i=1,....6.

If ®;(g0) =0 (i=1,...,6), then there is nothing to prove. Let ®; (go) > 0
(1=1,...,6), then from (2.15), we have

m< S0 i e
®; (g0)
Now, by using the fact that for m <n; < M, there exist & € [a,b] such that
g" (&) =mn (i=1,...,6), and so we have (2.12). O

THEOREM 2.8. Let all the conditions of Theorem 2.7 are satisfied. Then
there exists & € [a,b] such that

Qi(g) 9" (&) .
(2.16) N ORraA 1,...,6,

provided that the denominators are non-zero.
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PROOF. Consider the function ¢; € C? ([a,b]) defined by ¥; = ¢;g — d;h,
where ¢; = ®;(h) and d; = ®,(g) (i=1,...,6). Using Theorem 2.7 with
g = ¥;, there exist &; € [a, b] such that

(Cig 6(&-) _dih 6(&)) ®;(g0) =0, i=1,...,6.

Since ®; (go) # 0 (because otherwise we have a contradiction with ®; (k) # 0
by Theorem 2.7), we get

"
i di .
97(&) _di o,y g

hl/l (é‘z) Cl
After substituting the values of ¢; and d;, we have (2.16). O

REMARK 2.9. (i) By taking g (x) = 2® and h(z) = 29 in (2.16), where
s,q € R\ {0,1,2} are such that s # ¢, we have

gma 14D @=2)® ()
v s(s—1)(s—2)®; (z9)’

(ii) If the inverse of the function ¢’”’/h"" exists, then (2.16) gives

& = (%)1 (iéi%) i=1,...,6.

3. n-EXPONENTIAL CONVEXITY AND LOG-CONVEXITY OF THE
FuNcTIONS ASSOCIATED WITH THE DIFFERENCES OF THE
GENERALIZED INEQUALITIES

i=1,...,6.

We begin this section by recollecting the definitions and properties which
are going to be explored here and also some useful characterizations of these
properties. In the sequel, let I be an open interval in R.

DEFINITION 3.1. A function h : I — R is n-exponentially convez in the

Jensen sense on I if
Z OéiOéjh (%-FT%) Z 0

holds for every a; € R and x; € I, i =1,...,n (see [10]).

DEFINITION 3.2. A function h : I — R is n-exponentially convex on I if
it is n-exponentially convex in the Jensen sense and continuous on I.

REMARK 3.3. From the above definition, it is clear that 1-exponentially
convex functions in the Jensen sense are non-negative functions. Also, n-
exponentially convex functions in the Jensen sense are k-exponentially convex
functions in the Jensen sense for all k € N, k < n.
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Positive semi-definite matrices represent a basic tool in our study. By the
definition of positive semi-definite matrices and some basic linear algebra, we
have the following proposition.

ProrosITION 3.4. If h is n-exponentially conver in the Jensen sense,

2
keN, k<n. In particular

k
then the matriz [h (M)] 18 a positive semi-definite matriz for all
i,j=

k
det {h<&2x])] >0 foreverykeN k<n, z,€1l,i=1,...,n.

ij=1

DEFINITION 3.5. A function h : I — R is exponentially convex in the
Jensen sense if it is n-exponentially convex in the Jensen sense for alln € N.

DEFINITION 3.6. A function h : I — R is exponentially convex if it is
exponentially convex in the Jensen sense and continuous.

LEMMA 3.7. A function h : I — (0,00) is log-convex in the Jensen sense,
that is, for every x,y € I,

2 (52) <n@no)

holds if and only if the relation

a®h(z) +2aB h (x—;y) +8%h(y) >0

holds for every a, 8 € R and x,y € I.

REMARK 3.8. It follows that a function is log-convex in the Jensen-sense
if and only if it is 2-exponentially convex in the Jensen sense. Also, by using
the basic convexity theory, a function is log-convex if and only if it is 2-
exponentially convex. For more results about log-convexity see [1] and the
references therein.

PROPOSITION 3.9. A 3rd-order divided difference of a function f : [a,b] —
R at the points yo, y1, Y2, Y3 € [a,b] can be expressed in the following forms:

(1) Ify07ylay25y3 € [a7b] such that Yi 7é Yi, 27&]7 27] = 07"'3; then we
have

3
, where q(y) =[] (w—u,)-
=0

N
[y07y1ay27y3;f]:2 (z
i=0

)
q (vi)
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(i) If f 4s a differentiable function defined on [a,b] and y,yo,y1 € [a,b]
such that y # yo # y1, then we have
[ () f () (yo +y1 —2y)
=v)w—v1)  (y—20)*(y— 1)
f (o) f (1)
2 + 2 :
(yo—9)" (yo—v1)  (y1—9)" (y1 — %)
(iil) If f is a differentiable function defined on [a,b] and y,yo € [a,b] such
that y # yo, then we have

9.3030, 0 7] = Lo =D w0) + @) +2(F () = f (w0).

