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ABSTRACT. Freely decomposable and strongly freely decomposable
maps were introduced by G. R. Gordh and C. B. Hughes as a generalization
of monotone maps with the property that these maps preserve local
connectedness in inverse limits. We prove some relationships between f,
Cn(f) and 2, when f, Cn(f) or 2f belong to the following classes of maps:
Almost monotone, quasi-monotone, weakly monotone, freely decomposable
or strongly freely decomposable.

We correct two corollaries formulated by Jaunusz J. Charatonik in
“On feebly monotone and related classes of maps”. We also present an
alternative reformulation of these results.

1. INTRODUCTION

Freely decomposable and strongly freely decomposable maps were intro-
duced by G. R. Gordh and C. B. Hughes in [10] as a generalization of monotone
maps with the property that they preserve local connectedness in inverse
limits. Strongly freely decomposable maps were studied by J. J. Charatonik
under a different name, namely, feebly monotone maps ([4]).

The paper is divided in four sections. After the introduction and
definitions, in Section 3 we construct a strongly freely decomposable map
between irreducible continua such that it does not preserve the points of
irreducibility (Example 3.1), this shows that [4, Corollary 5.5] is incorrect;
we also present a quasi-monotone and confluent map f: [0,1] — [0,1] with
point inverses having finitely many components such that f(0) = f(1) =0
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(Example 3.5), and a local homeomorphism g: X — Y between decomposable
continua such that X is irreducible between the points a and b but Y is
not irreducible between g(a) and g(b) (Corollary 3.8), this proves that [4,
Corollary 5.6] is not true either; we give an alternative reformulation for
[4, Corollary 5.5] (Theorem 3.3). In Section 4, we study relationships between
f, Cu(f) and 27, when f, C,,(f) or 27 belong to the following classes of maps:
Almost monotone, quasi-monotone, weakly monotone, freely decomposable
or strongly freely decomposable. In particular, we prove that if 2/ or C,(f)
is almost monotone, then f is almost monotone (Theorem 4.2), we show
that the reverse implications are not true (Proposition 4.3, for C,(f), and
Remark 4.7, for 2/); we give an example of a map f such that f and Cyi(f)
are almost monotone but neither 2/ nor C,(f) (n > 2) are strongly freely
decomposable (Example 4.4); we prove the equivalence between the almost
monotoneity and the strong free decomposability of 2/ and C,, (f), respectively,
(Theorem 4.6); when the range of the map is locally connected we obtain a
variety of equivalences between these induced maps (Corollary 4.10); and we
present an example of a strongly freely decomposable map defined between
locally connected continua such that its induced maps are not strongly freely
decomposable (Example 4.11).

2. PRELIMINARIES

If X is a topological space, then given A C X, the interior of A is denoted
by Intx (A), and its closure is denoted by Clx(A). The symbol N denotes the
set of positive integers. Given a function f: X — Y between spaces, if A is a
subset of X, then f|4 denotes the restriction of f to A.

A continuum is a nonempty compact, connected and metric space. A
map is assumed to be a continuous function.

Let f: X — Y be a map between continua, we say that f is:

e almost monotone if f~1(Q) is connected for every subcontinuum with
nonempty interior @ of Y.

e confluent provided that for each subcontinuum @ of Y, if D is a
component of f~1(Q), then f(D) = Q.

o freely decomposable if whenever A and B are proper subcontinua of Y
such that Y = AU B, then there exist two proper subcontinua A’ and
B’ of X, such that X = A’UB’, A’ C f~Y(A) and B’ C f~}(B).

e [ocal homeomorphism if for every point z € X there exists an open
set U such that « € U, f(U) is open and f|ly: U — f(U) is a
homeomorphism.

e monotone provided that f~1(Q) is connected, for each subcontinuum
QofY.
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e quasi-monotone if for every subcontinuum with nonempty interior @
of Y, then f~1(Q) has a finite number of components and if D is a
component of f~1(Q), then f(D) = Q.

e strongly freely decomposable provided that whenever A and B are
proper subcontinua of Y such that Y = AU B, we obtain that f~1(A)
and f~!(B) are connected!.

e weakly confluent provided that for each subcontinuum @ in Y, there
exists a component D of f~1(Q) such that f(D) = Q.

e weakly monotone provided for every subcontinuum with nonempty
interior Q of Y, if D is a component of f~1(Q), then f(D) = Q.

