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Abstract. A total of 13 different azines derived from successive substitution of ring −CH− of benzene by 
N atoms is investigated. All the species are placed in different nodes of the substitution-reaction network 
diagram (Hasse-diagram), following the substitution pattern. The ground-state ab-initio total energies and 
corresponding internal energies of all the 13 species are computed. All these energies along with the 
aromaticity index NICS(0) values, from the literature, are noted to follow a partial ordering. The total en-
ergies, associated internal energies, and NICS(0) values are systematically analyzed by the “poset aver-
age” method, the cluster-expansion method, and the least-square method. We also utilize the cluster ex-
pansion method and “splinoid model” to predict densities and refractive indices of six azines for which 
experimental data are unavailable. Results obtained from both the methods agree well with each other and 
with that obtained from standard software methods. A very good agreement between the computed results 
and that determined from our analysis supports the idea of considering “partial ordering” as a new chapter 
in stereo-chemistry.(doi: 10.5562/cca2321) 

Keywords: azines, substitution reaction network, partially ordered set or poset, poset-average method, 
cluster expansion method, splinoid method 

 
INTRODUCTION 

During the last four decades, various studies on reaction 
networks1 have immensely contributed to the area of 
“combinatorial chemistry”. Broadly, these studies aim at 
two goals: firstly, to generate a family of the chemical 
compounds by studying a “guided” set of reactions; and 
secondly, to systematically study the properties of dif-
ferent chemical compounds situated at different nodes 
of the reaction network having “precursor–product”-
type relationship. Among many reaction networks, those 
involving degenerate rearrangements have attracted 
much attention from chemical graph theorists. There are 
significant contributions from many researchers of this 
field, but one of the pioneers was Balaban who has also 
written a complete review article on this topic.2 Apart 
from this, many biochemical reaction networks are 
cyclic in nature. But also there exist many networks 
with an overall direction which provides a mathematical 
insight of potential use. In this note, we will mainly 
focus on such “directed” reaction networks. A nice 
example of such a network is a substitution reaction 
network which considers progressive substitution of a 
fixed molecular skeleton at several locations one after 
another keeping any previous substitution intact. This 

fairly general class of directed reaction networks may be 
viewed as a partially ordered set or poset. More formal-
ly, a set P is called a partially ordered set when there 
exists a relation  , designated as a partial ordering, 
between pair of elements ξ, ζ  P satisfying three condi-
tions (1) ξ  ξ, (2) if ξ  ζ and ζ  ξ, then ξ = ζ , and 
(3) the transitivity, i.e., if ξ  η and η  ζ , then ξ  ζ. 
A poset can be diagrammatically represented by the so-
called Hasse diagram, obtained using nodes and line 
segments such that each node or vertex corresponds to 
an element ξ  P and the line segment connects ξ to its 
immediate greater neighbor ζ  P and located below ξ. 
For further discussion on posets one can see Refs. 3–6. 
For present note, we illustrate this by taking the exam-
ple of the substitution reaction network of 
chlorobenzene,6 where an arrow in the Hasse diagram, 
directed from a structure ξ to a another structure ζ hav-
ing a “precursor-product”-type relationship, represents a 
single minimal step of substitution.6 In other words, 
each element or a member of the poset P is placed at a 
node, or a vertex, and two such nodes are connected by 
a directed line if there is no intermediate element. This 
Hasse diagram does not show a line for each partially 
ordered pair, but the full posetic relation follows, via 
“transitive extension” where ξ  ζ if either ξ = ζ or ξ is 
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connected to ζ via a sequence of downward directed 
lines.5,6 

It is quite natural to think that different physical 
and chemical properties of the elements of a poset might 
be ordered in consonance with the ordering of the poset. 
For over a decade, Klein et al. have repeatedly support-
ed this idea by dealing with different examples of sub-
stitution reaction posets.5–15 It is also worthwhile to 
mention here a special issue of MATCH Communica-
tions in Mathematical and Computer Chemistry and a 
book on partial order in environmental sciences and 
chemistry.4,16 

In this note, we focus on a poset where the ring 
carbon of benzene is substituted by nitrogen resulting in 
the formation of different azabenzens or azines. Starting 
from benzene, a total of 13 members have been report-
ed. The full poset is shown in Figure 1. Here we have 
considered five different properties of the azines, name-
ly, total electronic energy, internal energy, Nuclear 
Independent Chemical Shift (NICS), density and refrac-
tive index. Out of these five, the first three properties for 
each node of the poset are obtained via quantum chemi-
cal calculations. We use the UB3LYP/6-311+G(d,p) 
level of theory to compute ab-initio energies and related 
internal energies of each azine species in the poset 
shown in Figure 1. The NICS(0) values are taken from 
the work by Schleyer et al. where these values are cal-
culated at the PW91/IGLOIII/B3LYP/6-311+G(d,p) 
level of theory.17 For density and refractive index, the 
known experimental data for the first five members of 
the poset are used to estimate the unknown densities and 
refractive indices of the remaining members of the 
poset, details of which will be discussed in the sections 
to follow. 

 

METHODOLOGIES 

The posetic structure, as manifested in the Hasse dia-
gram may be sought to be utilized in explicating proper-
ties and data, by making poset-sensitive correlation. 
Using various interpolation methods one can estimate 
missing molecular data of a node of a poset from the 
available data for other connected nodes.5–15 In this 
note, we discuss three different interpolative methods, 
namely, (1) Poset Average Method, (2) Posetic Cluster 
Expansion Method and (3) Splinoid Model that are used 
for estimating missing molecular data of an element (or 
elements) in poset. 
 
