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ABSTRACT. We prove the following theorem.

THEOREM. Let X be a nonempty compact metrizable space, let 1 <
lg < ... be a sequence in N, and let X1 C Xo C ... be a sequence of
nonempty closed subspaces of X such that for each k € N, dimg;,, Xj, < .
Then there exists a compact metrizable space Z, having closed subspaces
Z1 C Za C ..., and a (surjective) cell-like map m: Z — X, such that for
each k € N,

(a) dim Zg <y,

(b) 7(Z) = Xg, and

(c) 7|z, : Z — Xk is a Z/p-acyclic map.

Moreover, there is a sequence A1 C Az C ... of closed subspaces of Z
such that for each k, dim Ay < Iy, 7|, : Ay — X is surjective, and for
keN, Z, C Ay and m|a, : A = X is a UVie—1_map.

It is not required that X = (J72; Xj or that Z = Jp2; Z. This
result generalizes the Z/p-resolution theorem of A. Dranishnikov and runs
parallel to a similar theorem of S. Ageev, R. Jiménez, and the first author,
who studied the situation where the group was Z.

1. INTRODUCTION

The goal of this paper is to prove the following theorem.
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THEOREM 1.1. Let X be a nonempty compact metrizable space, let Iy <
lo < ... bea sequence in N, and let X1 C Xo C ... be a sequence of nonempty
closed subspaces of X such that for each k € N, dimg,, Xy, <. Then there
erists a compact metrizable space Z, having closed subspaces Z1 C Zs C ...,
and a (surjective) cell-like map 7 : Z — X, such that for each k € N,

(a) dimZk < lk,

(b) m(Zk) = Xk, and

(¢c) 7z, : Zr = X is a Z/p-acyclic map.
Moreover, there is a sequence Ay C Ay C ... of closed subspaces of Z such
that for each k, dim Ay < li, m|a, : Ax — X is surjective, and for k € N,
Zp CAk and ww|a, : A > X is a UVEL map.

Section 2 will contain some technical results necessary for the proof of
Theorem 1.1, and the proof will be described in the third Section.

In Section 4 we will outline a proof of a case of Theorem 1.1 that was
suggested to us by an anonymous referee. Unfortunately, this technique
cannot be used to prove the most difficult cases of Theorem 1.1, nor does
it have the potential for generalization for those groups G whose resolutions
require a domain space of dimension n + 1, if the range space had dimg < n
([10]). For example, the theorem that follows is an immediate consequence
of Theorem 1.1, but it cannot be proven using the technique described in
Section 4.

THEOREM 1.2. Let n € N and let (X;) be a sequence of (not necessarily
nested) closed subsets of the Hilbert cube Q with dimgz,, X; < n for alli. Then
there exists a compact metrizable space Z, a cell-like map 7 : Z — @Q, and a
sequence (Z;) of closed subsets of Z such that Vi,

(a) dim Z; < n, and
(b) 7|z, : Z; = X, is a surjective Z/p-acyclic map.

This theorem provides a cell-like resolution of the Hilbert cube ) and
simultaneously Z/p-acyclic resolutions over any F,-collection whatsoever of
such X;.

Let us proceed by explaining some terms that might be unfamiliar to the
reader. Basic facts about cell-like spaces and maps can be found in [2]. A map
7 : Z — X between compact spaces is called cell-like if for each z € X, 7~ 1(z)
has the shape of a point. To detect that a compact metrizable space Y has
the shape of a point, it is sufficient to prove that there is an inverse sequence
(Z;, piﬂ)7 of compact metrizable spaces Z;, whose limit is homeomorphic to
Y and such that for infinitely many 7 € N, pé‘“ : Zi+1 — Z; is null-homotopic.
It is also sufficient to show that every map of ¥ to a CW-complex is null-
homotopic.

A map 7 : Z — X between topological spaces is called G-acyclic ([3]) if
all its fibers 7—1(x) have trivial reduced Cech cohomology with respect to a
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given abelian group G, or, equivalently, every map f : 7~ (z) — K(G,n) is
null-homotopic. Note that a map 7 : Z — X being cell-like implies that 7 is
also G-acyclic.

To detect that a compact metrizable space Y has trivial reduced Cech
cohomology with respect to the group G, it is sufficient to prove that there

is an inverse sequence (Z;, pﬁ“) of compact polyhedra Z; whose limit is

homeomorphic to Y, such that for infinitely many ¢ € N, the map pf“ :
Zi+1 — Z; induces the zero-homomorphism of cohomology groups H™(Z;; G)
— H™(Z;41;G), for all m € N.

A map 7 : Z — X is called a UV*-map ([2]) if each of its fibers has
property UV*. This means that each embedding 7~ (z) < A into an ANR A
has property UV¥: for every 0 < r < k and every neighborhood U of 7 (z)
in A, there exists a neighborhood V of 7#=1(x) in U such that every map of
S™ into V is null-homotopic in U. In order to prove that « is a UV*-map, it
is sufficient to show that, for all 2 € X, there is an inverse sequence (Z;, piﬂ)
of compact polyhedra Z;, whose limit is homeomorphic to 7=1(x) and such
that Vi € N, if 0 < r < k, then any map h : S™ — Z; is null-homotopic. It is
well-known that cell-like compacta have property UV* for all k.

A map ¢g: X — | K| between a space X and a polyhedron |K| is called a
K-modification of a map f: X — |K]| if whenever z € X and f(z) € o, for
some o € K, then g(z) € o. This is equivalent to the following: whenever
z € X and f(z) € 0, for some o € K, then g(z) € 0.

The proof of Theorem 1.1 uses some techniques developed by A. Dranish-
nikov in the proof of the following theorem, which can be found as Theorem 8.7
in [3].

THEOREM 1.3. For every compact metrizable space X with dimz,, X < n,
there exists a compact metrizable space Z and a surjective map m : Z — X
such that 7 is Z/p-acyclic and dim Z < n.

We will show in Remark 3.3 that our Theorem 1.1 is a generalization of
this theorem. Dranishnikov used Edwards—Walsh complexes and resolutions,
and so shall we.

The following definition of Edwards—Walsh complexes (EW-complexes)
and resolutions, as well as results about them, can be found in [3], [4] or [9].
For G = Z, these resolutions were formally formulated in [13].

DEFINITION 1.4. Let G be an abelian group, n € N and L a simplicial
compler. An Edwards—Walsh resolution of L in dimension n is a pair
(EW(L,G,n), w) consisting of a CW-complexz EW (L, G,n) and a combinato-
rial map w : EW(L,G,n) — |L| (that is, wY(|L']) is a subcomplez, for each
subcomplex L' of L) such that:

(i) w (L™]) = |L™| and w|jLo is the identity map of |LM| onto

itself,
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(ii) for every simplex o of L with dimo > n, the preimage w=(|o]) is
an FEilenberg-MacLane space of type (P G,n), where the sum @ G is
finite, and

(iii) for every subcomplex L' of L and every map f : |L'| — K(G,n), the
composition f o w|,-1qrp : w (L) = K(G,n) extends to a map
F:EW(L,G,n) — K(G,n).