Clearly, each monotone map is almost monotone. Moreover, if M =
Clg2({(z,sin(2)) |0 <z < 1})and Y = X/{(0,1), (0, 1)}, then the quotient
map ¢q: X — Y is an almost monotone map and ¢ is not monotone. M is
known as the topologist sine curve.

Observe that if f is strongly freely decomposable, then f is freely
decomposable. Furthermore, it is not difficult to show that every almost
monotone map is a strongly freely decomposable map. In [10, p. 139], it is
shown that if K is a nonconnected compactum, then the map f: Sus(K) —
[-1,1], where Sus(K) is the topological suspension of K, defined by
f((k,t)) =t is strongly freely decomposable and f is not almost monotone.

Table I comprises all possible inclusions between the classes of maps on
continua, which are considered here, an arrow means inclusion; i.e., the class
of maps above is contained in the class of maps below. None of the reverse
inclusions is true (for counterexamples see [15]).

Monotone ‘ local homeomorphism

| Almost monotone |

Confluent

‘ Strongly freely decomposable ‘ ‘ Quasi-monotone ‘

‘ Freely decomposable ‘ ‘ Weakly monotone ‘ ‘ Weakly confluent

TABLE 1

IStrongly freely decomposable maps are also known as feebly monotone maps in the
literature.
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Given a continuum X, we define its hyperspaces as the following sets:
2% = {A C X | Ais closed and nonempty};
Cn(X) = {A € 2% | Ahas at most n components}, n € N;
Fn(X) = {A € 2%| A has at most n points}, n € N.

We topologize these sets with the Hausdorff metric, H ([16, (0.1)]).
Let Ay,..., A, be nonempty subsets of X. We define the set

(Ar,...,An)={D€2¥ | DU A; and DN A; # () for each i}.

Note that this set is nonempty (for each j € {1,...,m}, let a; € A;, then
we have that {a1,...,am} € (A1,...,An)). Tt is known that the family
{{(Uy,...,U;) | U,...,U; are open subsets of X} forms a basis for a topology
on 2% called Vietoris topology, ([16, (0.11)]). It is well known that the Vietoris
topology and the topology induced by the Hausdorfl metric coincide ([16,
(0.13)]).

To simplify notation, we write (Ay,..., Ay, ), instead of (Ay,..., A;) N
Cn(X).

By definition, C,(X) is a subspace of 2%, for each n. It is well known
that 2% is a continuum [16, (1.13)]. This is also true for C,(X) (for n = 1 see
[16, (1.13)] and for n > 2 see [14, 1.8.12]), and F,,(X) ([14, 1.8.8]) instead of
2X. A proof of the following lemma may be found at [16, (1.48)].

LEMMA 2.1. The union function U from 22" onto 2% given by U(A) =
U{A | A€ A} is a map.

The following result is Lemma 3.1 in [11].

LEMMA 2.2. Let K be a subcontinuum of 2% and let K € K. Then each
component in UK intersects K.

PrOPOSITION 2.3. Let X be a continuum and let A, A1, ..., Ay be subsets
of X. Then:

(1) If (A) is a subcontinuum of 2% or (A), is a subcontinuum of C,(X),
then A is a subcontinuum of X ;

(2) If Aq,..., Ax are subcontinua of X, then (Aq,..., Ag) is a subconti-
nuum of 2% and (A, ..., Ap)n is a subcontinuum of C,(X), whenever
we have that (A1, ..., Ag)n # 0.

PRrROOF. Note that (1) follows from Lemma 2.1.