Poset Average Method 

In “poset-average” method6 one takes any measurable 
property value X of an element ξ of the reaction network 
(in the interior of the Hasse diagram) as the average of 
the mean preceding X-values and the mean succeeding 

X-values. In other words, at first, one takes the average 
of those compounds ζ' directly leading to ξ in the net-
work and then, takes the average of those ζ" directly 
following ξ; and finally, averages these two averages. 
Therefore, it is written that6 

       2X ξ X' ξ X'' ξ   (1) 

where  X' ξ  is the mean of the X values for isomers 
immediately preceding ξ in the Hasse diagram, and 

 X'' ξ  is the average for structures immediately follow-
ing ξ. Thus the estimated “poset average” energy of 1, 
2-diazine from the energy of pyridine (E(1)) and energy 
of 1,2,3- and 1,2,4-triazine (E(1,2,3) and E(1,2,4) re-
spectively) is 

 

Figure 1. Substitution reaction network of azines with each 
element labeled by the substitution position. 
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all in a.u. The method is simple to deal with, but many 
times it suffers from lack of sufficient experimental data 
of a property for all the connected nodes of the element 
to be interpolated. However, one can imagine extending 
this method to take into account the contributions from 
the next-nearest neighbors or beyond. In that case, the 
model might be applicable to the cases where the im-
mediate neighbor values are unknown. Actually in the 
splinoid method, discussed later, one can utilize all 
available data of the full poset maintaining its full gen-
erality. On the other hand, the splinoid model can also 
be arranged is a particular way to give the poset-average 
method. So to say, the choices of poset-average method 
and splinoid method utilizes the natural choices for 
minimal and maximal amount of data used within the 
splinoid fitting method.11,14 In our present study, we 
apply the poset average method for predicting total 
energy, internal energy and NICS(0) values for each 
node of the substituted reaction network for which com-
puted data are available. 
 
Posetic Cluster Expansion 

Apart from the poset-average method, one can also 
interpolate any missing data by using the method of 
“cluster-expansion”. The origin of this method dates 
back even before the molecular-structure ideas were 
clearly recognized.18 In modern chemical literature, this 
technique of characterization of molecular properties 
has been established as substructural cluster expansion 
for different properties, say, heats of formation, and 
various other properties.19,20,21 In 1964, the idea of clus-
ter expansion was framed by Gian-Carlo Rota in a sys-
tematic mathematical posetic framework.22 A property  
X(ξ) for a poset member ξ was expanded in terms of 
another related “cluster” property x(ζ) for the preceding 
members ζ of ξ as 

 (3) 

where x(ζ)s are the fitting parameters. In the present 
article we write the general cluster expansion as 

 (4) 

where X(ξ) is the scalar property X for structure ξ, f(ζ ,ξ) 
is the number of ways in which the configurational 

arrangements of ζ occur as substructures in a configura-
tion C  ξ. For our present case, the expansion appears 
as 

   
     
       
       
       
         

 
         

   
         
         

   

0 0

1 0 1

1,2 0 2 1 1,2

1,3 0 2 1 1,3

1,4 0 2 1 1,4

1,2,3 0 3 1 2 1,2 1,3

1,2,3

1,2, 4 0 3 1 1, 2 1,3

1,4 1,2,4

1,3,5 0 3 1 3 1,3 1,3,5

1,2,3,4 0 4 1 3 1, 2 2 1,3

1,4 2 1, 2,3 2 1,2,

X x

X x x

X x x x

X x x x

X x x x

X x x x x

x

X x x x x

x x

X x x x x

X x x x x

x x x



 

  

  

  

    

    



   

    

   
 

4

1, 2,3,4

...

x



 (5) 

where, to label X (ξ) and x(ξ) , we represent a member 
ξ in the poset by the substitution position numbers of 
nitrogens in the ring (Figure 1). We illustrate this by 
taking energy, internal energy and NICS(0) as the 
measurable scalar property X(ξ) of structure ξ, x(0) is 
the property of the unsubstituted benzene, x(i) is the 
scalar property for substitution at i-th place as shown 
in Figure 1, x(i, j) is the correction term arising due to 
the interaction between the pairs of site i and j, x(i, j, 
k) is higher order 3-site interaction, etc. It is assumed 
that the correction terms due to many site interactions 
diminish in size as number of sites increases. As a 
matter of fact, higher order interactions might be neg-
ligible. 

One can invert the cluster expansion equations as, 
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 (6) 
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From the above set of equations x can be determined 
using the X values obtained from the less substituted 
molecules having position in a lower rank in a poset. 
Then neglecting higher order x (3-site or higher order 
interaction), one can estimate the more highly substitut-
ed X-values. 
 
Splinoid Method 

The splinoid method is another important method of 
interpolation to predict missing data for the nodes in a 
substitution reaction network (represented here as Hasse 
diagram). In this method, for each edge in the Hasse 
diagram denoted by i→j which connects between the two 
structures, n-substituted structure i to (n+1)-substituted 
structure j, a real variable xi→j ranging from 0 to 1 can be 
attached (xi→j = 0 at i and = 1 at j). Following the spline 
interpolation method,9,10 we write the cubic spline poly-
nomials fi for each xi→j of the Hasse diagram as 

  3 2
i i j i j i j i j i j i j i j i jf x a x b x c x d            (7) 

with ai→j, bi→j, ci→j, and di→j as constants. Each node i of 
the poset is identified by a value αi and a slope βi. The 
splinoid fit is such that each fi with endpoint i matches 
with the value αi at the nodes iP, with the αi for iK 
for the known property values; second, the slope at each 
vertex i matches with βi to ensure the smooth fitting of 
the polynomials of the connected arrows of the Hasse 
diagram; and third, a relevant total “curvature” is mini-
mized. Here K is the set of structures within the poset 
for which the experimental values for a property X are 
known. The unknown X values for the remaining chem-
ical compounds in the network, that form a set U with 
vertices jK, can be estimated applying splinoid model 
for the vertices from K. In other words, the unknown 
values of X for the set U of chemical compounds can be 
determined in terms of the known values of X for the set 
K. Following the general splinoid model, we express the 
adjacency matrix of the Hasse diagram by A, and the 
oriented adjacency matrix by S (i.e. S = [Sij]), with 
elements defined as 

1, if

1, if

0, otherwise
ij

j i

S i j


  



 (8) 

