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INFINITELY MANY SOLUTIONS FOR A DIRICHLET
BOUNDARY VALUE PROBLEM DEPENDING ON TWO
PARAMETERS

GHASEM A. AFROUZI AND ARMIN HADJIAN
University of Mazandaran, Iran

ABSTRACT. In this paper, using Ricceri’s variational principle, we
prove the existence of infinitely many weak solutions for a Dirichlet doubly
eigenvalue boundary value problem.

1. INTRODUCTION

The aim of this paper is to investigate the existence of infinitely many
weak solutions for the following Dirichlet doubly eigenvalue boundary value
problem on a bounded interval [a,b] in R (a < b)

(L.1) —u" +uh(z,u) = [M(z,u) + pg(z,u) + pu)|h(z,v') in (a,b),
' u(a) = u(b) =0,

where A is a positive parameter, p is a nonnegative parameter, f, g : [a,b] X
R — R are L'-Carathéodory functions, p : R — R is a Lipschitz continuous
function with the Lipschitz constant L > 0, i.e.,

Ip(t1) — p(t2)| < Llt1 — to

for every 1,t2 € R, with p(0) =0, and h : [a,b] Xx R — [0, +00) is a bounded
and continuous function with m := inf (, 1ye[q,5)xr P(, 1) > 0.

Very recently a version of the infinitely many critical points theorem
of Ricceri (see [20, Theorem 2.5]), the existence of an unbounded sequence
of weak solutions for a Sturm-Liouville problem, having discontinuous
nonlinearities, has been established in [4]. In a such approach, an appropriate
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oscillating behavior of the nonlinear term either at infinity or at zero is
required. This type of methodology has been used then in several works
in order to obtain existence results for different kinds of problems (see
[1-3,5-13,15-17] and references therein).

In [1], the existence of infinitely many classical solutions for the following
Dirichlet quasilinear system has been obtained

—(pi — V)|ul(2)|Pi—2ul! (x) = AFy, (m,u1, . . ., upn ) hi(x, ul), x € (a,b),
u;(a) = u;(b) =0, for 1 <i<n,

where p; > 1 for 1 < ¢ < n, X is a positive parameter, a,b € R with a < b,
h; : [a,b] x R = [0,+00) is a bounded and continuous function with m; :=
inf(; 1yefapxr hi(w,t) > 0 for 1 <4 < n, F: [a,b] x R" — R is a function
such that the mapping (t1,ta,...,t,) — F(z,t1,t2,...,t,) is in C! in R™ for
all z € [a,b], F,, is continuous in [a, b] x R™ for 1 < < n, where F,, denotes
the partial derivative of F' with respect to u;, and

sup |Fui('at1a-~~atn)| ELI([avb])
[(t15estn) | <M

for all M > 0 and all 1 < i < n. Here, starting from the results obtained
in [1] and with the same method, we are interested in looking for a class of
perturbations, namely pg+p, for which (1.1) still preserves multiple solutions.

In particular, our goal in this paper is to obtain some sufficient conditions
to guarantee that problem (1.1) has infinitely many weak solutions. To this
end, we require that the primitive F' of f satisfies a suitable oscillatory
behavior either at infinity (for obtaining unbounded solutions) or at zero
(for finding arbitrarily small solutions), while G, the primitive of g, has
an appropriate growth (see Theorems 3.1 and 3.7). Our approach is fully
variational and the main tool is a general critical point theorem contained in
[4] (see Lemma 2.1 below and also [20]).

Here, as an example, we state a special case of our results.

THEOREM 1.1. Let f : R — R be a nonnegative continuous function
and p : R — R a Lipschitz continuous function with the Lipschitz constant

1 <L <5 and p(0) =0. Put F(§) := fog f@)dt for all £ € R and assume

F F
lim inf (25 ) =0, lim sup (25 )
§—+oo f E—+o0 f

:+OO

Then, the problem

{ —u" 4+ u= f(u)+pu) in (0,1),
u(0) =u(l) =0,

has a sequence of pairwise distinct classical solutions.
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2. PRELIMINARIES

We shall prove our results applying the following smooth version of
Theorem 2.1 of [4], which is a more precise version of Ricceri’s Variational
Principle [20, Theorem 2.5].