To see (2), observe that (As, ..., Ag) is compact [12, Exercise 1.21]. Also
note that U¥_; A, € (Ay,..., Ay). Let B € (Ay,..., Ag). Then there exists
an order arc o from B to UF_; A;, by [16, (1.8)]. It is easy to see that a C
(A1,...,Ag). Since B is an arbitrary point of (4i,..., Ax), we have that
(A1,..., Ag) is arcwise connected. Therefore, (A1, ..., Ag) is a subcontinuum
of 2.
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The same argument shows that (A1, ..., Ax)y is a subcontinuum of C,, (X)
i (A, A 2 0. 0

3. IRREDUCIBILITY AND STRONGLY FREELY DECOMPOSABLE MAPS

In this section, we present an example showing that strongly freely
decomposable maps do not preserve points of irreducibility. Then we prove
that if a strongly freely decomposable map is defined between decomposable
continua, then it preserves the points of irreducibility.

The following example shows that [4, Corollary 5.5] is not correct.

EXAMPLE 3.1. There exists a strongly freely decomposable map between
irreducible continua such that it does not preserve the points of irreducibility.

Let Y be an indecomposable subcontinuum of R%. Let 2 and z be two
points of Y such that Y is irreducible between x and z. Let 2’ be a point in the
same composant of x different from x. Define X = (Y x {0}) U {(2,¢) | 0 <
t <1}U (Y x {1}). Let a = (z,0) and b = (2’,1). Observe that X is a
subcontinuum of R? that is irreducible between a and b. Now, define f: X —
Y by f((y,t)) = y. Clearly, f is continuous, f(a) # f(b) and Y is not
irreducible between f(a) and f(b), because they belong to the same composant
of Y. However, it is easy to see that f is strongly freely decomposable (this
also follows from Theorem 3.4).

PROPOSITION 3.2. Let X be an irreducible continuum between a and b and
let f: X — Y be a strongly freely decomposable map. If K is an irreducible
subcontinuum of Y between f(a) and f(b), then either Inty (K) =0 or K =Y.

PROOF. Since X is irreducible and f is a strongly freely decomposable
map, Y is irreducible between f(a) and some other point [10, Theorem 14].

Suppose that K is a subcontinuum of Y such that K is irreducible between
f(a) and f(b), Inty (K) # @ and K # Y. Since f(a) is a point of irreducibility
of Y, Y \ K is connected ([13, Theorem 3, p. 193]). Then since Inty (K) # 0,
we have that L = Cly (Y \ K) and K are proper subcontinua of Y such
that Y = LU K. Thus, f~}(K) is connected, because f is strongly freely
decomposable. Hence, f~!(K) is a continuum. Note that {a,b} C f~}(K).
Since X is irreducible between a and b, f~1(K) = X, but this contradicts the
fact that K # Y. Therefore, if K is a subcontinuum of Y that is irreducible
between f(a) and f(b), then either Inty (K) =0 or K =Y. O

The next theorem shows that [4, Corollary 5.5] is true when the range of
the map is a decomposable continuum.

THEOREM 3.3. Let X be an irreducible continuum between a and b. If
f: X =Y is a strongly freely decomposable map, where Y is a decomposable
continuum, then Y is irreducible between f(a) and f(b).
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PROOF. Let K be a subcontinuum of Y that is irreducible between f(a)
and f(b). By Proposition 3.2, either Inty (K) = () or K = Y. Suppose that
K #Y. Then Inty (K) = (). Since Y is decomposable, there exist two proper
subcontinua M and N of Y such that Y = M UN. Since K CY, KNM # ()
or KNN # (. Assume that K N M # 0. Since Inty (K) =0, K UM is a
proper subcontinuum of Y. Clearly, Y = (K U M) U N. Hence, since f is
strongly freely decomposable, f~1(KUM) is a continuum. Note that {a,b} C
F YK UM). Since X is irreducible between a and b, f~'(KUM) = X. This
contradicts the fact that K UM is a proper subcontinuum of Y. Thus, K =Y.
Therefore, Y is irreducible between f(a) and f(b). O

Theorem 3.3 says that if there exists a strongly freely decomposable map
f: X =Y, where X is a continuum that is irreducible between a and b, and
Y is a continuum that is not irreducible between f(a) and f(b), then ¥ must
be indecomposable. Also, it is important to mention that in [10, Example 4] a
freely decomposable map f: X — Y defined between decomposable continua
is given such that X is irreducible and Y is not. Therefore, Theorem 3.3 is
not true for freely decomposable maps.