Also we define two diagonal matices D and Δ which 
are 

 
 

diag

diag

i i

i i

d d

d d

 

 

 

 

D


 (9) 

where we denote the in-degree and out-degree on vertex 
iP by d→i, and di→, respectively. Furthermore, we 

define two sub-matrices of the unity matrix I by U 
(|U|×|P| matrix with rows indexed by the elements of 
|U|) and K (|K|×|P| matrix with rows indexed by the 
elements of |K|). In terms of these matrices, one could 
derive a new matrix M as9,10 

      1
2 3 2

     M A D S A D D S  (10) 

The new matrix M and the other two matrices U and K 
are used to compute the unknown values of X contained 
in vector u


 from the known values of vector k


 via9 

   1T T .u k


 
 UMU UMK  (11) 

The point here is that the matrix UMU 
T has to be 

invertible regardless of the number of available 
“known” data in the network, even at a point where very 
few (≤2) known data are available. Certainly the per-
formance and reliability of the method deteriorates with 
decrease in number of known values. Nevertheless, 
Klein et al. have shown that even for a large number of 
unknown values this deterioration can in practice re-
main small.9 Also unlike the cluster-expansion method 
or poset-average method the ai→j, bi→j, ci→j, and di→j 
coefficients appearing in the spline polynomials f do not 
explicitly appear in the splinoid formula for u


, but they 

are complicit in the derivation of this formula for u


. 
The coefficients can be determined following Refs. 9 
and 10. Also the formula takes all the topological struc-
tures of the reaction network into consideration, consid-
erably differing from the other two methods which es-
sentially considers the adjacent members in the Hasse 
diagram immediately up or down in the rank. 

 

RESULTS AND DISCUSSION 

The method of “poset average” and “cluster expansion” 
described in an earlier section has been applied to the 
singlet ground-state total energies, internal energies and 
NICS(0) values for all the 13 members of the azine-
poset. However, granted the availability of sufficient 
amount of computed data for these three properties we 
prefer doing a “least-square” cluster-expansion analysis 
over the “splinoid” fitting method. The total energies 
and the internal energies are calculated using a hybrid 
UB3LYP functional in a DFT framework with a 6-
311+G(d,p) basis set in Gaussian 09 program package,23 
while the NICS(0) values have been taken from Ref. 17. 
Calculated total energy values and internal energy val-
ues are shown in Table 1 and Table 2 respectively. De-
tails of computed energy and computed geometry are 
given in supplementary material. All NICS(0) values are 
reported in Table 3. A point of note here is that all of 
these physical property values are referenced against  
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Table 1. Computed (at UB3LYP/6-311+G(d,p) level) and fitted energies (in atomic unit) for different azines. The notations Ecal, 
Einversion, Eleast-sqr and E  stand for calculated energy, energy obtained from cluster expansion method, least-square method and poset-
average method respectively. All calculated total energy values are scaled against that of unsubstituted one with Ecal = −232.311 a.u. 

Structure Ecal Einversion Eleast-sqr E
A(0) 0 0 0  
A(1) −16.040 −16.040 −16.039 −16.034 

A(1,2) −32.046 −32.046 −32.047 −32.056 
A(1,3) −32.083 −32.083 −32.082 −32.065 
A(1,4) −32.076 −32.076 −32.073 −32.062 

A(1,2,3) −48.058 −48.055 −48.058 −48.073 
A(1,2,4) −48.084 −48.085 −48.084 −48.076 
A(1,3,5) −48.128 −48.128 −48.128 −48.091 

A(1,2,3,4) −64.065 −64.055 −64.059 −64.072 
A(1,2,3,5) −64.098 −64.096 −64.099 −64.081 
A(1,2,4,5) −64.087 −64.089 −64.090 −64.078 

A(1,2,3,4,5) −80.072 −80.066 −80.074 −80.069 
A(1,2,3,4,5,6) −96.054 −96.040 −96.052  

σ 0.0052 0.0023 0.016  

 

Table 2. Computed internal energies (at UB3LYP/6-311+G(d,p) level and at 298.15K) and fitted internal energies (in kcal/mol) 
for different azines. The notations Ucal, Uinversion, Uleast-sqr and U  stand for calculated internal energy, internal energy obtained 
from cluster expansion method, least-square method and poset-average method respectively. All calculated internal energies are 
scaled against that of unsubstituted one with Ucal = 65.621 kcal/mol 

Structure Ucal Uinversion Uleast-sqr U
A(0) 0 0 0  
A(1) −7.460 −7.460 −7.382 −7.545 

A(1,2) −15.412 −15.412 −15.386 −15.299 
A(1,3) −14.851 −14.851 −14.776 −15.142 
A(1,4) −15.006 −15.006 −14.869 −15.172 

A(1,2,3) −23.390 −23.295 −23.401 −23.150 
A(1,2,4) −22.884 −22.889 −22.884 −23.080 
A(1,3,5) −22.195 −22.173 −22.180 −22.831 

A(1,2,3,4) −31.527 −31.35 −31.626 −31.342 
A(1,2,3,5) −30.811 −30.703 −30.910 −31.185 
A(1,2,4,5) −30.873 −30.858 −31.004 −31.215 

A(1,2,3,4,5) −39.546 −39.164 −39.652 −39.809 
A(1,2,3,4,5,6) −48.548 −47.556 −48.404  

σ 0.314 0.0913 0.3  

 

Table 3. Computed NICS(0) (ppm) (at PW91/IGLOIII/B3LYP/6-311+G(d,p) level)17 and fitted NICS(0) (ppm) for different 

azines. The notations NICS(0)cal, NICS(0)inversion, NICS(0)least-sqr and  NICS 0 stand for calculated NICS(0), NICS(0) obtained 

using cluster expansion method, least-square method and poset-average method respectively. The NICS(0) values are scaled 
against that of unsubstituted one with NICS(0) = −7.52 ppm 