(yo — y)3
(iv) If f is twice differentiable function defined on [a,b] and y,yo € [a,b]
such that y # yo, then we have

[yay7y07y1;f] =

e

2 4@ _
vy, 9,905 f] = Ll (o) =Y Z.,(y) (yo —y)'
i=0 ’

(yo — y)3

(v) If f is three times differentiable function defined on [a,b] and y € [a,b],
then we have
I (y)

3!
The following theorem shows that the definition of 3-convex function can
be extended by including the cases in which some or all the points coincide.

Wy, y,y; fl =

THEOREM 3.10. Let f be a function defined on [a,b] C R, then the
following statements hold.
() If f € C*([a,b)), then f is 3-convex if and only if [y,y, Yo, y1; f] = 0
for all y # yo # y1 in [a,b].
(i) If f € C*([a,b]), then f is 3-convez if and only if [y,y, z,2; f] > 0 for
ally # z in [a,b].
(iii) If f € C%([a,b]), then f is 3-convex if and only if [y,y,y,yo; f] > 0
for all y # yo in [a, b].
(iv) If f € C3([a,b]), then f is 3-convex if and only if [y,y,y,y; f] > 0 for
ally € [a,b].

PROOF. It can be proved easily by using the mean value theorems for

divided differences (see [4]). O

Next, we study the n-exponential convexity and log-convexity of the functions
associated with the linear functionals ®; (i = 1,...,6) defined in (2. 5)—(2. 10).

THEOREM 3.11. Let Q = {fs : s € I C R} be a family of differentiable
functions defined on [a,b] such that the function s — [yo,y1,Y2,Ys; fs] is n-
exponentially convex in the Jensen sense on I for every four mutually distinct
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points Yo, y1,Y2-ys € [a,b]. Let ®; (i =1,...,6) be linear functionals defined
as in (2.5)—(2.10). Then the following statements hold.

(i) The function s — ®;(fs) is n-exponentially convex in the Jensen
m

sense on I and the matrix {CI%- (fsﬁsk )} s a positive semi-definite
“—= /1 k=1
matriz for allm € N, m <n and s1,...,8m € I. Particularly,

m
det [@i (fsﬁsk)} >0, VmeN, m<n.
=/l k=1
(i1) If the function s — ®; (fs) is continuous on I, then it is n-exponentially
convez on I.
PROOF. The idea of the proof is the same as that of Theorem 3.1 in [10].

(i) Let aj € R (j =1,...,n) and consider the function

ply)= > O f oyt (),

jk=1
where s; € I and fs;+s, € Q. Then
sitok

n
[y07 Y1,Y2,Y3; 90] = Z 671875 |:y07 Y1,Y2,Y3; f5j+5k i|
jk=1 :
and since |Yo, Y1, Y2, Y3; fs;+sk } is n-exponentially convex in the Jensen

sense on I by assumption, ?t follows that
n
o, y1, y2, ys3 0] = Y ajay, {yo,yhy%y:s;f@} > 0.
Jk=1
And so, by using Definition 1.11 for n = 3, we conclude that ¢ is a
3-convex function. Hence

D, (p)>0, i=1,...,6,

which is equivalent to

n
3 ajand; (fsﬁsk) >0, i=1,...,6,
2

k=1

and so we conclude that the function s — ®;(fs) is n-exponentially
convex in the Jensen sense on [.
The remaining part follows from Proposition 3.4.
(ii) If the function s — ®; (fs) is continuous on I, then from (i) and by
Definition 3.2 it follows that it is n-exponentially convex on I.
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The following corollary is an immediate consequence of the above theorem.

COROLLARY 3.12. Let Q = {fs: s € I CR} be a family of differentiable
functions defined on [a,b] such that the function s — [yo,Y1,Y2,Y3; fs] 1S
exponentially convex in the Jensen sense on I for every four mutually distinct
points Yo, y1,Y2,ys € [a,b]. Let ®; (i =1,...,6) be linear functionals defined
as in (2.5)—(2.10). Then the following statements hold.