We usually refer to the CW-complex EW (L, G, n) as an Edwards—Walsh
complex, and to the map w itself as an Edwards—Walsh projection.

REMARK 1.5. Let L’ be a subcomplex of L, let K be the subcomplex
wY(|L']) of EW(L,G,n), and wpr = wly,-1(jpy : w (|L]) = |L’|. Then
(K,wr/) is an Edwards—Walsh resolution of the form (EW (L', G,n),wr).

Discussions about the existence of Edwards—Walsh resolutions, as well as
their construction, can be found in [3], [4], [9], [13]. For our needs, it is enough
to know that when G is either Z or Z/p, Edwards—Walsh resolutions exist for
any simplicial complex L.

In particular, we shall briefly describe the construction of (EW(L,Z/p,n),
w) for a finite-dimensional simplicial complex L. If dim L < n, define the
complex EW(L,Z/p,n) = L™ = L, and the map w = idy. If dimL = n + 1,
we start with L) and the identity map id; ), and proceed by building
a K(Z/p,n) on 0o, for each (n + 1)-simplex o of L, and we build w
by extending do < o over this newly attached K(Z/p,n). In this way,
w™(|o]) = K(Z/p,n), ¥ (n + 1)-simplex o of L.

If dim L > n + 1, then we shall distinguish the cases n > 2 and n =1. In
both of these cases our construction is inductive.

If n > 2 and dimL > n + 1, then the skeleton LY is dealt with as
described above, i.e., by attaching a K(Z/p,n) to do, for each (n+ 1)-simplex
o € LY This represents the basis of our inductive construction. For the
step of our inductive construction, let £ > n + 1. Then for any k-simplex
o of L, we have that m,(w™!(|0c|)) = @ Z/p, where this sum is finite. So
w™(|o]) will be obtained from w=!(|dc|) by attaching cells of dim > n+2 in
order to kill off the higher homotopy groups of w=1(|da|), and achieve that
w (o)) = K(@Z/p,n).

If n = 1 and dim L > 2, then the 2-skeleton L(?) is dealt with as described
above, that is, by attaching a K(Z/p,1) to 0o, for each 2-simplex o € L+,
To be more precise, this means attaching a 2-cell using a map of degree p
from the boundary of the 2-cell to do, for every 2-simplex o of L, and then
proceeding by attaching cells of dim > 3 to form a K(Z/p,1) on top of
each of these Moore spaces. However, the above mentioned 2-cells are not
the only ones that get attached here; we will have to attach more of these.
Namely, when k& > 2, then for any k-simplex o of L, there will be 2-cells
v C wi(|o]) \ w™(|00]), attached by a map 9y — w~!(|0c|) representing a
commutator in m (w™1(d0)). This is to ensure that 71 (w™ (o)) = PZ/p.
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We proceed by attaching cells of dimension > 3 to achieve that w=!(|o]) =
K(DZ/p,1).

The following fact is proven in [3, Lemma 8.1}, and (ivz,) is clear from
our construction above.

LEMMA 1.6. For the groups Z and Z/p, for anyn € N and for any simpli-
cial complex L, there is an Edwards—Walsh resolution w : EW (L, G,n) — |L|
with the additional property for n > 1:

(ivz) the (n + 1)-skeleton of EW(L,Z,n) is equal to L(™);
(ivz/p) the (n+1)-skeleton of EW(L,Z/p,n) is obtained from L™ by attaching
(n+41)-cells by a map of degree p to the boundary do, for every (n+1)-
dimensional simplex o.

Here are some other properties following from the construction of Ed-
wards-Walsh complexes for the groups Z/p.

REMARK 1.7. Let L be a simplicial complex, let o be any simplex of L
with dimo > n, and let (EW(L,Z/p,n),w) be an Edwards-Walsh resolution
of L. According to Remark 1.5, w=!(Jo|) = EW(0,Z/p,n) and from the
construction of EW(L,Z/p,n), we have that the number of summands in
mn(w™(|o]) = @ Z/p is less than or equal to the number of the (n + 1)-faces
of o.

From this Remark and our construction, we get:

COROLLARY 1.8. Let o be a simplex with dimo > n, taken as a simplicial
complex, and let (EW(o,Z/p,n),w) be an Edwards-Walsh resolution of o.
Then

(1) Hy(|lo'™]) = @ Z, and
(I) Hy(EW(0,Z/p,n)) = D} Z/p,
where r < the number of all (n + 1)-faces of o. Moreover,

(III) we can choose 71, ..., 7, to be some (n+1)-faces of o so that the images
hi,...,h. of the generators of H,(011),...,Hn(07), induced by the
inclusions Ot; — o™, form a basis of H,(lo\™]). Then if qi,...,q-
are the images of the generators of H,(011), ..., H,(07,), induced by
the inclusions 0, — EW(0,Z/p,n), and A\, = Hyp(N) is induced by the
inclusion \ : ™) — EW(0,Z/p,n), we get that g1 = M\(h1),...,q =
A«(hy) form a basis of Hy,(EW(o,Z/p,n)).

The following lemma is proven in [3, Lemma 8.2]. It concerns (approxi-
mately) lifting maps through EW-complexes:

LEMMA 1.9. Let X be a compact metrizable space with dimg X < n, and
let L be a finite simplicial complex. Then for every Edwards—Walsh resolution
w: EW(L,G,n) — |L|, and for every map f : X — |L|, there exists a map
/' X - EW(L,G,n) such that
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@) f'ly=rqzempy = fly=rqrey), and
(ii) wo f’ is an L-modification of f.

Our primary construction will be done in the Hilbert cube ) — our space
X is compact metrizable, and @ is universal for all compact metrizable spaces.
Let the Hilbert cube Q = Hj; I be endowed with the metric p such that

if = (@), y = (yi), then p(z,y) = >0, %;%l As usual, I = [0,1]. For
any i € N it will be convenient to write Q = I x Q; in factored form. In this
case, any subset E of I* will always be treated as E x {0} C Q. We shall use
p; + Q@ — I* for coordinate projection.

In some of the proofs that follow we will use stability theory, about which
more details can be found in [7, §VI.1]. Namely, we will use the consequences
of [7, Theorem VI.1.]: if X is a separable metrizable space with dim X < n,
then for any map f : X — I™! all values of f are unstable. A point y €
f(X) is called an unstable value of f if for every § > 0 there exists a map
g : X — It such that:

1. d(f(x),g(x)) < d for every x € X, and
2. g(X) I\ {y}.

Moreover, this map ¢ can be chosen so that ¢ = f on the complement of
f~Y(U), for any given open neighborhood U of y, and so that g is homotopic
to f (see [11, Corollary 1.3.2.1]).

The following lemma is a form of the homotopy extension theorem with
control, and can be found in [1, Lemma 2.1].

LEMMA 1.10. Let f : X — R be a map of a compact polyhedron X to a
space R, Xo be a closed subpolyhedron of X, and U be an open cover of R.
Suppose that F : Xg x I — R is a U-homotopy of f|x,. Then there exists a
U-homotopy H : X x I — R of f such that H|x,x; = F : Xo x I — R.