The following result is [10, Theorem 13].

THEOREM 3.4. IfY is an indecomposable continuum, then each map from
a continuum onto Y is strongly freely decomposable.

It is known that if X is an irreducible continuum and f is either a quasi-
monotone map or a confluent map such that for each y in Y, f~1(y) has
finitely many components, then Y is an irreducible continuum ([8, Theorem
3] and [8, Corollary 6], respectively). Corollary 5.6 in [4] says that if X is a
continuum that is irreducible between a and b and f is either quasi-monotone
or confluent with point inverses having finitely many components, then Y is a
continuum that is irreducible between f(a) and f(b). The following example
shows that Corollary 5.6 in [4] is not correct:

ExXAMPLE 3.5. The map f: [0,1] — [0,1] given by f(t) = 1 — |2t —
1] is quasi-monotone and confluent with point inverses having finitely many
components, but f(0) = f(1) = 0.

However, [4, Corollary 5.6] also says that the above implication is true
for local homeomorphisms. Although the map f of Example 3.5 is not a local
homeomorphism, the implication is not true, as we see in Theorem 3.7 and
Corollary 3.8.

Let X5 = {(20)5%; € [0, S | 23,1 = 2y, for each postive integer n}.
It follows from [14, 2.1.19] that X3 is an indecomposable continuum. Xj is
called the triadic solenoid.

LEMMA 3.6. If f: X3 — X3 is the map given by f((2,)52,) = (22)32,,
for each (2,)52, € X3, then f is a local homemorphism.
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PRrROOF. Note that f is continuous by [14, 2.1.46] and open by [6,
Statement 10] and [9, Theorem 3]. We show that |f~((w,)32,)| = 2 for
each (wn)22, € X¥3. Observe that f is a surjective map, by [14, 2.1.48].
Let (wp)$2; € ¥3. Then there exists (2,)52, € X3 such that f((z,)52,) =

n=1

(wn)%,. Let 21 € S* be such that (2])? = w; and 2{ # z;. Suppose that
there exist z{,...,z2; such that (z§+1)3 = 2}, for j € {1,...,k — 1}, and

(2)? = wy, for each j € {2,...,k}.
Note that it is not difficult to see that the following equations:
23 =2, 1% =wpy1, where (wry1)® = (2})?

have only one solution. Let z;,, be such solution. Thus, by mathematical
induction, there exists (z,)22; in X3 such that f((2],)52;) = (wn)5%,. Since
2 £ 21, (#,)22 # (2n)ir. Therefore, |1 ((wn)3e0)] > 2. Let (20)32, €
F 1 (wn)22 ;). Since z; and z] are the square roots of w;, we have that
either &1 = z; or 1 = z{. Assume that 1 = z;. We show that (z,)52, =
(2n)3;. Suppose that zp # zp for some positive integer k. Since (x4)% =

(z)? = (21,)* = wg and z # 2}, we have that z; = 2}. Then z1 = 2{, this

contradicts the fact that x; = z; and z; # 2. Therefore, (2,)52; = (2,)52,
and |f~1((w)52,)| = 2. Now, the lemma follows from [15, (4.27)]. O

THEOREM 3.7. There exists a local homeomorphism f: X — Y between
indecomposable continua such that X is irreducible between a and b, but 'Y is
not irreducible between f(a) and f(b).

PROOF. Let X =Y = ¥3. Let f: X3 — X3 be a map defined by
F(zn)2y) = (22)2,, for each (2,)3%; € ¥3. Note that f is a local
homeomorphism, by Lemma 3.6.