LEMMA 2.1. Let X be a reflexive real Banach space, let &, ¥ : X — R
be two Gateaux differentiable functionals such that ® is sequentially weakly
lower semicontinuous, strongly continuous and coercive, and ¥ is sequentially
weakly upper semicontinuous. For every r > infx @, let

p(r):= _inf <SUP”E‘1H<—°°J'> ‘I’(”)) = ¥(u)

ued—1(—o0,r) r— CID(U) ’

v := lim inf (1), and 0:= liminf (r).

r——+00 r—(infx @)+
Then:

(a) For every r > infx ® and every A € (0,1/¢(r)), the restriction of the
functional
Iy = ® — AU
to ®~1(—o0,r) admits a global minimum, which is a critical point (local
minimum) of Iy in X.
(b) If v < +o00, then for each A € (0,1/7), the following alternative holds:
either
(b1) I possesses a global minimum, or
(ba) there is a sequence {uy} of critical points (local minima) of Iy
such that
lim ®(uy) = +o0.

n—-+00
(c) If § < 400, then for each A € (0,1/6), the following alternative holds:
either
(c1) there is a global minimum of ® which is a local minimum of Iy,
or
(ca) thereis a sequence {u,} of pairwise distinct critical points (local
minima) of Iy that converges weakly to a global minimum of ®.

Let f,g: [a,b] x R — R be two L!-Carathéodory functions, p : R — R be
a Lipschitz continuous function with the Lipschitz constant L > 0, i.e.,

Ip(t1) — p(t2)| < L|t1 — to
for every t1,t2 € R, with p(0) =0, and A : [a,b] x R — [0, 400) be a bounded
and continuous function with m := inf , 1ye[a,5)xr M(7, 1) > 0.
We recall that f : [a,b] x R — R is an L!-Carathéodory function if

(a) z — f(x,&) is measurable for every £ € R;
(b) &~ f(x,&) is continuous for almost every = € [a, b];
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(c) for every p > 0 there is a function [, € L'([a, b]) such that

sup |f(z,8)] < lp()
[€1<p

for almost every x € [a, b].

Corresponding to f, g, p and h we introduce the functions F, G : [a,b] X
R—-R, P:R—Rand H : [a,b] x R — [0, +00), respectively, as follows

Fmﬂ:Af@@%, Gmw:ég@oa

Hw:fép@@,

H(x,t) = /Ot (/O h(;,a) dé)dr,

for all z € [a,b] and ¢t € R.
Here and in the following, we let X be the Sobolev space Wy ([a,b])
equipped with the norm

X 1/2
MA:</WWWM>-

We say that a function u € X is a weak solution of problem (1.1) if

/ab (/Ou/(m) ﬁ dT) V' (z)dz + /abu(x)”(x)dx

b b b
- / f(x,u(x))v(x)dx—,u/ g(x,u(x))v(x)dx—/ p(u(x))v(z)de =0

for allv € X.

By standard regularity results, if f and g are continuous functions, then
weak solutions of problem (1.1) belong to C?([a,b]), thus they are classical
solutions.

In the following, let M := sup(, yc(a,b)xr P(7,t) and suppose that the
Lipschitz constant L > 0 of the function p satisfies the following condition:

(Ag) L>1and M(L—1)(b—a)? < 4.

and

Now, put
by e 44+m(1+L)b—a)?
8m ’
ki = 4+ M(1 —L)b—a)?
2M ’
A := liminf f‘f SUP<e Flw,t)de

E—+o0 52 ’
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and bs
O F(x,8)dx
B := limsup "ﬁlﬁ)‘#
£—+o0 §
Here, @ and § are two positive constants, such that o + 8 < b — a.
For other basic notations and definitions, we refer the reader to [14,19,22].