Notation. We will use the following notation. Let x belong to a metric space
X and let 6 > 0. Then by N(z,8) we shall mean the closed d-neighborhood
of x in X. Usually there will be no ambiguity, but notice that for =z € @,
pi(z) € I' so N(pi(x),8) will always refer to the closed d-neighborhood of
pi(x) in I*, even though p;(x) might also be contained in some subsets of I°.
If o is a simplex in a triangulation 7 of a polyhedron P, then N(o,d) will
stand for the open é-neighborhood of ¢ in P.

Whenever (P, gi™') is an inverse sequence, T; C P; and ¢!t (Ti41) C T;
for each ¢, then we shall write (T3, gf“) for the induced inverse sequence,
using the same notation for the bonding maps as long as no confusion can
arise.

Whenever P is a polyhedron, 7 is a triangulation of P, and k& > 0, then
P(*) will denote the subpolyhedron of P triangulated by the k-skeleton of
7, i.e., P®) = |7(®| If R is a subpolyhedron of P and we have to build
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an Edwards-Walsh complex on 7|r, we will write EW(R,Z/p,n) instead of
EW(7|r,Z/p,n), to keep matters simpler.

2. TECHNICAL LEMMAS

The following type of result is a lemma which is technical, but which
will help us find certain maps and understand their fibers. This lemma can
be found in [1, Lemma 3.1]. Once the correct conditions are found on the
construction of said maps, then Theorem 1.1 will follow readily.

LEMMA 2.1. Suppose that for each i € N we have selected n; € N, a
compact subset P, C 1™, §; > 0, ¢; > 0, and a map gf"’l : Py — P; so that:
(1) if u, v e Q and p(u,v) < 41, then p(pn,; (w), pn, (V) < &,
1) n; < Mnit1,
) 7 <&
v) p(git (), pn, (2)) < 6 for all x € Piyy,
)
)

0; < w%“ and
Pi—i—l X Qni+1 C P’L X Qm-
Put X = (22, Pi X Qu,, P = (P;,g/""), and Z = limP. Then for each
z=(a1,as,...) € Z C [, Pi, and associated sequence (a;) in Q,
(a) (a;) is a Cauchy sequence in Q whose limit lies in X, and
(b) the function 7 : Z — X given by w(z) = Z1;1{.10(%) is continuous.

Fiz 2 € X and for each i € N, let By; = N(pn,;(x),258;) N PZ-,Bﬁi =
N(pm (CL’), Ei) nFp;. Then;
(¢) By C iji and g§+1(Bf:+1) C By
If we let P, = (By4,9:") and P# = (Bffi,gﬁ“), then,
(d) lim P, =lim P#, and
(e) 7 1(z) = im P,.
In addition, suppose we are given, for each i € N, a closed subspace
T; C P; in such a manner that gzﬂ(TiH) CcT;. PutT = (Ti,gzﬂ) and
Z'=1mT C Z. Forxz € X, let S;; = B, NT;, T, = (Sm,gfl); sel
T=m|g :Z' — X. Then,
(f) #71(x) = lim T, and
(g) if Sz.i # 0 for each i, then 71 (x) # 0.
A helpful diagram for Lemma 2.1:
gt
P Py . A

=

oo <—Pi X Qpn, =P x Qp,p, =~ ... X
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Before proceeding, note that if L is a simplicial complex, K a CW-
complex, and f : |L| — K a map, then we say that f is cellular if it is
cellular with respect to the CW-structure induced on |L| by L and the given
one of K, i.e., f takes the (simplicial) n-skeleton of L to the (CW) n-skeleton
of K, Vn.

The following corollary is a version of [1, Corollary 3.2], adapted for the
Z/p-case. When used (in the proof of the main theorem), Ay can be replaced
by Zi (not just by Ay of Theorem 1.1).

COROLLARY 2.2. Suppose in Lemma 2.1 that for each i € N, P, = |r;| is
a nonempty subpolyhedron of I™ having a triangulation 7;, with a subdivision
7; with mesh; < &;, so that for every simplex v of T;, ;| is collapsible.
Moreover, assume that gZ:Jrl is a simplicial map (in particular, for all k > 0,

gf“(Pi(f)l) C Pi(k), where 741 and T; are the relevant triangulations). Let
l1 <ly < ... be a sequence in N, and let

Ty = (P, git1), and A = lim T
Then Ay C As C ..., and for each k > 1,
(I) dim Ay <l and m|a, : A — X is surjective.
Assume further that for each x € X and i € N, there is a contractible
polyhedron Py ; which is the closed star of a vertex in the triangulation T;,
such that
Bz,i C Pxﬂ' C Bﬁl

Then

(Il) 7: Z — X is a cell-like map, and

(IT) for each k € N, |a, : Ay — X is a UV* Lomap.
Suppose now that all of the above statements are true, and let k € N. If for
infinitely many indexes i we have that for all v € X, wo fi(Pyit1) C Py,
and g/ | p, v = wo filp, i1y s where w : EW(P;, Z/p, 1) — P; is an Edwards—
Walsh projection, and f; : Piy1 — EW(P;,Z/p, k) is a cellular map, then

(IV) 7|4, : Ax = X is a Z/p -acyclic map.

Before showing the proof of Corollary 2.2, we will state and prove some
lemmas which will be useful for its proof.

LEMMA 2.3. Let n € N, and let P = |L| and Q = |M| be compact
polyhedra with dim P, dim Q > n+1. For any (n+1)-simplex 7. of M, let h,
and q. be the images of a generator of Hy,(07.) under the homomorphisms of
H,(07.) induced by the inclusions 01, — |M™| and 07, — EW(M,Z/p,n),
respectively.

Let p, v and X\ be the inclusions as shown in the upcoming diagram, and let
f L = EW(M,Z/p,n) be a cellular map making this diagram commutative.

Moreover, let M be such that:



SIMULTANEOUS Z/p-ACYCLIC RESOLUTIONS 451

(D) Ho(|M™)) =@ Z, and
(I) H,(BW(M,Z/p,n)) = D) Z/p,
where r < the number of all (n + 1)-simplexes of M; and
(IIT) we can choose some (n+ 1)-simplexes 71,...,7. of M so that {hy,...,

h,} forms a basis of H, (|M™)), and so that {qi,...,q.} forms a basis
of Hy(EW(M,Z/p,n)).

Then for any (n + 1)-simplex o € L, with H,(do) = (g), we have:

(a) fowopu is null-homotopic, so
(b) Hn(flipomy o p)(9) = Yoi_y€che, where e = 0 (mod p), for e €
{1,...,7}.

EW(M,Z/p,n)
/ lw
. . \A
|L(n)| |M(n)|
1l

PROOF. : Since Jo is contained in o, which is contractible, the inclusion
vou: 0o < |L| is null-homotopic. Therefore f o v oy is null-homotopic, so
(a) is true.

To prove (b), notice that f being a cellular map implies

FILO) € EW(M, Z/p,m)® = (M)
It is clear that fovopu= Ao f| m ou. So (a)implies

0= Hy(f ovou)(g) = Hu(Ao flizom) o 0)(9).