(i) The function s — ®; (fs) is exponentially convez in the Jensen sense
n

on I and the matriz [q)i (fﬁk)} s a positive semi-definite
= /ljk=1
matriz for all n € N and s1,.., 8, € I. Particularly,

det [@i (fg)}”k 20, VneN.
.

(i1) If the function s — ®;(fs) is continuous on I, then it is exponentially
convez on I.

COROLLARY 3.13. Let Q = {fs: s € I CR} be a family of differentiable
functions defined on [a,b] such that the function s — [yo,y1,Y2,Ys; fs] is 2-
exponentially convex in the Jensen sense on I for every four mutually distinct
points Yo, y1,Y2,ys € [a,b]. Let ®; (i =1,...,6) be linear functionals defined
as in (2.5)—(2.10). Further, assume that ®; (fs) (i=1,...,6) is strictly
positive for fs € Q. Then the following statements hold.

(i) If the function s — ®; (fs) is continuous on I, then it is 2-exponentially
conver on I and so it is log-convex on I and for r,s,t € I such that
r<t<s, we have

t—r
(3.1) (@i (f)]"" < [@a(f)] " [®i (f)]
known as Lyapunov’s inequality. If r < s < t ort < r < s, then
opposite inequalities hold in (3.1).

(ii) If the function s — ®;(fs) is differentiable on I, then for every

$,q,u,v € I such that s <u and q < v, we have

(32) Hs,q ((I)'h Q) < Mo ((I)'h Q) )
where
®; (f.) > =
(33) g (©0.2) = (& com -
exp | 42 S

(I)i (fé) , S=4¢,
for fs, fq € L.

PrOOF. The idea of the proof is the same as that in the proof of [10,
Corollary 3.2].
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(i) The claim that the function s — ®;(fs) is log-convex on I is an
immediate consequence of Theorem 3.11 and Remark 3.8, and (3.1)
can be obtained by replacing the convex function f with the convex
function f(z) =log®;(f,) for z = r,s,t in (1.8), where r, s,t € I such
that r <t < s.

(ii) Since by (i) the function s — ®; (fs) is log-convex on I, that is, the
function s — log ®; (fs) is convex on I. Applying Proposition 1.9 to
f(Z) :logq)z (fz) (Z = 1;"'76)a we get

log ®; (fs) —log ®; (fy) < log®i (fu) —log @ (fv)
s —q - U —v

for s <wu, g <w, $# q,u# v; and therefore, we conclude that
s,q (@i Q) < pruo (94,9), i=1,...,6.

If s = g, we consider the limit when ¢ — s in (3.4) and conclude that
frs,s (04, Q) < pruw (05,9), i=1,...,6.

The case u = v can be treated similarly.

O

REMARK 3.14. Note that the results from Theorem 3.11, Corollary 3.12
and Corollary 3.13 still hold when two of the points yo,y1,%2,y3 € [a,b]
coincide, say y; = g, for a family of differentiable functions fs; such
that the function s — [yo, Y0, ¥y2,¥s; fs] is n-exponentially convex in the
Jensen sense (exponentially convex in the Jensen sense, log-convex in the
Jensen sense on I), when three of the points yo,y1,y2,ys € [a,b] coincide,
say Y2 = Y1 = Yo, for a family of differentiable functions fs such that
the function s — [yo, Yo, Yo, ys; fs| is n-exponentially convex in the Jensen
sense, when three of the points yo,y1,¥y2,¥3 € [a,b] coincide again, say
Y2 = Y1 = Yo, for a family of twice differentiable functions fs such that the
function s — [yo, Yo, Yo, ¥s; fs] is n-exponentially convex in the Jensen sense
and furthermore, they still hold when all four points coincide for a family
of thrice differentiable functions with the same property. The proofs can be
obtained by recalling Proposition 3.9 and by using suitable characterizations
of convexity.