Structure NICS(0)cal NICS(0)inversion NICS(0)least-sqr  NICS 0  

A(0) 0 0 0  
A(1) 1.25 1.25 1.26 1.37 

A(1,2) 2.96 2.96 2.75 2.84 
A(1,3) 2.52 2.52 2.58 2.77 
A(1,4) 2.76 2.76 2.98 2.92 

A(1,2,3) 4.28 4.69 4.29 4.45 
A(1,2,4) 4.59 4.49 4.53 4.55 
A(1,3,5) 3.97 3.81 3.96 4.35 

A(1,2,3,4) 6.13 6.94 6.76 6.35 
A(1,2,3,5) 6.18 6.24 6.13 6.28 
A(1,2,4,5) 6.73 6.48 6.54 6.43 

A(1,2,3,4,5) 8.27 8.69 8.37 8.52 
A(1,2,3,4,5,6) 10.7 11.16 10.67  

σ 0.33 0.215 0.213  
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that of the first member of the poset i.e. unsubstituted 
benzene. To say in a more mathematical way, we adopt 

     cal cal 0X ξ X ξ X  which ensures the cluster term 
x(0) = 0. 

In this work, we apply the cluster expansion to 
predict X values of the n-site isomers neglecting all the 
higher order terms, leaving out the terms beyond x(1) ≡ 
α, x(1,2) ≡ β1, x(1,3) ≡ β2 and x(1,4) ≡ β3 where α and βs 
are the abbreviated form of the x parameters. Alterna-
tively, one can also write all the different X values in 
terms of x and then a least-square fit of the parameters 
for all the available X values could be done. For the 
present azabenzene reaction network, the cluster expan-
sion parameters are shown in Table 4a, and those for 
least-square fitting are shown in Table 4b for various 
physically measurable properties. The results of the 
cluster expansion and least-square fitting are shown in 
Tables 1, 2 and 3. 

From Table 1, 2 and 3 it is evident that the fitted 
energies we get, using the method of “poset-average” 
and “cluster-expansion” (either by inversion or by 
“least-square”), are very close to the calculated values 
and also the results obtained from either method are 
quite good. Moreover, following Figures 2a, 2b and 2c, 
one could visually compare the efficiency of the three 
methods by comparing their square-deviations at each 
data point from the data obtained through Gaussian 
calculations. However, from the RMSD values σ it is 
clear that the least-square fitting procedure is better than 
the other two methods for total energy and internal 
energy. On the other hand, poset-average method gives 
marginally better result than the least-square method in 
case of NICS (0) values. Another point to note is that 
the α term of the cluster expansion is the most important 
one followed by the three β values. A more accurate 
result (assuming calculated values to be actual values) 

Table 4a. Parameters obtained using cluster expansion method where the symbol E and U stands for the total energy and total 
internal energy respectively 

Property x(1) ≡ α x(1,2) ≡ β1 x(1,3) ≡ β2 x(1,4) ≡ β3 
E / a.u. –16.040 0.034 0.003 0.004 
U / kcal mol−1 –7.460 –0.492 0.069 –0.086 
NICS(0) / ppm 1.25 0.46 0.02 0.26 

 

Table 4b. Parameters obtained using method of least square fitting where the symbol E and U stands for the total energy and total 
internal energy respectively 

Property x(1) ≡ α x(1,2) ≡ β1 x(1,3) ≡ β2 x(1,4) ≡ β3 
E / a.u. –16.040 0.031 −0.004 0.005 
U / kcal mol−1 –7.382 –0.622 −0.011 –0.105 
NICS(0) / ppm 1.260 0.230 0.060 0.460 

 

Table 5. Experimental and predicted densities and refractive index of azines. The abbreviations CE(n)and S(n) stands for cluster 
expansion and splinoid method using n known values. Experimental data collected from Refs. 25–26 

 Density / g cm−3  Refractive index 
 EXP. CE(5) S(5) ACD  EXP. CE(5) S(5) ACD 

A(0) 0.874a 0.874 0.874 0.874a  1.501a 1.501 1.501 1.499 
A(1) 0.983a 0.983 0.983 0.957  1.510a 1.51 1.51 1.501 

A(1,2) 1.103a 1.103 1.103 1.055  1.524a 1.524 1.524 1.503 
A(1,3) 1.106a 1.106 1.106 1.055  1.504a 1.504 1.504 1.503 
A(1,4) 1.031a 1.031 1.031 1.055  1.524a 1.524 1.524 1.503 

A(1,2,3) NA 1.237 1.303 1.173  NA 1.523 1.709 1.506 
A(1,2,4) NA 1.165 1.29 1.173  NA 1.523 1.711 1.506 
A(1,3,5) 1.380b,c 1.243 1.303 1.173  NA 1.483 1.706 1.506 

A(1,2,3,4) NA 1.249 1.501 1.317  NA 1.532 1.905 1.509 
A(1,2,3,5) NA 1.313 1.501 1.317  NA 1.507 1.905 1.509 
A(1,2,4,5) NA 1.238 1.5 1.317  NA 1.527 1.906 1.509 

A(1,2,3,4,5) NA 1.397 1.705 1.495  NA 1.516 2.101 1.513 
A(1,2,3,4,5,6) NA 1.495 1.91 1.723  NA 1.51 2.297 1.519 

aDatum used for splinoid fitting. 
bNot included in splinoid method calculations. 
cReported specific gravity in Ref. 25. 
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can be obtained with inclusion of higher order terms, 
since some β values are larger than the standard devia-
tion. At the same time, it is also apparent from the dif-

ferent β-values that the pair-wise interaction tends to 
decrease in size with increase of distance between the 
pair of sites. 

A rationale for using a fair amount of computa-
tional data is due here. The present work faces a major 
challenge of unavailability of authentic experimental 
data for the molecules under consideration. This is be-
cause, some elements of the poset are either not yet 
synthesized or are very unstable. Therefore the available 
data sets for various properties of these structures are 
incomplete. 