From (ITI) we get that Hy,(f| 1|0 p)(9) = 2o €che, for some e, € Z,
and therefore

Hy (Ao flipem) o p)(g) = Hn()‘)(z Eche) = ZEeQe =0,
e=1 e=1

which means that e. = 0 (mod p), Ve € {1,...,7}. O

Some form of the following lemma was used by various authors.
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LEMMA 2.4. Letn € N, P = |E| be a compact polyhedron with dim P >
n+1 and M be the closed star of a vertex from LO). Let L be a subdivision of
L such that for every simplex o of E, L|o| is a collapsible simplicial complez.
Let M be the simplicial complex that L induces on |M|, ie, M = L|\1\7l
(subdivided vertex star). Then

I) H,(|M™)) = P! Z, and

(II) Hn(EW(M,Z/p,n)) = D) Z/p,
where r < the number of all (n + 1)-simplexes of M. Moreover,

(IIT) we can choose 11, ..., T, to be some (n+ 1)-simplexes of M so that the
images hy, ..., h, of the generators of H,(0m),..., Hy(07), induced
by the inclusions Ot; — M™, form a basis of H,(|M™)|). Then
if q1,...,qr are the images of the generators of Hy,(011), ..., Hy(07),
induced by the inclusions O; — EW(M,Z/p,n), and H, () is induced
by the inclusion A : M < EW(M,Z/p,n), we get that ¢ =
H,(N)(h1), ..., = Hy(N)(hy) form a basis of H,(EW(M,Z/p,n)).

We will omit the proof to save space. On the way to proving this Lemma,
one can first use Corollary 1.8 (containing the statement analogous to this
one, but for a simplex) in order to prove analogous statements for a (non-
subdivided) vertex star, and then for a subdivided simplex with a collapsible
subdivision.

Then Lemma 2.4 can be proven by first proving its statement for dim M =
n + 1, and then, by induction, showing it is true for dim M =n+ k+ 1. The
general step of induction would utilize another induction, on the number of
(n + k + 1)-simplexes of M, as well as a Mayer-Vietoris sequence. We used
a collapsible subdivision on simplexes of M so that we could organize the
process of induction. The information about the existence of subdivisions
of a triangulation on a simplicial complex, in which a simplex with a new
subdivision is still collapsible can be found in [6].

REMARK 2.5. When M is a subdivided vertex star from Lemma 2.4, then
Lemma 2.3 is true for Q = |[M| and |[M (] is (n — 1)-connected.

PRrROOF OF COROLLARY 2.2. Surely dim Ay < I. Let z € X. Apply
Lemma 2.1 with T; = Pi(l’“) and

S;c,i = B;c,i n Pz-(lk).
Then T becomes T}, and
Z' =1limTj, = lim(P/"", git1) = Ay

Note that the representation of X implies that p,,(X) C P;, Vi € N. This
fact, together with mesh7; < §;, can be used to check that B, ; must contain
a vertex of 7;, 80 Sy ; # 0. Therefore (g) of Lemma 2.1 shows that (I) is true.
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Part (c) of Lemma 2.1 and the fact that B, ; C P, ; C Bf:- Vi € N, show
that Vi € N, ng(Pz,iH) C Py, 50 Pl = (Pz,i,gfﬂ) is an inverse sequence.
Clearly (see (d) and (e) of Lemma 2.1), imP/, = 7~ 1(z). Now P’ is an
inverse sequence of contractible polyhedra. Hence (II) is true.

To get at (III), first observe that by (f) of Lemma 2.1, the fiber

(74, )" (=) is the limit of the inverse sequence (S, ;,g:™"). On the other

hand, for each i € N, B,;, C P,; C Bfﬂ-, g§+1(PZ-Jlrk1)) C Pi(lk)v and
ng(Bf,i-H) C Bg,i- So one deduces that

i l i
gi+1(P( k) ) C giJrl(B#

o1 z,i+1)ﬂ9i+1(P(lk)) C Bx,iﬂpi(lk) C Px,impi(lk) = Pz(lf)

1 1+1

Thus P;C(l’“) = (Péff), gf“) is an inverse sequence of compact polyhedra. Since
Ses © P and

i l l
g (PU),) € Boan P = S,
it is cl_ear that lim P;E(l’“) is the same as the limit of the inverse sequence
(Sei,gith), ice., that
(7la) 7" (@) = lim (S0, g} 1) = lim (P, g "),

We shall show that for each7 € N, if 0 <r <[, —1and h:S" — P;lf) is
a map, then A is homotopic to a constant map. Since dim S™ = r < I, h is
homotopic in P;lf) to a map that carries S” into P;,ff_l) (see remark about

stability theory). But P, ; is contractible, so the inclusion Pz(fffl) — Péff)
is null-homotopic. This shows that h : S — Péff) is null-homotopic. So all

fibers of 7|, are UV~1,
To prove (IV), we need to show that any fiber of 7|4, is Z/p -acyclic,

i+1| . P(lk) — P;ff)

i.e., for infinitely many indexes ¢, the map g; piw ¢ Prita

induces the zero-homomorphism of cohomology groups Hm(P(l’-“)'Z/p) —

x,g 0

Hm(PéffJ)rl;Z/p), for all m € N (we need not worry about m = 0 because

the ng)’s are (I — 1)-connected, so their reduced zero-cohomology groups

i+1

are trivial). We will be focusing on those indexes i for which ¢ |p, ..,

~wo ﬂ-|pw+1, as mentioned in the conditions of Corollary 2.2.

It is, in fact, enough to show that the map ngl'P”k) : Pélf}rl — Pélf)
z,i41 ’ ’

induces the zero-homomorphism of homology groups with Z/p-coefficients.
Here is why this is true. Notice that each of P, ;11 and P, ; is a closed vertex
star (in the coarser triangulation), subdivided so that each original simplex
of the vertex star is collapsible as a simplicial complex. So Lemma 2.4 (for
n = l) is true for both |M| = P, 41 and |M| = P, ;. Therefore property
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(I) of Lemma 2.4 is true for both P(l’“) and P(l’“), and both are (I — 1)-
connected. Therefore by the Umversal Coefﬁaents Theorem for homology
and cohomology we have

Hy(P) 1 2/p) = Hy(Ps) ) @ Z/p, ¥m >1, and

H™(P") 1 Z/p) = Hom(H,,(P{%),), Z/p), ¥m > 1,

and for P(l’?) analogously, and these expressions are non-zero only for m = [j.

So if the map gl+1|P<Lk) P;lfj_ P(l’?) induces the zero-homomorphism
Hy, (g 2)p) - Hlk(lefJ)rl,Z/p ) = Hy, (P%);Z/p), then for any ¢ € Hom

<Hlk<P“k ), Z/p), we have o Hy, (g "!) = 0 € Hom(H,, (P"¥) ), Z/p), that is,
the induced homomorphism H'*(g:**;Z/p) : Hlk(P(l’“) Z/p) — H' (Paglfll;

T, 0
Z/p) is the zero-homomorphism.