4. EXAMPLES

In this section, we present several families of functions which fulfil the
conditions of Theorem 3.11, Corollary 3.12 and Corollary 3.13 and Remark
3.14. This enables us to construct large families of functions which are
exponentially convex.
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EXAMPLE 4.1. Consider the family of functions

Q1 ={9s:R—>R:seR}

Lest 540,
gs(m) { 3

3
z°, s=0.

defined by

[N [

We have %gs(x) = €% > 0, which shows that gs; is 3-convex on R for

every s € R and s — %gs (x) is exponentially convex by definition (see [6]).
It is easy to see that s — [yo,y1,Y2,¥s;9gs] is exponentially convex and so
exponentially convex in the Jensen sense. Now by using Corollary 3.12, we

have s — ®; (gs) (i =1,...,6) are exponentially convex in the Jensen sense.
Since these mappings are continuous (although the mapping s — g is not
continuous for s = 0), so s — ®;(gs) (i =1,...,6) are exponentially convex.
For this family of functions, psq (®;,) (i =1,...,6) from (3.3) become
1
Pi(gs) )4
(—@,(‘Za) ) s # 4,
ts,q(Pis ) = exp %*%), s=q#0,
B, (id-
eXp 4451(;(])0))) I s = q =

By using Theorem 2.8, it can be seen that
Ms,q (q)i,Ql)zlog,u&q ((I)i,Ql), ’L'Zl,...,ﬁ,

satisfies min{a, b} < M, (®;, Q1) < max{a,b}, showing that M, ,(D;, Q1)
(¢ =1,...,6) are means.

ExaMPLE 4.2. Consider the family of functions
Qo ={fs:(0,00) > R:seR}
defined by

-
5(571)1(5172)7 5 7& 87 1,2
_ 3 nr, s=2V,
fs @) —zrlnz, s=1,
%xQ Inz, s=2.

Here, %fs () = 2573 = e5=3)m@ ~ (0 which shows that f, is 3-convex
for x > 0 and s — % fs (z) is exponentially convex by definition (see [6]).
It is easy to prove that the function s — [yo,y1,¥y2,ys; fs] is exponentially
convex. Arguing as in Example 4.1, we have s — @, (fs) (i=1,...,6) are
exponentially convex.

From (3.1), we have

s—t t—r

(4.1) Q; (fr) <@ (f))* " [®i (fs)]", i=1,...,6,
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where r,s,t € I such that r <t <s. If r <s<tort<r<s, then opposite
inequalities hold in (4.1).

If r;s,t € R\ {0,1,2} such that r < ¢t < s, then for i = 1,4, (4.1) takes
the form

(4.2) D,> D" D",

where Dy denotes

ﬁ( (ZPk%) (pra1)” — ay, (Pksfpksq)
k=2

staz_lAk (Pks_1 P,j‘f)), s#0,1,2,

k=2

D, =

where Py_1, Pi, Pi._1ar, Prayg, Zf;ll p;a; and Zk 1 pia; € [a,b] such
that a > 0, pr > 0 (k=1,...,n) with P,y = Zf 11 pia; and Ap =
Zf;ll pia;i—Pr_q1ax for all k = 2,...,n. If we make the substitutions pr — 1
(k=1,...,n)in (4.2), then the inequality obtained for s > 2 is the refinement
of the first inequality of (1.5).

For this family of functions by taking Q = Q in (3.3), 2. |, 1= 15,4 (®:,22)

(i=1,...,6) for x >0, z € [a,b] are of the form
(%) o s #4q,
exp (Ll — 2288 ) s g 20,12,
fs,g (Pis 2) = ¢ exp %4—%) s=q=0,
exp @@({;{1)) s=q=1,
oo (%505 3) s=a-

In particular, for ¢ = 1 we have

1
B s—q
1 s
s,q(Eq) ) 57éq

B, = (5_1 (5-2) Z((ZP%) (szaz> + aj, Pk 1 Pks)

k:2

[1]

+say T Ay (PO — P,:“l)), s#0,1,2,

1< P K pia A
BO:_Zaz In k1 2 lpa + Pk 2k ,
2 P pias ak Py Pr—1
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k-1 k—1 k k
B, = - af <Zi=1 Diai In (Zizl pi%‘) _ D im Pii In (Zizl pﬂh)
= k
2

= ar a a ar

Ag Py
—P._1InP_ 1+Pk1nPk+—1 )
Py

1 ; Zl'c pia; ’ Z{c pia;
By = = az B IS R IR S R
2 — af (075

z 1 ptat 25;11 bia; 2 2
h|=~=——|+FP_InP.1—FP Ink

Qg

k(px +2(Peln Py — Py 1 In Py 1)))
ag

Denoting, further,

n N k s k
Co=Y 0 i1 Pii [ iz Pidi
T LG DG-9) ar ar
k—1 s k—1
- <7Zi—1 pz@z) In <7Zi—1 pz@z) +P, InP,_y — P lnPy

ak ak

+

Y

A (P (14 snPey) — P (14 sIn Pk))>
ay

s#0,1,2,

1o~ Zfz pia; Zf;lpiai
o e (B ) ot (B ) e

Ak (111 Pk 1I1Pk1>
—In*(P,) — 2= - ,
(Pr) ar \ Pr Py

k 111’ a; 2 Zk_llp'a'
_ 1 z A 1 = A
C E == - _1ln 7%

k k
L Pia; i=1 Pili
_ <Z:l—+p> 11’12 <M> — Pk—l 11’12 (Pk_l) + Pk 1112 (Pk)