We claim that if x = (z,)52; and y = (y,)22, are the different points in
FH(wn)22 ), for some (w,)%; € X3, then z,, # y, for each positive integer
n.

To prove this, suppose there exists a positive integer k such that zj = yy.
Clearly, x; = y, for each ! < k. We prove that xx1 = yg+1. Since f(z) = f(y),
Ti 1 = Yip1- Also, 23, = a5 and yp, | = yr. Hence, i, =y}, ,. Thus, it
is not difficult to show that xyy1 = yx4+1. Therefore, z = y.

We assert that if D is a proper subcontinuum of X3, then f|p: D — f(D)
is a homeomorphism.

To show this, note that, since f is a closed map, we only need to prove that
flp: D — f(D) is one to one. Suppose that there exist two different points
x = (2,)22, and y = (y5)22, of D such that f(z) = f(y). Hence, z, # yn
for any positive integer n, by our claim above. Given a positive integer m, let
fm: X3 — S* be the projection defined by fr,((21)5%1) = zm. Since D is a
proper subcontinuum of 3, there exists an integer k such that f;(D) # S for
any j > k, ([14, 2.1.20]). Observe that since zx11 # yr4+1 and :L'i_H = y,%_H,

we have that diam(fz,1(D)) > 7. Furthermore, fi(D) = (fxr1(D))3, by
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[14, 2.1.6]. Thus, fx(D) = S*, but this contradicts the fact that f;(D) # S*
for any j > k. Therefore, f|p: D — f(D) is a homeomorphism.

Finally, let a and b be different points of X3 such that f(a) = f(b). Thus,
Y3 is irreducible between a and b, by our assertion above. Clearly, X3 is not
irreducible between f(a) and f(b). O

The following corollary shows that there exists a local homeomorphism
between decomposable continua that does not preserve points of irreducibility.

COROLLARY 3.8. There exists a local homeomorphism g: X — Y such
that g is defined between decomposable continua, X is irreducible between a
and b, and Y is not irreducible between g(a) and g(b).

PROOF. Let f: Y3 — Y3 be given by f((2,)5%;) = (22)%,, for each
(20)22, € ¥3. Let a and b be different points of 33 such that f(a) = f(b) = c.
Observe that X3 is irreducible between a and b, by the proof of Theorem 3.7.
Also note that f is a local homeomorphism, by Lemma 3.6. In fact, by the
proof of Lemma 3.6, we have that |f~!(w)| = 2 for each w € 3.

Let o = @yaz, B = biby and v = 1, ¢ be arcs such that o, 8, v and X3
are pairwise disjoint continua. Let ¢: {a1,b1} — {a, b} be given by 1(a1) = a
and ¥(b1) = b. Let X = (a U B) Uy X3 (the adjunction space) and let
Y = (7UTs)/{er, ch

Let g: X — Y be a map defined by g(z) = f(2) if z € X3 and such that,
gla: @ = v and g|g: B — ~ are homeomorphisms. Note that ¢~ (w)| = 2
for each w € Y. Furthermore, since g|s, = f, glo and g|g are open, it is not
difficult to show that g is an open map. Therefore, g is a local homeomorphism
([15, (4.27)).

Since X3 is irreducible between a and b, it is easy to see that X is
irreducible between as and be. By construction, g(az) = g(be). Therefore,
Y is not irreducible between g(az) and g(b2). O

4. INDUCED MAPS

Let f: X — Y be a map between continua. Then the function 2/: 2% —
2Y given by 2/(A) = f(A) for each A € 2%, is called the induced map
between 2% and 2Y. Tt is known that 27 is a map ([14, 1.8.22]). The map
Cn(f): Cu(X) = Cn(Y) given by Cp(f) = 27|c, (x) is called the induced map
between the n-fold hyperspaces Cn(X) and C,(Y).

The following proposition is used later.