So let us show that Hy, (9:73Z/p)  Hy (PL%] i Z/p) — Hy, (P Z/p)
is the zero-homomorphism. Before proceeding, note that by Remark 1.5,
given an EW-resolution w : EW (P, Z/p, 1) — P;, we know that w=1 (P, ;) =
EW(Py i, Z/p, k), 50 wlw-1(p, ) : EW(Pyi,Z/p,lx) — Py is also an EW-
resolution.

Let ¢ be any (I + 1)-simplex of P, ;+1, and let g, be a generator of

Hy,(80). Let p: 9o < P v P;QH < Py, and A @ P oy
EW(P;i,Z/p,li) be the inclusions. Notlce that w o fi(P, it1) C Py, 1mphes

that f;(Pyit1) € EW(Py:,Z/p, 1), and since f; is a cellular map, we also
have fz(Pffll) C EW(P,;, Z/p, 1)) = P

EW(P:, Z/p, Ii)

fi
w EW(Ps.i,Z/p,li)
e i+1 S
P P wl
PR A
gith

Prit1 : Py
) fil ()
Pac f—&-l q?+1\ }Dac,iC
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Since Lemma 2.3 is true for [M| = P, ; and n = I, we have fi|p, ,,, ovopu =
Ao f"P(lk) o p is null-homotopic, and
x,i+1
!
Hy, (f; |P(Lk) ou)( Zseh € H (P£7f)), where €, = 0 (mod p).
By Lemma 2.4 applied to P, ;41 with n = [, we can select o1,...,05

to be some (I + 1)-simplexes of P, ;41 so that the images ¢g1,...,gs of the
generators of H;, (001),. .., H;, (0os) induced by the inclusions do; — P;lfj_l

form a basis for Hy, (P;lfj_l)

Then for any g € H;, (Px(lf}d)

Hy, (filpil;_cll)(g) = H, (ﬁ'lpmﬁl)(z migs) = > m;(D_ejehe),
" ot j=1 j=1 e=1

where m; € Z, and €. = 0 (mod p).

Finally, since we know that gl+1|pw i wofi|px ., and w|P<Lk) =1id, we
@,

have that g/™ |P”k) ~ f1|P(zk) Therefore Hy, (g;" |P(zk) )= Hlk(ﬁ|P(Lk) )s

x,i+1
so the last equation implies that Hj, (g +1| ) i Z)p) is the zero- homomor—

phism. O

3. PROOF OF THEOREM 1.1

PrROOF OF THEOREM 1.1. : Choose a function v : N — N such that for
each ¢ € N,
(i) v(i) <1, and
(ii) v~1(i) is infinite.
One may assume that X C @ = Hilbert cube. We are going to
prove the existence for each & € N U {oo} of a certain sequence S; =

(nj, (P ), €, 05, (7~']k))7 (7';“))7 j € N, of entities, and a sequence of maps
),

(97 It j € N, such that:
e n; €N;
. le C Pj2 C --+ C P} are compact subpolyhedra of I"/;
® ¢, (5j > 0;
e 72° is a triangulation of PP° , 72 is a subdivision of 77°,
T = 7~'J‘?°|pjgc is a triangulation of P}, 7F = TOO|Pk is a subdivision of

~k . . _ k _ .
7, (we will consider P = (Pf"7 TJ‘?O) and P; (PJOO7 J F));

J+1 oo 00 ; fd
: PPy — P7° is a simplicial map relatlve to 77¢; and 77
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diagram that might help:
Pl = ppe cIm
a7
/ gt
P}IC— > p? = Ppge cin
3 -~ 37
951 951 3
/ / "
Pl( P2( Pg’ = Pg° cims

4
93‘

;/ / /

PIC P2C e pImIC P = P cImy
, 7 o
/g?“\ /q?“\ /.q:;“\ I 41
/ ’
1 2 C J—1C Jj C J+1 _ ;
P]+1 PJ+1 P Pl Pl =Py C "+t

We shall require that for each j € N and k € N:

(1)j>1
(2)j>1

(3)j>1

nj—1 < Ny;

if 7 <k < o0, then Pk = P/ and Pj Cintyn; P;‘H whenever r < j;
X Cintg (P x an) C N(X j) and

whenever k < j, Xj C th(Pf X Qn;) C N(Xg, %),

pnjil(P ) C lnt]"] 1 P

if u, v € Q and p(u ’U) S 5]7 then p(pnj—l(u)7pnj—l(v)) < 5j*1;
o < 5],

5 < onj —1;

T ||| is collapsible Vv € 7~'j‘?° and mesh 77 < %;

if z € X, then there exists a contractible subpolyhedron P% of PP,
which is the closed star of a vertex in the triangulation 777, i.e. Pf% =
St(v, 7 75°) for some v € (75 >)(9)and such that N (py, (z),28;) N P C
P°° C N(pn,(z),25) N P°° (Pp5 is considered with the triangulation
777,800t is a subd1v1ded vertex star)

if £ < j, and x € X, then there exists a contractible subpolyhedron
Pﬁ ; of Pf , which is the closed star of a vertex in the triangulation
?]’-“, ie., Pf’j = g(v,?j’?) for some v € (7']’?)(0), and such that
N(pn, (x),26;) N Pf C PF; C N(pn,(z),e;) N PF; (PF; is considered
with the triangulation Tjk) This statement is also true when k > j,
because then Pf’ = P>, PJIC = P° and X C X;

CE]’
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(10)j>1 whenever x € Pf° there exists a simplex o of 79, such that gg-;l(x) €
o, and py,_, (x) lies in N(o, 6”'2’ L) (and therefore, it follows from here
and (8);-1 that, p(g] (), pn, ,(*)) < dj—1/2+dj-1/2 = 61 for all
T € PP°);
(11)j51 g}, (P}) C P} ; and
. _ v(i—1 v(j—1
(12)51 g§_1|PJ{/(]‘—1) ~ wo f;_1, where w : EV\/'(Pj_(J1 ),Z/p, L-1)) = Pj_(J1 )
is an Edwards—Walsh projection, and f;_1 : P;j(j b, EW(P;L(]fl),
Z/p,l,(j—1)) is a cellular map. Moreover, for all z € X, ;_1), we have

I - 1 . _
that wofj,l(PV(] )) C PV(J ) and g§_1|Pu(.j71) Zwofj,1|Pu(.j71).
x,j z,j

z,J z,j—1 >

EW(PJ{/—(jlil) ) Z/p7 lu(jfl))

Ed
f]71 v(j—1
i w EW(P?;{,l),Z/p, Lo(i-1))
o g A Fi—1l
v(j—1) 9j—1 v(j—1) Ji=1
\P)”(j_l). g;l\)P,,(j—l)
E) wal

Before proving the existence of such data, let us see why they would imply
the conclusion of Theorem 1.1. For each i € N, let P> correspond to F; from
the statement of Lemma 2.1. Applying (5), (1), (6), (10) and (7), one sees
that the conditions (i)—(v) of Lemma 2.1 are clearly true. Condition (4);4+1
implies (vi) and one may use (3) to see that

i=1
Let
Z = lim(P, gith).