However, in an attempt to obtain the density and 
refractive index of all the elements of the poset, we 
rely on the available experimental data for the first five 
members of the poset and then apply the “cluster ex-
pansion” and the “splinoid model” for predicting den-
sity and refractive index of the other azines for which 
experimental data are not available. For the “cluster 
expansion” a little change here from our prior discus-
sion is that in this case the physical property values 
are not referenced against that of the unsubstituted 
benzene, i.e., we adopt    cal .X ξ X ξ  This leaves the 
cluster term as x(0) ≠ 0. For the “splinoid method” the 
required matrices A, S, D and Δ are constructed con-
sidering the Hasse diagram in Figure 1. All the matri-
ces are explicitly shown in the supporting material 
(Table 1S, 2S, 3S and 4S) with a slightly different 
molecule-labeling system depicted in figure 1S of the 
supporting material. The results obtained from both the 
methods are reported in Table 5. We also compare our 
results with ACD/LAB Software24 data from Refs. 25 
and 26. The reported result indicates a good agreement 
among the predicted values obtained using different 
methods and at least for the density of one element 
(A(1,3,5)) the splinoid method gives a better value than 
ACD data. 

 

CONCLUSION 

The present discussion can be extended beyond our 
chosen system due to the generality and ubiquity of the 
general ideas described and used here. As a matter of 
fact, the general idea of a periodic table can be viewed 
as a basis for the concept of progressive reaction poset. 
Mendeleev’s table of the elements can be considered 
as an excellent example of such a periodic table. That 
is, chains in the poset can be thought of having close 
resemblance with the relations down the columns of 
the table, also including interconnection from an ele-
ment in an A column to the element in the correspond-
ing B column one row down in the table. Although, in 
the periodic table of elements, reaction from one ele-
ment to that below are purely hypothetical nuclear 
reactions, the chemical properties of elements tends to 
follow a certain partial ordering. Such an idea was 

Figure 2. Plots of square deviations of estimated (a) total
energy (in a.u.) (b) internal energy (in kcal/mol) and (c)
NICS(0) values (in ppm) from that obtained using quantum
chemical calculations of azines. The estimations are done
using poset average method (●), cluster expansion method
(■), least-square analysis (♦) for different members of the
substitution reaction network. 
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used in building up the “periodic table of alkanes” by 
Randić27–29 or the “formula periodic table of benzeno-
ids” by Dias’,30,31 or the “periodic table of all acyclic 
hydrocarbons” by Klein et al.32,33 The ideas and tech-
niques developed in the context of our substitution 
reaction posets thence could have somewhat wider 
applicability. 

Although the poset related cluster approaches 
have been very successful, it suffers from some limita-
tions. Firstly, the mathematical development of this 
approach is not very familiar to chemists and secondly, 
the user’s confidence in the success of each computa-
tional approach is based largely on the previous suc-
cess of this approach. In fact, in many well accepted 
works this has been used for “low-order” applica-
tions19–21 without identifying the posetic nature of the 
expansion. Following the method established by Klein 
et al. for substitution reaction poset, we here provide a 
further illustration that the identification of the poset 
offers new methodology, and seemingly new insight – 
which was shown to represent34 a discrete analogue of 
the conventional Taylor series expansion for a conti-
nuous variable. It is clearly evident that the cluster 
expansion approach converges rapidly not only for ab-
initio ground-state energies and associated total inter-
nal energies, but also for aromaticity index (NICS(0)). 
The results obtained indicate an advantage of consider-
ing interpolative posetic methods, such as the cluster-
expansion method or the splinoid method, for predict-
ing unknown physical properties of the poset elements. 
This observation is in agreement with the previous 
studies made by Klein et al. for a few other such po-
sets.6,7,8,11 This certainly points towards the power and 
promise of this method for this type of substitution 
reaction network. 

Supplementary Materials. – Supporting informations to the 
paper are enclosed to the electronic version of the article. 
These data can be found on the website of Croatica Chemica 
Acta (http://public.carnet.hr/ccacaa). 
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Figure 1S. Substitution reaction network of azines. In this figure the nodes are numbered 

serially starting from the first member benzene. This numbering scheme has been 

adopted to construct the matrices (Table 1S-4S) used for splinoid method.  



Table 1S. The adjacency matrix A used for the splinoid method for azines. We have 
used the molecule designators as shown in figure 1S.     
 1 2 3 4 5 6 7 8 9 10 11 12 13 

1 0 1 0 0 0 0 0 0 0 0 0 0 0 
2 1 0 1 1 1 0 0 0 0 0 0 0 0 
3 0 1 0 0 0 1 1 0 0 0 0 0 0 
4 0 1 0 0 0 1 1 1 0 0 0 0 0 
5 0 1 0 0 0 0 1 0 0 0 0 0 0 
6 0 0 1 1 0 0 0 0 1 1 0 0 0 
7 0 0 1 1 1 0 0 0 1 1 1 0 0 
8 0 0 0 1 0 0 0 0 0 1 0 0 0 
9 0 0 0 0 0 1 1 0 0 0 0 1 0 
10 0 0 0 0 0 1 1 1 0 0 0 1 0 
11 0 0 0 0 0 0 1 0 0 0 0 1 0 
12 0 0 0 0 0 0 0 0 1 1 1 0 1 
13 0 0 0 0 0 0 0 0 0 0 0 1 0 

 
 
 
Table 2S. The matrix  S, used for the splinoid fitting for various properties of azines. We 
have used the molecule designators as shown in figure 1S. 
 1 2 3 4 5 6 7 8 9 10 11 12 13 

1 0 -1 0 0 0 0 0 0 0 0 0 0 0 
2 1 0 -1 -1 -1 0 0 0 0 0 0 0 0 
3 0 1 0 0 0 -1 -1 0 0 0 0 0 0 
4 0 1 0 0 0 -1 -1 -1 0 0 0 0 0 
5 0 1 0 0 0 0 -1 0 0 0 0 0 0 
6 0 0 1 1 0 0 0 0 -1 -1 0 0 0 
7 0 0 1 1 1 0 0 0 -1 -1 -1 0 0 
8 0 0 0 1 0 0 0 0 0 -1 0 0 0 
9 0 0 0 0 0 1 1 0 0 0 0 -1 0 
10 0 0 0 0 0 1 1 1 0 0 0 -1 0 
11 0 0 0 0 0 0 1 0 0 0 0 -1 0 
12 0 0 0 0 0 0 0 0 1 1 1 0 -1 
13 0 0 0 0 0 0 0 0 0 0 0 1 0 