3. MAIN RESULTS
We formulate our main result as follows.

THEOREM 3.1. Assume that there exist two positive constants o and f3
with a + < b — a such that
(A1) F(z,t) >0 for each (x,t) € ([a,a+ a] U [b— §,b]) x R;

af3 k
(As) A< (a—w—(b;)kl B.

Then, by setting
(a + ﬁ)]ﬁ Ay ko
aBfB 2T - a)A’
for every X\ € (\1,\a2) and for every arbitrary L'-Carathéodory function g :

[a,b] x R — R, whose potential G is a nonnegative function satisfying the
condition

)\1 =

b

J, supjy<¢ Gz, t)da
3.1 0o 1= i = =
(3:1) oo = Sl €2

)

Hgx = 7(() )9 T
where ig x = +00 when goo = 0, for every p € [0, g x) problem (1.1) has an
unbounded sequence of weak solutions in X.

< Ho00,

if we put

PROOF. Our aim is to apply Lemma 2.1(b) to our problem. To this end,
fix X € (A1, A2) and let g be a function that satisfies the condition (3.1). Since

A< A2, we have
k’g —(b — a)A
5T = 1-AX 0.
o X <b—aww< )7
Now fix 7z € (0, 1, 5) and set

J(@.6) = Fla.6) + K6,

for all (z,¢) € [a,b] X R. For each u € X, we let the functionals ®, ¥ : X — R
be defined by

b b b
D(u) ::/ H(:E,u'(:c))d:ch%/ |U(:L')|2dl‘+/ P(u(z))dzx
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and

and put
K(u) :== ®(u) — A¥(u), ueX.

Note that the weak solutions of (1.1) are exactly the critical points of I5.
The functionals ® and ¥ satisfy the regularity assumptions of Lemma 2.1.
Indeed, by standard arguments, we have that ® is Gateaux differentiable and
sequentially weakly lower semicontinuous and its Gateaux derivative is the
functional ®’(u) € X*, given by

P (u)(v) = /ab </0“'(m) h(xl, 3 dT) V' (z)dx

+ /abu(x)v(x)dx — /:p(u(f))v(f)df

for every v € X. Furthermore, the differential ® : X — X* is a Lipschitzian
operator. Indeed, for any u,v € X, there holds

19 (u) = @' (v)l[x- = sup [(¥'(u) - ¥'(v), w)|

lw|I<1
v' () 1
dr
/u’(:c) h(I, T)

b
sup /
lwll<1Ja

b
+ s / () — v(@)] [w(x)] de

lwll<1

IN

' ()] da

+ sup / Ip(u(x)) - p(o(@))] w(z)| dz

lwl<1

< —Jlu—=v||+ @+ L) sup [|u—2r2apllwlL(a,p)-

1
m lw||<1

Recalling that p is Lipschitz continuous, & is bounded away from zero, and
the embedding X < L?([a,b]) is compact, the claim is true. In particular, we
derive that ® is continuously differentiable. The inequality

(3.2) max_|u(z)| < M

< [l for all u e X
z€a,b] 2
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([21]) yields for any u,v € X the estimate

(@ (u) — B (0), 1 — ) = /b (/u(()) h(; = dr) (' (&) — o/ () da

b
—|—/ lu(z) — v(x)|?dx
b

[ e~ p00) (u0) — w)

1

> MHU —ol® + (1 = L)[lu — vl 204
k

> §2||U —of]?

By the assumption (Ag), it turns out that @’ is a strongly monotone operator.
So, by applying Minty-Browder theorem ([22, Theorem 26.A]), ' : X — X*
admits a Lipschitz continuous inverse. On the other hand, the fact that
X is compactly embedded into C°([a,b]) implies that the functional ¥ is
well defined, continuously Gateaux differentiable and with compact derivative,
whose Gateaux derivative is given by

b b
' (u)(v) = / flau@)vi)ds + & / o, u(@))o(x)de

for every v € X. Hence VU is sequentially weakly (upper) continuous (see
[22, Corollary 41.9]).