Surely Z is a metrizable compactum, and we get the map 7 : Z — X defined
by the formula given in Lemma 2.1 (b).

To see that m is surjective, for each ¢ € N let T; = P, = P™ (in
Lemma 2.1). According to the notation of the last part of Lemma 2.1,

one sees that for « € X, S,; = By; = N(pn,(x),20;) N P> (while
iji = N(pn,(z),2:) N P®). Notice that the first part of (2); together with
(3); implies

(13)  pp,(X) Cintn; PP, and Vk € N, p,, (X) C intyn; PE.



458 L. RUBIN AND V. TONIC

S0 p,(x) € P and therefore p,,(x) € By, showing that the latter is
not empty. The map 7 is the same as 7 in this setting, so (g) of Lemma 2.1
shows that 7 is surjective.

One then checks that all the hypotheses of Corollary 2.2 except for the
very last one (which we do not need yet) are also satisfied. Thus (I)—(III)
of Corollary 2.2 hold true, so 7 is a cell-like map, and we are assured of the
existence of the closed subspaces Ay, k > 1, where

Ay, = lim((P) ), gi*h),

as required by Theorem 1.1 so that dim Ax < I, and when k£ € N, 7 carries
Ay, in a UV~ manner onto X.

We must identify the closed subspaces Z; C Zs C ... of Z, prove they
satisfy (a)—(c) of Theorem 1.1, and show that Z; C Aj when k € N. Fix
k € N. In the last part of Lemma 2.1, instead of putting T; = P, as we just
did to obtain Z, m, and the sets Ay, this time put 7; = (PF)). Using (11),
the fact that 7% = 77°|pk, and that gf“ is simplicial from 77, to 77°, one
sees that '

(14)  g;" ((PE)®)) C (BF)®).
Now let
Zi = lim((PF)™), gi*h),

ie, Ty = ((Pf)(lk),gf*l), and Zj = lim Ty. Using (2) we see that PF C P>
for all i € N. Of course, (PF)(%) ¢ (P)) and we deduce that Z C Ay
as requested in Theorem 1.1. Moreover, dim Z; < dim Ay < lg, so (a) of
Theorem 1.1 has been resolved. It is also clear that Z; C Z5 C ... as required
by Theorem 1.1.

Next put 7, = w|Zk : Z, — X. If (a1,0a2,...) is a thread of Z, then
a; € PF for each i € N. Taking into account (b) of Lemma 2.1, as well as (3);
which implies that

(15) X =[)PF x Qu,,
i=1
one sees that 7 (Zx) C Xp.

Suppose now that z € X;. With the choice of T; = (Pf)(lk), the sets Sy
in the last part of Lemma 2.1 become S, ; = By ; N (Pik)(lk).

If we can show that for each i € N, S, ; # 0, then (g) of Lemma 2.1 would
yield 7 (Zk) D Xi. Indeed, it is sufficient to show that Bﬁi N (PF)) £,
since Bﬁiﬂ N (PF.;)™) maps into S, ; under g/ ™' (see (c) of Lemma 2.1 and
(14)). Because of (15), x € P¥ x Q.,,, s0 p,, () € PF. Applying (6);—(8);, we
find a vertex v € (PF)(© ¢ (PF)) such that p(p,, (x),v) < % < g < &
This means v € Bﬁi N (PHYW) | e, Bﬁi N (PF)W) = (. Therefore (b) of
Theorem 1.1 is true.
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Finally, after replacing Ay from the statement of Corollary 2.2 with Z,
the ultimate condition of Corollary 2.2, involving infinitely many indexes, is
now operative because of (i) and (ii) of this section, and (12) for v(i — 1) = k.
If we apply (IV) of Corollary 2.2, then we find that 7y = 7|z, : Zr — X is
a Z/p-acyclic map. Thus, our proof of Theorem 1.1 will be complete once we
have obtained the information in statements (1)—(12).

Inductive construction begins: For the basis of the induction (j = 1), we
choose n1 = I; and Pf = I™ = [ for all k € NU {oo}. Thus (2); and (3);
are satisfied. Next choose any ¢; > 2%, so (6); is satisfied. It remains to
produce §; > 0 and triangulations 77° and 70° of P = It so that (7)1-(9);
are satisfied.

Begin by taking a triangulation 77° of PP such that mesh 77° < 5. The
open stars of the vertices in 70° form a cover for PP° = I't. Note that these
open stars are truly open sets in I’t. For any x € X, there exists a vertex
v of 77° such that pj, (z) € St(v,77°). Note that for any y € St(v,77°),
p(yaph(m)) < 2rnesh?loo <é1, 80 St(vv?loo) - N(pll(x)vgl) = N(pll(x)vgl) N
Ppe.

Since U := {St(v,7°)| v € (77°) @} is a cover for P which is compact,
let A be a Lebesgue number of Y. Pick a d; > 0 such that 46; <
min {)\, ﬁ%} Now (7)1 is also satisfied. Then for any = € X, the closed
ball N(py, (x),261) is contained in some St(v,7{°), for a vertex v € (79°)(0).
Pick one such star, and call its closure P. Notice that P9 is contractible.
Thus we get (9)1 for 2 € X: N(py, (x),201) = N(py, (x),261) N P° C Py C
N(py,(x),e1) N P{°. Finally, choose a triangulation 7{° so that it refines 7°,
and so that (8); is satisfied.

Assume that we have completed the construction of S; for 1 < j < 4,
and g?“ for 1 < j <4 —1. Choose an open cover V of P having the
property that meshV < %. Then select a finer open cover W such that
any two W-near maps of any space into P>° are V-homotopic. Let 7 be a
subdivision of 79 such that N(St(v,7),£) lies in an element of W, for every
vertex v € 7O where & > 0 is chosen so that: for any principal simplex o
of the triangulation 7, all of the points of the open neighborhood N (o, &) are
at most one (principal) simplex away from o (i.e., if u € N(0,€) \ o, then
u € v = a neighboring principal simplex of ¢). (Surely this £ exists because
P is compact. Also, it is clear that £ < mesh 7, and that it would be enough
to choose 7 so that 2(mesh 7 4 €) < some fixed Lebesgue number of W. Also
note that 7 can be chosen so that 7]}, is still collapsible, Vy € 77°.)

If i« = 1, replace 75° by 7, but continue to use the notation m5° for it.
Note that properties (8); and (9)1, which are the only ones affected by this
change, are still true.
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If i > 1, choose a map p : P> — P which is simplicial from 7 to 77°
and which is a simplicial approximation to the identity on P°. Then the

map g, o u is simplicial from 7 to 77°;, and fiz1o u|Pu(7 1 is cellular with
respect to the triangulation on PV(Z ) induced by 7 for fi_;. If we replace
gty by gi_iopu, fi_i by fi_i0 u|P_V(i71>, and 77° by 7, then all the conditions
(1)—(12) for index 74 still prevail (the only ones affected being (8);—(12);). So
we assume that these replacements have been made, but continue to use g!_,
fi—1 and 722 to denote the respective bonding map, cellular map in (12); and
triangulation.

Construction of the polyhedra PF i1 and the bonding map g"|r1 begins.