Qg ag

=

LA (@I PPy - (24 lnPk_l)lnPk_1)>
ar ’
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1 A ko
- as Zi:l piai 1n2 Zizl pia;
4 = b ak a

k—1
( i=1 p%“i) In2 <M> +P,€2711n2 Pi_1 — P} In® P,

gk

L 24k (Pa (L4 Py y)In P 1Pk(1+lnPk)lnPk)>
Qg ’

we can express =.  as

If ; (i =1,...,6) are positive, then Theorem 2.8 applied for g = fs € Qs
and h = f, € Qs yields that there exists §; € [a, b] such that

. ®; (f,
g;_q: (fé), 2217,6
®; (fq)
Since the functions & — &% (i = 1,...,6) are invertible for s # ¢, we have

(4.3) min{a, b} < (i’z((i))) < max{a,b), i=1,...,6,

which together with the fact that psq(®;,Q2) (¢ =1,...,6) are continuous,

symmetric and monotonous (by (3.2)) shows that ps 4 (®;,Q2) (i =1,...,6)
are means.

EXAMPLE 4.3. Consider the family of functions Q3 = {hs : (0,00) = R:

s € (0,00)} defined by
hS(I) _ _% ) S 7é 1;
T, s=1L

We have j—;hs (x) = s~® > 0, which shows that hs is 3-convex for all s > 0.

Since s — j—;hs(ac) = s~ % is the Laplace transform of a non-negative function
(see [6,11]), it is exponentially convex. It is easy to see that the function

— [Yo, Y1, Y2, ys; hs] is also exponentially convex. Arguing as in Example
4.1, we have s — ®;(hs) (i =1,...,6) are exponentially convex.
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In this case, by taking Q = Q3 in (3.3), ps ¢(®;, Q) (i =
where z € [a, b], are of the form

1,...,6) forz >0,

Di(hs)
(q> (;i )) 5 #4q,
ps,q (Pi,3) = 4 exp —‘Eqili,f)) - ﬁ) , s=q#1,
exp qzqsu(l,ﬁl))) s=q=1.

By using Theorem 2.8, it follows that

M ¢ (Di,Q03) = —L(s,q)log us,q (®:,Q3), i=1,...,6,
satisfy min{a, b} < M, 4 (®;,Q3) < max{a,b} and so M 4 (P;,23) are means
(¢=1,...,6), where L(s,q) is the logarithmic mean defined by L(s,q) =
ﬁ’ s#q,L(s,s)=s.

EXAMPLE 4.4. Consider the family of functions Q4 = {ks : (0,00) —
(0,00) : s € (0,00)} defined by

Here, %ks(ac) = e V5 > 0, which shows that ks is 3-convex for all s > 0.

Since s +— %ks(z) = e7®V® is the Laplace transform of a non-negative
function (see [6,11]), it is exponentially convex. It is easy to see that the
function s — [yo,y1, Y2, y3; ks] is also exponentially convex. Arguing as in
Example 4.1, we have s — ®; (k) (¢ = 1,...,6) are exponentially convex.

In this case, by taking Q@ = Q4 in (3.3), ps,q (9;,Q) (i =1,...,6) for z > 0,
where x € [a,b] are of the form

(@(ks))ﬁ s 4
. ) q)
fs,q (Pi, ) = ) @, (id-k.) 3
o (b - %), s=q
By using Theorem 2.8, it is easy to see that
Ms,q (CI)'h Q4) = — (\/g + \/a) 1Og,u/s,q ((I),L', Q4) s 7= 1, ey 6,
satisfies min{a, b} < M, 4 (®;, Q) < max{a,b}, showing that M, , (D;, )

(¢=1,...,6) are means.

REMARK 4.5. From (3.2), it is clear that pu,q(®;,Q) (i=1,...,6) for
Q = Q4,03 and 4 are monotonous functions in parameters s and q.
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