Since p is Lipschitz continuous and satisfies p(0) = 0, while h is bounded
away from zero, we have from (3.2) that

k2

(33) D) > =

[lul?,
for all w € X, and so ® is coercive.

First of all, we will show that A < 1/7. Hence, let {&,} be a sequence of
positive numbers such that lim,,_, 4 &, = +00 and

b
o sz, P, t)de
(3-4) I, 2

= A.

Put

kay o

Tn 1= b—agn
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for all n € N. Then, for all v € X with ®(v) < r,, together with (3.2) and
(3.3), we have [|v]|oo < &,. Note that ®(0) = ¥(0) = 0. Then, for all n € N,

(supyevl(fooyrn) \I/(v)) — W(u)

50(7’ ) uE(b*ll?—oo,rn) Ty — (I)(u)
< SUPyed—1(—o0,ry) \II(U)
Tn

b
< b—a fa Supmggn J(I, t)dx
) &

b _
b-a I SUP|y<¢,, {F(ac,t) + %G(m,t)} dx

ks &
b b

< b—a fa SUpP|¢<¢,, F(x,t)dx N Iz fa SUp|y<e,, G(z,t)dz
T ke & A &

Moreover, from the assumption (As) and the condition (3.1) we have A < +o00
and

b
[, suppy<¢, Gz, t)dx

R €2 = Goor
Therefore,
o b—a I
(3.5) v < 171121_&15 o(ry) < T (A + %%o) < +o0.
The assumption 1 € (0, g;) immediately yields
b—a o b—a, 1-5%2%)A
< (4+Egw) < 4+ —2—.
T= ko 37 ka A
Hence,
- 1 1
A=

—a —ay =<
AL (1= 2EENA) /Ny
Let \ be fixed. We claim that the functional I5 is unbounded from below.

Since
af B

1

X (et Bk

there exists a sequence {n,} of positive numbers and 7 > 0 such that
limy, 4 o0 7, = +00 and

<

L aB  Jiw P
A (o + B)k1 m

(3.6)
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for each n € N large enough. For all n € N define

I(r—a), fa<z<a+a,
(3.7) wn(T) =< Mns ifata<z<b-4,
ﬂﬁﬂ(bfz), ifb—pg<ax<h.

For any fixed n € N, it is easy to see that w, € X and, in particular, one has

a+p
l[wn|? = of .,
and so
a+ Bk
(3.5 B(un) < a2 = LDz

On the other hand, bearing (A1) in mind and since G is nonnegative, from
the definition of ¥, we infer

b — b—pB
(3.9) W(w,) = / |F (. wa(2)) + 56, wn (@) do > / P
By (3.6), (3.8) and (3.9), we see that
(3.10) Ix(wy,) £ ————= (a +ﬂ kmn )\/ F(z,n,)dz < %(1 — A7)

for every n € N large enough. Since A\t > 1 and 7, — +00 as n — +00, we
have

lim I(wp) = —oo.

n—-+o0o
Then, the functional I5 is unbounded from below, and it follows that I5 has
no global minimum. Therefore, by Lemma 2.1(b), there exists a sequence
{u,} of critical points of Iy such that

i g = oo,

and the conclusion is achieved. O

REMARK 3.2. Under the conditions A = 0 and B = 400, from Theorem
3.1 we see that for every A > 0 and for each u € [0, (bfﬁ), problem (1.1)
admits a sequence of weak solutions which is unbounded in X. Moreover, if
Jgoo = 0, the result holds for every A > 0 and p > 0.

The following result is a special case of Theorem 3.1 with g = 0.
THEOREM 3.3. Assume that all the assumptions in Theorem 8.1 hold.

Then, for each
(Oé + ﬁ)k‘l ko
)\€< af B ’(ba)A)’
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the problem

{ —u" +uh(z,w') = \f(2,u) +p(w)]h(z,w) i (a,b),
u(a) = u(b) =0,

has an unbounded sequence of weak solutions in X.