Apply Lemma 1.9 to X, (;), which has dimg,, X,y < I, where v(i) < i,

and (using (13)) the map p,, D Xuw — P’ v(é ), to produce a map

Xu()
I Xoe — EVV(PZ-V(I-),Z/p7 ly(y) such that for any = € X, ;), when py, ()
lies in a particular simplex of Piy(i), then so does wo f/(x). There is a principal
simplex o, of Piy(i) that contains both w o f/(z) and p,,(z). We can extend
f/ over an open neighborhood U of X, (i) in the Hilbert cube Q, to get a map
U = EW(ED Z/p, L)

EW(PZV(’L) ) Z/pa lu(z))
77
s

U ~—X,0 — P

il

Now we can find a neighborhood U of X, ;) in U such that:
(16) forany u € U, wo f”(u) and p,, (u) belong to the open é-neighborhood
of some principal simplex o, of PV(”

Here is how we find U: since p,, is continuous (on @ D U ), for any = € XV(Z),

and for the above &, there exists an open neighborhood Qx of z in U such
that pn, (Qz) C N(04,8). Since wo f/(z) € oy, then f'(z) € w(os) C
w YN (04, &)). Now f"(x) = f'(z), so the continuity of f” guarantees an open
neighborhood Q.. of z with f”(Q,) C w™Y(N(0o4,£)). Of course, wo f"(Q.) C
N(og,€).

Now let Q. = @l N Q. and define U := Uzex @z Clearly this U has
the needed property.

Using the uniform continuity of p,,, on @, choose ;11 so that (5);+1 holds:
if u,v € @ are such that p(u,v) < €41, then p(pn, (u), pn; (v)) < ;.
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In order to choose n;;1: notice that one may find mo € N such that
if m > mg, then X C pp(X) X Qm C N(X, H_1), and for all &k < i, X C
P (Xk) X Qm C N (X, m) Define n;, 1 > max {l;11—1,n;,mo, logy(=2-)}.

Eit1

This ensures that properties (1);41 and (6);4;1 hold.

Now is the time to choose compact polyhedra P, = Pf_tll,PfH, ey
Pi'jr(?, .. .,Pil_|r1 in I™+1. First IiOte that there is an open neighborhood 1%
of pn,,, (X) in I™+1 such that V x Q,, ., C N(X, H—Ll) Choose a compact
polyhedron P, C I+ so that

(17)  pp.y, (X) Cintprisa P, C Py C V and P, C py,. L(intn, (P°)).
This can be done because (3); 1mphes (13)5°, i.e., pn,(X) = pn; (Pn,, (X)) C
intni (P°), $0 pn,y, (X) C pplintm: (PP°)).  Note that (17) implies
properties (3);41 and (4);41 for PH_1 To satisfy the first part of (2);41,
we name PF = P, forall k> i+ 1.

Let us now choose PZ+1, fork=14,i—1,...,1, which we do by a downward
recursion.

It £ > 1/(1), then here is how we make our choice: find an open
neighborhood Vk of pp, (Xx) in I™+* such that Vk X Qn,py C N(Xk,
Choose a compact polyhedron PF 1 C I™*1 so that

i+1

'L+1)

(18) P,y (Xk) Cintyris P+1 - P+1 C Vk, and
P, © pMintges (PE)) () intnees (PG,

This can be done because (3); implies (13)%, i.e., pn, (Xk) = Py (Priys (Xi))
C intyns (Pik), SO Pn,iy (Xi) C ppt(intpm: (PF)). Also note that pp,,,(Xk)
C intynita (R 1 1), because before we reach the construction of Pﬁkl’ lefll
already constructed so that (13)1“:’11 is true, 5o pp,,, (Xpq1) Cintynip (Ple),
and also recall that X C X1 C X.

Note that (18) implies properties (2);+1 (the second part), (3);4+1 and
(4)i+1 for PE |, when v(i) < k <.

For k = (i), we require the above mentioned properties and, additionally,
that PZJr1 X Qn,,, C U, where U is the neighborhood of X, ;) indicated in
(16).

For k < v(i), proceed with the construction of PF as in the case of
i > k > v(i). Conclude that properties (2);11—(4);+1 are now true for all
ke{l,2,...,i} U{oo} for which they apply.

Let f := Flpr) g, O P — EW(PYD Z/p, 1), where i :

Pi'jr(zl) — PZJr1 X Qn,,, is the inclusion.

Choose §;11 and triangulations 7,7 g3 and 77, for P L which are also
triangulating all P! | for k < i (where 7F, | := Tl+1|P7(:_1 and 7/, | = Tl+1|P7(:_1),
so that (7)i+1, (8);41 and (9);41 hold. Here is how this is done: begin by
taking a triangulation 77, of P2, which also triangulates all Pﬁkl’ such that
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. The open stars in 77, ; of the vertices of 7, ; form a cover
ur, = {St(v,Tz+1)| v e (7F,,) @} for PF,, where k € {1,2,...,i} U {oo}.

Note that for € X, p,,,,(x) has to belong to some St(v,77¥;). Then
for any y € St(v,7%,), p(Y, Pn,py (7)) < 2mesh 7 < 441, s0 St(’U,TH_l) C
N (P, (2),€i41)NPSE; . Analogously, since for z € Xy, pn,,, () has to belong
to some St(v, 75, 1) C St(v, 755, ), we get St(v, 7F1) C N(pn.., (), €i41)NPE
for k € {1,2,...,i}.

On the other hand, since P}, is compact for k € {1,2,...,i}U{oco}, each
cover UF,; of PF_| has a Lebesgue number \¥ |, k € {1,2,...,i}U{oc}. Thus
it is enough to pick a d;11 > 0 such that

. 4
45'L+1 < min ({)\f+1 : k€{1;27 Z}U{OO}}U{27M+1 1})

Now (7);41 is satisfied. Also, for any = € Xj, N(pn7+1(x),25i+1) NPE s
contained in some St(v, 7F,.,), for a vertex v € (7F,,)(®). Pick one such star,

and call its closure Pz,z 41 Notice that Pa:,z 418 contractible. Thus we get
(9)i+1 for k <i+1:

N(p’ﬂi+l (l‘), 25i+1) N ]Dz]fi-l c Pf,i-i—l c N(pm+1 (l‘), EiJrl) N lefi-l

Analogously, we get (9);41 for £ = oo and # € X. Finally, choose a triangu-
lation 77, so that it refines 7%, and so that (8);41 is satisfied.