 
 
 
 
 
 
 
 
 



Table 3S. The diagonal Matrix D, used for the splinoid method for azines. We have 
used the molecule designators as shown in figure 1S. 
 1 2 3 4 5 6 7 8 9 10 11 12 13 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 
2 0 2 0 0 0 0 0 0 0 0 0 0 0 
3 0 0 1 0 0 0 0 0 0 0 0 0 0 
4 0 0 0 2 0 0 0 0 0 0 0 0 0 
5 0 0 0 0 0 0 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 0 0 0 0 0 0 
7 0 0 0 0 0 0 0 0 0 0 0 0 0 
8 0 0 0 0 0 0 0 0 0 0 0 0 0 
9 0 0 0 0 0 0 0 0 -1 0 0 0 0 
10 0 0 0 0 0 0 0 0 0 -2 0 0 0 
11 0 0 0 0 0 0 0 0 0 0 0 0 0 
12 0 0 0 0 0 0 0 0 0 0 0 -2 0 
13 0 0 0 0 0 0 0 0 0 0 0 0 -1 

 
Table 4S. The diagonal Matrix Δ, used for the splinoid method for azines. We have used 
the molecule designators as shown in figure 1S. 
 1 2 3 4 5 6 7 8 9 10 11 12 13 

1 1 0 0 0 0 0 0 0 0 0 0 0 0 
2 0 4 0 0 0 0 0 0 0 0 0 0 0 
3 0 0 3 0 0 0 0 0 0 0 0 0 0 
4 0 0 0 4 0 0 0 0 0 0 0 0 0 
5 0 0 0 0 2 0 0 0 0 0 0 0 0 
6 0 0 0 0 0 4 0 0 0 0 0 0 0 
7 0 0 0 0 0 0 6 0 0 0 0 0 0 
8 0 0 0 0 0 0 0 2 0 0 0 0 0 
9 0 0 0 0 0 0 0 0 3 0 0 0 0 
10 0 0 0 0 0 0 0 0 0 4 0 0 0 
11 0 0 0 0 0 0 0 0 0 0 2 0 0 
12 0 0 0 0 0 0 0 0 0 0 0 4 0 
13 0 0 0 0 0 0 0 0 0 0 0 0 1 

 
 Gaussian output of Energies and Geometries of different Azines 
 
1. Molecule 1 
 1\1\GINC-MINIREX\Freq\UB3LYP\6-311+G(d,p)\C6H6\ANIRBAN\25-Mar-2013\0\\ 
 #P Geom=AllCheck Guess=TCheck SCRF=Check GenChk UB3LYP/6-311+G(d,p) Fr 
 eq\\Benzene property\\0,1\C,-0.3904365377,-2.3435010486,0.0000558584\C 
 ,1.0042600091,-2.3434885395,0.0004734529\C,1.7017397163,-1.1357793244, 
 -0.0000477743\C,1.004416842,0.0720361244,-0.0010531657\C,-0.3902784278 
 ,0.0720242816,-0.0014974443\C,-1.0877583879,-1.1356867566,-0.000920932 
 1\H,-0.9322529806,-3.2821674486,0.0004800193\H,1.5460533887,-3.2821893 
 699,0.0012801583\H,2.7855397871,-1.1359526097,0.0003148253\H,1.5462378 
 177,1.0106932511,-0.0014553814\H,-0.9320750389,1.0107128851,-0.0022878 
 848\H,-2.1715649479,-1.1355060848,-0.0012527316\\Version=EM64L-G09RevB 



 .01\State=1-A\HF=-232.3112513\S2=0.\S2-1=0.\S2A=0.\RMSD=4.264e-09\RMSF 
 =2.350e-04\ZeroPoint=0.1001719\Thermal=0.1045745 
 

2. Molecule 2 
 1\1\GINC-QUANCHEM\Freq\UB3LYP\6-311+G(d,p)\C5H5N1\ANIRBAN\21-Mar-2013\ 
 0\\#P Geom=AllCheck Guess=TCheck SCRF=Check GenChk UB3LYP/6-311+G(d,p) 
  Freq\\molecule-2 property\\0,1\C,-1.4934134791,0.0666183221,0.0000191 
 566\C,-0.0992660358,0.0624777488,-0.0000673296\C,0.5680134026,1.284227 
 5104,-0.0002832229\C,-0.1865203587,2.4541052395,-0.0003994136\C,-1.576 
 661149,2.3483833733,-0.0002949749\N,-2.2298637303,1.1821504106,-0.0000 
 890237\H,1.6516300627,1.3237621363,-0.0003324809\H,-2.0450235394,-0.86 
 94705176,0.0001860218\H,0.443644911,-0.8754152882,0.0000252499\H,0.286 
 604564,3.429066181,-0.0005698696\H,-2.195017468,3.2417883238,-0.000383 
 1131\\Version=EM64L-G09RevB.01\State=1-A\HF=-248.3512168\S2=0.\S2-1=0. 
 \S2A=0.\RMSD=2.432e-09\RMSF=6.423e-06\ZeroPoint=0.0884005\Thermal=0.09 
 26855\ 
 