ProPOSITION 4.1. Let f: X — Y be a map between continua and let
D be a subcontinuum of Y. If E is a component of f~1(D), then (E) is a
component of (2)~1((D)) and (E), is a component of Co(f)~*((D),), for
each n € N.
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PROOF. The case of the map C,(f) is proved in [1, Proposition 3.3]. We
show the case of the map 2.

Let f: X — Y be a map between continua, let D be a subcontinuum of
Y and let E be a component of f~1(D). We show that (E) is a component
of (2/)71((D)). Observe that (E) is a continuum, by Proposition 2.3, and
2/ ((E)) C (D). Assume that there exists a subcontinuum A of 2% such that
(E) € A and 2/(A) C (D). Since E € A, UA is connected, by Lemma 2.2.
Hence, E = UA, because F is a component to f~!(D). Thus, if B € A, then
B C E. Therefore, (E) = A and (E) is a component of (2/)~1((D)). O

THEOREM 4.2. Let f: X — Y be a map between continua and let n €
N. If either 27 or C,(f) is an almost monotone map, then f is also almost
monotone.

PROOF. Let f: X — Y be a map between continua such that 27 is almost
monotone. Let A be a subcontinuum of Y such that Inty (A) # (0. Then (A)
is a subcontinuum 2Y, by Proposition 2.3. Moreover, (A) has nonempty
interior, because (Inty (A)) C (A). Since 2/ is almost monotone, (2/)~1((A))
is connected. It is not difficult to see that (29)~1((A)) = (f~*(A)). Hence,
f71(A) is connected, by Proposition 2.3. Therefore, f is almost monotone.

It is easy to show, using the same argument, that if C,(f) is an almost
monotone map, then f is almost monotone. O

The next proposition shows that the converse of Theorem 4.2 is not true
for the induced map C,(f) for any n € N (for the converse of Theorem 4.2
with respect to 2/ see Remark 4.7).

PROPOSITION 4.3. There exists an almost monotone map f such that
Cn(f) is not strongly freely decomposable for any n € N. Hence, Cp,(f) is not
almost monotone, for any n € N.

PROOF. Let X = JUR, where J = {(0,y) | —1 <y <3}and R =
{(z,sin(1)) |0 <z < %} Define Y = X/ ~, where (xg,y0) ~ (z1,y1) if
and only if 9 = z1 = 0 and ™% = ™%, Let f: X — Y be the quotient
map. Note that f is an almost monotone map. Observe that Y = SU R/,
where S = f(J) and R’ = f(R). Without loss of generality we assume that
S ={x e R?|||z|]| = 1} (see Figure 1).

We prove that C,(f) in not strongly freely decomposable for any n €
N. First, we assume that n = 1. Let L; = {(O,y) | % <y< %}, let
Ly = {(O,y) | g§y§3}, and let Ly = {(O,y) | —1<y< f%} Define
A= f(Ly) ={e" € S|4 <t< 3} Let A= (A). Note that, by
Proposition 2.3, A is a proper subcontinuum of C; (Y").

Now, we show that Intc, (y)(A) # 0. To this end, let p = f((0,-1)) € S
and let W = {z € R? | ||z — p|| < 1}. It is not difficult to show that there
exist three open subsets Uy, Us and Us of R? such that:
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1) UuU,UUs C W,

2) U; is connected for each ¢ € {1,2,3};
3) pEU2\(U1UU3) and UlﬂU;;:(Z);
4) (U; UU3UUs) N A is connected.

Observe that if E € (Uy,Us,Us)y, then E C (U?_,U;) N A.  Hence,
(Uy, Uy, U3>1 C A. Therefore, Intcl(y) (.A) # (. Let B = Clcl(Y) (Cl (Y) \A)
Clearly, B is compact and, since Inte, (y)(A) # 0, B # C1(Y'). Furthermore,
if Be Ci1(Y)\ A, then there exists an order arc « form B to Y ([16, (1.8)]).
Note that oo € C1(Y) \ A. Hence, C1(Y) \ A is arcwise connected. Thus, B is
a proper subcontinuum of C;(Y"). Clearly, C1(Y) = AU B.