REMARK 3.4. Theorem 1.1 in the Introduction immediately follows from
Theorem 3.3, setting h(z,t) =1 for all (x,t) € [0,1] x R.

Here we point out the following consequences of Theorem 3.3.

COROLLARY 3.5. Assume that there exist two positive constants o« and
B with a + f < b — a such that the assumption (A1) in Theorem 3.1 holds.

Suppose that
k/’g B> (Oé + B)kl '

A
— of

Then, the problem
fu”+uh(:c,u’) = [f(:L’,U) +p(u)]h(m,u’) n (avb)a
u(a) = u(b) =0,

has an unbounded sequence of weak solutions in X.

COROLLARY 3.6. Let g1 : [a,b] — R be a nonnegative continuous function,
and put G1(t) := fot g1(&)d¢ for all t € R. Assume that
(A3) liminf Gé—gg) < 400y
=+
(A4) limsup Gé—gg) = +o00.
{—+oo
Then, for every o € L*([a,b]) for 1 <i < n, with minge(q p{as(z) : 1 < i <
n} > 0 and with aq # 0, and for every nonnegative continuous g; : R — R
for 2 <i <n satisfying
max{squi(g) :2<¢< n} <0
£eR
and

Gi(§)

min{hminf :2§i§n}>foo,
£—+o0

where G;(t) = fot gi(&)d¢ for allt € R for 2 < i <mn, for each

ez
Ae o, boa ,
( (f: o1 (z)da) lim inf Gé—@)

E—+o0
the problem
{ —u" + uh(z,u') = [)\ Yo ai(z)gi(u) +p(u)]h(x,u') in (a,b),
u(a) = u(b) =0,

has an unbounded sequence of weak solutions in X .
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PrOOF. Put f(z,t) = >, ai(x)g;(t) for all (z,t) € [a,b] x R. The
assumption (A4) in conjunction with the condition

min{hminfG"—(f) :2<i<n} > oo
{—+oo
yields
" P F(x,€)d " (GO [PF ay(a)d
. Juyo Fl@,§)dz iy (Gil€) [,y ci(z)dz)
lim sup =————=——— = limsup 3 = +00.
E—+o0 € E—+o0 €
Moreover, the assumption (As) along with the condition
max{squi(f) 12<¢< n} <0
£ER
ensures
b
su F(x,t)dx b G
lim inf fa P\t|§§2 (@) < / o (z)dz | lim inf 1(§) < 400
§—+o0 13 a £—+4o0 52
Hence, the conclusion follows from Theorem 3.3. 0
Put ,
su F(x,t)dz
A’ :=liminf Jo suPpi<e Fl@)
€0+ &2
and s
U F(x,8dx
B’ := limsup M

=0t f 2
Using Lemma 2.1(c) and arguing as in the proof of Theorem 3.1, we can obtain
the following result.

THEOREM 3.7. Assume that there exist two positive constants a and 3
with o + B < b — a such that (A1) in Theorem 3.1 holds and

(As) A’ < (25520 ) B
Then, setting
(a+ B)k1 Ay e ks
af B’ YT h—a)A”
for every X\ € (\3,\1) and for every arbitrary L'-Carathéodory function g :

[a,b] x R — R, whose potential G is a nonnegative function satisfying the
condition

)\3 =

b
[, supjy<¢ Gz, t)dx
3.11 = 1i 4 =
@11 = Ji S

o (b— a)A’
AN T R i) i
Hox (b—a)go ( ko ’

< 400,

if we put
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where yi, \ = +o00 when go = 0, for every p € [0, ) problem (1.1) has a
sequence of weak solutions, which strongly converges to 0 in X.