3. Molecule 3 
1\1\GINC-MINIREX\FOpt\RB3LYP\6-311+G(d,p)\C4H4N2\ANIRBAN\22-Mar-2013\0 
 \\# opt=calcfc freq rb3lyp/6-311+g(d,p) geom=connectivity scf=maxcyc=9 
 00\\Molecule-3 property\\0,1\N,-2.7567601056,-1.274871582,-0.008804191 
 9\C,-1.4238376679,-1.2406908031,-0.0088018903\C,-0.6804262859,-0.05847 
 98532,-0.0087977685\C,-1.3911063787,1.1262081395,-0.008795926\C,-2.784 
 0906958,1.0268212821,-0.0087980868\N,-3.4416992799,-0.133092974,-0.008 
 8020925\H,0.4029869396,-0.0829768509,-0.0087957731\H,-0.9410087794,-2. 
 2124029471,-0.0088033051\H,-0.9027204066,2.0936084954,-0.0087932827\H, 
 -3.4141243398,1.9102270933,-0.0087963832\\Version=EM64L-G09RevB.01\Sta 
 te=1-A\HF=-264.3571417\RMSD=3.161e-09\RMSF=5.272e-05\Dipole=1.4929871, 
 0.8956251,0.0000048\Quadrupole=-0.9991746,2.0605309,-1.0613563,-2.8673 

 362,-0.0000072,0.0000024\PG=C01 [X(C4H4N2)]\\@ 
 

4. Molecule 4 
1\1\GINC-MINIREX\FOpt\RB3LYP\6-311+G(d,p)\C4H4N2\ANIRBAN\22-Mar-2013\0 
 \\# opt=calcfc freq rb3lyp/6-311+g(d,p) geom=connectivity scf(maxcyc=9 
 00)\\Molecule-4 Property\\0,1\C,-2.1743534134,-2.1654486546,-0.0000061 
 176\N,-0.8390548436,-2.1671373297,-0.0000073529\C,-0.2519255488,-0.966 
 8229344,-0.0000074061\C,-0.9830727675,0.2165712262,-0.0000059761\C,-2. 
 3685000878,0.0917054219,-0.0000037121\N,-2.9766911677,-1.098074735,-0. 
 0000064605\H,0.8344567035,-0.958020107,-0.0000075109\H,-2.660061826,-3 
 .1366424541,-0.0000048894\H,-0.4987137593,1.1850696016,-0.0000061581\H 
 ,-3.0131271893,0.9662110652,-0.0000024208\\Version=EM64L-G09RevB.01\St 
 ate=1-A\HF=-264.3939035\RMSD=1.769e-09\RMSF=5.061e-05\Dipole=0.4338596 
 ,0.8675187,0.0000015\Quadrupole=-1.0677915,1.9491834,-0.8813918,2.0120 
 715,-0.0000043,-0.000001\PG=C01 [X(C4H4N2)]\\@ 

 
5. Molecule 5 
1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\C4H4N2\ANIRBAN\22-Mar-2013\0 
 \\#p opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf=maxcyc= 
 900\\Molecule-5 Property\\0,1\C,1.3554758014,-0.0367471906,0.000000103 
 6\C,-1.3037480545,0.028341872,0.0000003813\C,-0.6013636855,-1.17707166 
 7,0.0000016508\N,0.7327654114,-1.2176758488,0.0000014916\H,2.441313937 
 ,-0.0493991768,-0.0000000404\H,-2.3896660058,0.0404301825,0.0000004743 
 \H,-1.1260783648,-2.1278008314,0.0000028156\C,0.6530011141,1.168008540 
 1,-0.0000011268\H,1.177678641,2.118934371,-0.0000022299\N,-0.681392824 
 3,1.2090727991,-0.0000010133\\Version=EM64L-G09RevB.01\State=1-A\HF=-2 



 64.3873079\S2=0.\S2-1=0.\S2A=0.\RMSD=5.035e-09\RMSF=1.141e-04\Dipole=- 
 0.0001652,-0.0003754,0.\Quadrupole=3.1737165,-2.3228934,-0.8508231,4.8 
 44684,-0.0000059,0.000001\PG=C01 [X(C4H4N2)]\\@ 

 
6. Molecule 6 
 1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\C3H3N3\ANIRBAN\22-Mar-2013\0 
 \\#p opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf(maxcyc= 
 900)\\Molecule-6 Property\\0,1\N,-2.5259353643,-0.5912279064,-0.000008 
 8805\C,-1.1877408411,-0.5969121479,-0.0000092414\C,-0.4488997163,0.574 
 6250674,-0.0000025019\C,-1.2003807996,1.7376228203,0.0000010082\N,-3.1 
 791442915,0.5594721183,0.0000005209\H,0.6342036051,0.5804944598,-0.000 
 0003543\H,-0.7264500188,-1.5789759098,-0.0000143565\H,-0.7505471437,2. 
 7249293334,0.0000013352\N,-2.53872925,1.7169040751,0.0000044594\\Versi 
 on=EM64L-G09RevB.01\State=1-A\HF=-280.3690958\S2=0.\S2-1=0.\S2A=0.\RMS 
 D=2.218e-09\RMSF=1.044e-04\Dipole=2.0688481,0.011665,-0.0000029\Quadru 
 pole=-0.7984709,0.4983984,0.3000725,-0.0078555,0.0000083,-0.0000108\PG 
 =C01 [X(C3H3N3)]\\@ 

 
7. Molecule 7 
 
 1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\C3H3N3\ANIRBAN\22-Mar-2013\0 
 \\#p opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf(maxcyc= 
 900)\\Molecule-7 Property\\0,1\N,-1.8950778729,-1.9208229775,-0.000006 
 1812\C,-0.5654533339,-1.8804658533,-0.0000064211\C,0.1288148152,-0.668 
 1327793,-0.0000064009\C,-1.8609824602,0.3647419011,-0.0000059531\N,-2. 
 5623153527,-0.7687927952,-0.0000059267\H,1.2147115431,-0.6334555616,-0 
 .0000065714\H,-0.0563899006,-2.8381040863,-0.0000066175\H,-2.445341359 
 5,1.2786849311,-0.0000057607\N,-0.5273311685,0.484054311,-0.0000061812 
 \\Version=EM64L-G09RevB.01\State=1-A\HF=-280.3957338\S2=0.\S2-1=0.\S2A 
 =0.\RMSD=7.110e-09\RMSF=2.650e-05\Dipole=1.0810898,0.0258236,-0.000000 
 1\Quadrupole=-0.2220742,-0.303287,0.5253612,-5.0670963,-0.0000003,0.00 
 00008\PG=C01 [X(C3H3N3)]\\@ 