Now that we have a triangulation for P2, and therefore for Pfﬁ) too,
take a cellular approximation
of f: P/Y — BEW(P Z/p,1,3)). Since Pfj? X Qn.., C U, (16) is valid
for any u € Py_él), that is, w o f"(u,0) and py,,(u,0) = pp, (u) belong to the
é-neighborhood of the same principal simplex o € 77°. We also know that
w o f"(u,0) belongs to a principal simplex 7 which is a neighbor of o (the
choice of € makes sure that v and o are neighbors). Note that wo f”(u,0) =
wo f"oi(u) =wo f(u) €. Nowwo fi(u) also belongs to v, because f; is a
cellular approximation of f, and properties of the Edwards-Walsh resolution
w guarantee that f(u) € w™'(y) implies that fi(u) € w™'(7). So we have
found a simplex 7 of 77° such that w o f;(u) € «, and pp,(u) belongs to the
é-neighborhood of the closed star of a vertex v that is a common vertex of
v and o. Therefore wo f; : ;jr(;) — PV(Z) and pni|PV(i) : P;jr(;) — PV(Z) are

it1

W-near, and therefore V-homotopic. According to Lemma 1.10 there exists
a continuous extension ¢ : P — P/ of w o f; such that ¢ and py,| pge, are
V-homotopic, and therefore V-near.

i+1
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EW(Piu(i)7 Z/p7 lu(z))

A
) /
Pyl
gitt

V.
v (i) v (i)
PC Py € 1

i

UQPZU_SI) X QniJrlQX,,(%)

With this, (4);+1, and the fact that we could have chosen V as fine as we
wish, we may assume that cp(Piﬁl) C PF forall1 <k < oo.

Finally, making 77, finer if necessary (but so that the properties of
collapsibility required in (8);41 are still preserved), take gf“ : PRy — PP
to be a simplicial approximation of . Therefore, for any v € P, there
exists a simplex o € 77° such that g™ (u), ¢(u) € 0. We also know that
p(@(u)vpnl (u)) <meshV < %a SO Pn; (’U,) € N(O’, %)a i'e'a property (10)'L+1 is
true. Property (11);4; is true because gZ:Jrl is a simplicial approximation of
©.

For property (12);41, first notice that gf+1|P_u<i> ~ <p|P_V<i> =wo f;. Also,

i+1 i+1

wo f; and py,

P,

i

(» being W-near implies that for all x € X, ;), woﬁ(P'/(i) ) C
+1

x,1+1
P'D. To see why, take any u € B;(fo :

i = N(pn,,, (),841) N P;ﬁ), ie.,
(U, priyy (7)) < €ix1; by (5)it1, p(Pn,(u),pn,(x)) < ;. Therefore, since
mesh(W) < %,

_ - d;
plwo fi(u),pn;(2)) < plwo fi(u) pn,(w)) + p(pn; (W), Pn; (2)) < 5 + 85 < 20,

so wo fi(u) € B;(Z) := N(pn,(z),28;) N Piy(i). Thus w o ﬂ(BZ(ZJ)ﬁ) C BZ(Z)

Since P:,zé)d - N(pniﬂ(x),siﬂ), w o ﬁ(P:(Ql) - qu,(ii)v too.
Also, @(P;S:)-l) = wo ﬁ(P;’(ﬁrl) C P;(;), SO gl“l, being a simplicial
approximation of ¢, has the property gf“(P; (Z)H) C P; (Z) Finally,
i+1 ~ R £ )
9 lpry, = Plpry, =wo filpry,

so property (12);41 holds. O
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REMARK 3.1. Note that from our construction of Z, it follows that in
general Z is infinite dimensional.

REMARK 3.2. If wetake 1 <2< ...<m < ...instead of 1 <[y < ... <
Im < ..., the Theorem 1.1 becomes parallel to the result for dimz from [1].
Ifl; = 1,41 but X;, C XliJrl, we get A; = A1, but Z; € Z;44.

What if the sequence of nonempty closed subspaces X; C Xo C ... of
the compact metrizable space X from the statement of Theorem 1.1 is finite,
that is, we are given X7 C Xo C --- C X,;, C X7 And what if X itself is
replaced by an X,,, i.e., we have X; C X9 C --- C X,, = X, where for each
ke {1, 2,..., m}, dimz/p X < Ii?

In either of these cases, Theorem 1.1 yields a compact metrizable space
Z with closed subspaces Z; C Zy C --- C Z,, C Z, as well as a cell-like map
w: Z — X with all of the properties mentioned in Theorem 1.1, but we can
adapt the proof so that it would use fewer polyhedra.

Namely, here are the changes that somewhat simplify the proof of Theo-
rem 1.1 in both of the finite cases mentioned above.

First, take a function v : N — {1,2,...,m} such that (i) and (ii) are still
satisfied.

Second, change the conditions (2);>1 and (3);>1 from the original proof
to the following:

(2)}5, if k> min {j,m + 1} then P¥ = P® and
P! Cintyn; Pf“ whenever r < min {j,m + 1};

(3);21 X Cintg(P® x Qn;) C N(X, %), and,
whenever k < min {j,m + 1}, Xj, C intq(PF x Qn;) C N(X, %)7

This will ensure that we produce only m + 1 sequences of polyhedra
(ij)jENa k € {1,...,m + 1}, rather than countably many sequences that
were required in the original proof for Xy C Xo C---C X,,, C --- C X.

The rest of the proof is the same, provided that the change in indexes
from (2)’ is taken into account in the remainder of the proof.

It is worth noting that, in the case when X = X,,, the property (3)’
implies that we can take P> = P, Vj. Still, Z and Z,, would be different,
since Z,, = lim((P™)(tm) g1 and Z = lim(P®, ¢t = lim(P™, gi ™).

7 [
Also, the map |z, : Z,, — X is a surjective Z/p-acyclic map, while 7 : Z —
X is cell-like.

REMARK 3.3. In particular, for m = 1 and X = X; such that
dimg,, X1 < 1, Theorem 1.1 produces a compact metrizable space Z; with
dim Z; <[y, and a surjective Z/p-acyclic map 7 : Z; — X;. So Theorem 1.1
is indeed a generalization of Dranishnikov’s resolution Theorem 1.3.
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4. PROOF OF A PARTICULAR CASE OF THEOREM 1.1

What follows is an outline of a proof for a particular case that Theorem 1.1
is covering, namely for the case when the sequence I; < Iy < ... of upper
bounds for dimg/, does not become permanently stationary at any point.
This proof was suggested to us by an anonymous referee. It does not work if
this sequence is eventually constant, that is, if the spaces X; keep changing,
but from some point i on we have l;; = li,41 =....

For the sake of simplicity, let us suppose that I3 < lo < l3... since the
proof of this case can be adjusted to work for all cases in which the sequence
is not eventually constant.

Let X7 C X5 C ... be a sequence of nonempty closed subspaces of a
compact metrizable space X such that dimg,, X; < Iz, V& € N. Apply
Dranishnikov’s Theorem 1.3 to X; in order to build a compact metrizable
space Z; and a Z/p-acyclic map ¢ : Z1 — X; such that dim Z; < l;. Let
Y1 = XUM(q1) be the union of X and the mapping cyllinder of ¢;. Notice that
the projection p; : Y1 — X is cell-like and that dimgz/, M(q1) <11 +1 <y,
which makes dimgz,, Xo U M(q1) < l. In order to produce Z> and g2, apply
Theorem 1.3 to X2 U M(q1), with the exception of requiring that ¢o has
the property that g a5 Zl)is a homeomorphism onto Z;. Then put Yo =
X UM(g2) and py : Yo — X to be the projection. Keep the procedure
inductively and define Z as the inverse limit of the inverse sequence

YieYo Y, .
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