UG

FIGURE 1

(
(
(
(

FIGURE 2
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We show that C1(f)~1(A) is not connected. Since Ly, Ly and L3 are the
components of f~1(A), we have that (L1)1, (L2)1 and (L3); are components
of C1(f)~*(A), by Proposition 4.1. Therefore, C1(f) 1(A) is not connected,
and C1(f) is not strongly freely decomposable.

Next, suppose n > 2. Let Ly, Ly, L3, A,W,Uy,Us and Us be as before.
Let Ly = {(z,sin(2)) | £ <2 < 2} and let A’ = f(L4). Then A= (4, A"),
is a subcontinuum of C,(Y"), by Proposition 2.3.

We show that A has nonempty interior. Let Vi, Va,...,V,_1 be open,
pairwise disjoint and connected subsets of Y\ Cly (W) such that U~ 'V; C A’
Observe that if E € (Uy,Us, Uz, V1,. .., Vi_1)n, then there exists a component
Ep of E such that Eg € A and E \ Ey C U?;llVi Cc A’. Therefore,
(U1,U2,U3,V1,...,Vi—1)n C A and Inte, (v)(A) # 0.

Let B = Cl¢, (vy(Co(Y) \ A). With a proof similar to the case n = 1, we
have that B is a proper subcontinuum of C,(Y’). In this case, we also have
that C,(Y) = AU B.

Observe that (L1, L4), is a continuum by Proposition 2.3. Also note that
f~YA) = LiULyUL3 and f~1(A’) = Ly. Hence, (L1, Ly)n C Cpn(f)"1(A). In
fact, (L1, Ly), is an open and closed subset of C,(f)~1(A). We already know
that (Lq, L4)y is closed. Let D € (L1, Ly),, and let € > 0 be such that e < %
Thus, clearly, if E € C,(f)"*(A) and H(D,E) < ¢, then E € (L1,L4)n
(EN(LyU L3) = 0). Hence, (L1, L4)y is open in Cpn(f)~1(A). Therefore,
Cn(f)"1(A) is not connected, and C,(f) is not strongly freely decomposable.

O

The map defined in the following example is taken from [7, Example 4.12,
p. 138].

EXAMPLE 4.4. There exists amap f: X — Y between continua such that
both f and C;(f) are almost monotone and neither C, (f) nor 27 is strongly
freely decomposable, for any n > 2.

Define H and S in polar coordinates (r,6) by:

H={(r0)|r=1+6""and 0 € [l,00)} and S = {(1,6) | 6 € [0,27]}.

Let X = HUS. Consider the equivalence relation on X given by: (r,0) ~
(r',0") if and only if (r,0) = (+',6") or, r =1/ =1 and § = 6’ + 7. Denote by
Y the quotient space and let f: X — Y be the quotient map.

We show that Ci(f) is almost monotone. Let D be a subcontinuum of
C1(Y') such that Inte, (y)(D) # 0. It is not difficult to prove that there exists
a point D € D such that D C f(H). Hence, either D C f(H) or, both
DNf(H) #0 and DN f(S) # 0. Thus, C1(f) (D) is connected, by cases (1)
and (3) from [7, Example 4.12, p. 139]. Therefore, C1(f) is almost monotone.

Let p = f((2,1)) in Y. Since Y is locally connected at p, there exists
a subcontinuum K of Y such that p € Inty(K) € K C Y \ f(S). Let
K = (K) U F(Y). Clearly, K is a subcontinuum of 2¥ and Intyv (K) #
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f. Moreover, (2/)7}(K) has two components: JF;(X) U (f~}(K)) and
{{(1,0), (1,60 +7)} | 0 € [0,7]}. Thus, (2/)71(K) is not connected. Finally, it
is not difficult to see that 2¥ \ K is connected. Hence, £ = Clyy (2¥ \ K) is a
proper subcontinuum of 2¥. Clearly, 2¥ = KUL. Therefore, 2/ is not strongly
freely decomposable. Note that if n > 2, then we can take K = ((K),)UF1(Y)
and the same argument shows that C,(f) is not strongly freely decomposable.