ProoFr. Fix \ € &)\3,)\4) and let g be a function that satisfies the
condition (3.11). Since A < A4, one has

ko —(b—a)A’
/ %
'U/g,X = (b — a)go (1 )\ kj2 > O

Now fix @ € (0, u;,x) and set

J(@.6) = Fla.6) + K6,

for all (x,£) € [a,b] x R. We take ®, ¥ and I5 as in the proof of Theorem
3.1. Now, as has been pointed out before, the functionals ® and ¥ satisfy the
regularity assumptions required in Lemma 2.1. As first step, we will prove
that A < 1/8. Then, let {£,} be a sequence of positive numbers such that
limy, 400 & = 0 and

=A.

b
o Ja SWpze, P, t)de

By the fact that infx ® = 0 and the definition of §, we have § =
liminf, o+ ¢(r). Then, as in showing (3.5) in the proof of Theorem 3.1,
we can prove that § < 4oo0.
From 7 € (0, u; X)’ the following inequalities hold
m b—a 1-— MXAI
A+ E ) < A+ ke
(44 5m) < h

b—a
ko

5 <

Hence,
1

A= -
bea AT 4 (1 - =epAr) /X

1L
5

Let A be fixed. We claim that the functional I5 has not a local minimum at
zero. Since

1 af B

= < 577

A (a+ Bk
there exists a sequence {n,} of positive numbers and 7 > 0 such that
lim, 5400 M, =0 and

L aB  Jiw P
A (o + B)k1 m
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for each n € N large enough. For all n € N define wy(z) as in (3.7) with the
above 7,,. Note that A7 > 1. Then, as in showing (3.10), we can obtain that

Ix(wy) = ®(wn) — AU (wy,)

k12 b8
< (a+ B)kv, )\/ F(z,m0)da
Oéﬂ a+t+a

(o + B)kin? N
< (13 <0

for every n € N large enough. Then, since
Jim_Ix(w,) = I5(0) = 0,

we see that 0 is not a local minimum of I5. This, together with the fact that 0
is the only global minimum of ®, shows that the functional I5 has not a local
minimum at zero. Therefore, by Lemma 2.1(c), there exists a sequence {u,}
of critical points of I5 which converges weakly to 0. In view of the fact that
the embedding X < C([a,b]) is compact, we know that the critical points
converge strongly to zero, and the proof is complete. O

REMARK 3.8. Under the conditions A’ = 0 and B’ = 400, Theorem 3.7
ensures that for every A > 0 and for each p € [0, (bfﬁ), problem (1.1)

admits a sequence of weak solutions, which strongly converges to 0 in X.
Moreover, if gg = 0, the result holds for every A > 0 and p > 0.

REMARK 3.9. Applying Theorem 3.7, results similar to Theorems 1.1 and
3.3, and Corollaries 3.5 and 3.6 can be obtained. We omit the discussions here.

We conclude this paper with the following example to illustrate our
results.

ExaMPLE 3.10. Put
_ 2nl(n+2)' -1 _ 2nl(n42)1 41
T T ) T T At D)
for every n € N, and define the nonnegative continuous function f : R — R
by

32(n+1)!12[(n+1)12 —n!? n!(n+2 2 .
oy - | Bmleseal fon (e ne) i e fa,,n)

neN
0, otherwise.

(n+1)! 2%
/ f(t)ydt = f(t)dt = (n+ 1)1 —n!?

! an

for every n € N. Then, one has

lim Flan) =0 and lim

n—+o00 a% n—+o0o b%
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Note that there is no sequence {c,} such that lim, 4o ¢, = 400 and
limy, 100 F(cn)/c2 > 4. Therefore,
F F
lim inf (f) =0 and lim sup (f) =4.
§—+oo € E—+4o0 §

h(z

Hence, by choosing [a,b] = [0,1], « = 8 = 1/4, p(t) = —t for all t € R and
,t) =1 for all (x,t) €

[0,1] X R, we have

g 6 1 1 \k2 L Fg 2
o=t < (e e T =5

So, from Theorem 3.3, for each A > 3, the problem

{ —u” 4+ 2u = Af(u) in (0,1),
u(0) =u(l) =0,

admits a sequence of classical solutions which is unbounded in Wy 2([0, 1]).
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