QUESTION 4.1. Let f: X — Y be a map between continua. If 2 is almost
monotone, then does it follow that C,,(f) is almost monotone, for somen € N?

REMARK 4.5. Observe that, by Corollary 4.10, the answer to Question 4.1
is positive for maps whose range is locally connected.

THEOREM 4.6. Let f: X — Y be a map between continua and let n € N.
Then:
(1) Cn(f) is almost monotone if and only if C,(f) is strongly freely
decomposable;
(2) 2/ is almost monotone if and only if 27 is strongly freely decomposable.

PROOF. Since every almost monotone map is strongly freely decomposa-
ble, we have that the almost monotoneity of C,,(f) and 2f implies their strong
free decomposability. Since C,(Y) and 2 are unicoherent for each n € N,
by [14, 6.2.4] and [16, (1.176)], respectively, the converse implications follow
from [2, Theorem 4.2]. O

REMARK 4.7. Note that, by Theorem 4.6, the map f of Example 4.4 is
an almost monotone map such that 27 is not almost monotone.

The next result follows from Theorems 4.2 and 4.6.

COROLLARY 4.8. Let f: X — Y be a map between continua and let n € N.
If either 25 or C,(f) is strongly freely decomposable, then f is an almost
monotone map.

Now we consider maps whose range are locally connected continua.

THEOREM 4.9. Let f: X — Y be a map between continua, where Y is
locally connected and let n € N. The following are equivalent:

(1) Cu(f) is freely decomposable;

)
)

4) 27 is monotone;
) f is monotone.

PROOF. Suppose Cy(f) is freely decomposable, we prove that C,(f) is
monotone. Since Y is locally connected, C,(Y) is locally connected, by [14,
6.1.4]. Since C,(Y) is colocally connected ([14, 6.3.1]), it follows easily that
Cn(Y)\{A} is connected, for each A € C,(Y). Thus, C,,(f) *(A) is connected,
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by [10, Lemma 3]. Therefore, C,(f) is monotone. Recall that the map C,(f)
is monotone if and only if f is monotone, by [5, Theorem 4]. Hence, since
every monotone map is freely decomposable, we have that (1), (2) and (5) are
equivalent.

With a similar argument to the one given above, we prove that if 2/ is
freely decomposable, then 27 is monotone. Also recall that 2¢ is monotone
if and only if f is monotone ([11, Theorem 3.2]). Thus, again since every
monotone map is freely decomposable, we have that (3), (4) and (5) are
equivalent. O

Since every monotone map is strongly freely decomposable and every
strongly freely decomposable map is freely decomposable, we have that the
next corollary is a consequence of Theorems 4.9 and 4.6.

COROLLARY 4.10. Let f: X — Y be a map between continua, where Y is
locally connected and let n € N. The following are equivalent:

(1) Cu(f) is freely decomposable;

2) Cn(f) is strongly freely decomposable;
w(f) is almost monotone;

(f) is monotone;

fis freely decomposable;

fis strongly freely decomposable;

21 is almost monotone;

2f s monotone;

f is monotone.

(2) €
3) €
(4) €
(5) 2
(6) 2
(7)
(8)
9)

In the next example, we give a strongly freely decomposable map f such
that neither 27 nor C,(f) is strongly freely decomposable, for any n € N, not
even, when f is defined between locally connected continua.

EXAMPLE 4.11. There exists a strongly freely decomposable map between
locally connected continua f such that neither 2 nor C,(f) is strongly freely
decomposable, for any n € N.

We denote S = {(z,y) € R? | 22 +y? = 1}. Let f: S — [-1,1] be
the map defined by f((z,y)) = x. Clearly, f is strongly freely decomposable
and it is not montone. Hence, neither C,(f) nor 27 is freely decomposable,
by Corollary 4.10.
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