 
8. Molecule 8 
 1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\C3H3N3\ANIRBAN\22-Mar-2013\0 
 \\#p opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf(maxcyc= 
 900)\\Molecule-8 Property\\0,1\N,-0.7856337418,1.16617554,0.0000036211 
 \C,0.5483603149,1.1362902916,0.0000063128\C,0.6094679488,-1.104799636, 
 -0.0000032989\H,1.0653847853,2.0915774361,0.0000116644\H,1.177797228,- 
 2.0304808342,-0.000005858\N,-0.7209082309,-1.2073487035,-0.0000067432\ 
 C,-1.3619434193,-0.0371824043,-0.000003107\H,-2.4477343963,-0.06679257 
 23,-0.0000058547\N,1.3023936213,0.0354910926,0.0000029876\\Version=EM6 
 4L-G09RevB.01\State=1-A\HF=-280.4392239\S2=0.\S2-1=0.\S2A=0.\RMSD=2.47 
 6e-09\RMSF=3.042e-05\Dipole=0.0000171,-0.0000317,0.\Quadrupole=-0.3447 
 361,-0.3427898,0.6875259,-0.0000744,-0.000001,-0.0000051\PG=C01 [X(C3H 
 3N3)]\\@ 

 
9. Molecule 9 
 1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\C2H2N4\ANIRBAN\22-Mar-2013\0 
 \\#p opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf(maxcyc= 
 900)\\Molecule-9 Property\\0,1\N,-1.9258883259,-0.4238076716,-0.000005 
 5537\C,-0.6472283818,1.8997072317,0.0000021704\C,-2.03735529,1.8545543 
 549,-0.0000058425\N,-2.6630341576,0.6861507861,-0.0000097398\H,-0.0844 
 50457,2.8274585582,0.0000046422\H,-2.6590783548,2.7438329216,-0.000008 
 8189\N,-0.6115416209,-0.3816359657,0.0000031444\N,0.0529365882,0.77448 



 97048,0.0000069981\\Version=EM64L-G09RevB.01\State=1-A\HF=-296.3762095 
 \S2=0.\S2-1=0.\S2A=0.\RMSD=6.000e-09\RMSF=1.983e-04\Dipole=-0.0616005, 
 1.8925384,-0.0000006\Quadrupole=-3.5117587,1.8003588,1.7113998,-0.1721 
 269,-0.000035,-0.0000015\PG=C01 [X(C2H2N4)]\\@ 

 
10. Molecule 10 
 1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\C2H2N4\ANIRBAN\22-Mar-2013\0 
 \\#p opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf=maxcyc= 
 900\\Molecule-10 Property\\0,1\N,-0.5668979382,-0.6101802476,-0.000027 
 5626\C,-0.005158733,0.6042280909,-0.0000090559\C,-1.9847433164,1.59423 
 61731,-0.0000068523\N,-2.6194373025,0.4163324646,0.000040788\H,1.07983 
 35686,0.6306652961,0.0000025942\H,-2.6144142127,2.4782169049,-0.000029 
 2245\N,-1.8869807904,-0.684446061,0.0000134411\N,-0.6658062754,1.75734 
 52989,-0.0000164851\\Version=EM64L-G09RevB.01\State=1-A\HF=-296.409607 
 1\S2=0.\S2-1=0.\S2A=0.\RMSD=5.240e-09\RMSF=9.456e-05\Dipole=0.4865248, 
 0.972801,-0.0000114\Quadrupole=1.0032286,-2.8949057,1.8916771,-2.59982 

 8,0.0002081,-0.0000288\PG=C01 [X(C2H2N4)]\\@ 
 

11. Molecule 11 
 1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\C2H2N4\ANIRBAN\22-Mar-2013\0 
 \\#p opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf(maxcyc= 
 900)\\Molecule-11 Property\\0,1\C,-2.2551577909,-0.4833382052,-0.00430 
 10112\N,-0.9189329246,-0.4756082735,-0.0042960231\C,-1.1236927906,1.77 
 91058522,-0.0042953636\N,-3.0504857632,0.5903850288,-0.0042923165\H,-2 
 .7398772732,-1.4525841051,-0.0043084968\H,-0.6389441639,2.7483329494,- 
 0.0042987909\N,-2.4598347361,1.7713801806,-0.0042891441\N,-0.328319517 
 5,0.7053414928,-0.0042926566\\Version=EM64L-G09RevB.01\State=1-A\HF=-2 
 96.3983125\S2=0.\S2-1=0.\S2A=0.\RMSD=7.470e-09\RMSF=1.344e-05\Dipole=0 
 .0000318,-0.0000335,-0.0000124\Quadrupole=-4.6346572,2.7280565,1.90660 

 07,4.9103163,0.0000146,-0.0000012\PG=C01 [X(C2H2N4)]\\@ 
 

12. Molecule 12 
 1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\C1H1N5\ANIRBAN\22-Mar-2013\0 
 \\#p opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf=maxcyc= 
 900\\Molecule-12 Property\\0,1\C,-1.3988720266,1.7704990471,-0.0006207 
 465\H,-2.4834506748,1.7705514288,-0.0006971378\N,1.1843640824,1.770582 
 8249,-0.0010537013\N,0.5360132254,0.6152819105,0.0016739931\N,-0.78181 
 87896,0.5908449355,0.0017341629\N,-0.7816713207,2.9502933329,-0.002543 
 4846\N,0.5360637139,2.9257744504,-0.0029140857\\Version=EM64L-G09RevB. 
 01\State=1-A\HF=-312.3837287\S2=0.\S2-1=0.\S2A=0.\RMSD=9.210e-09\RMSF= 
 5.099e-05\Dipole=-1.1288016,-0.0000182,-0.0001948\Quadrupole=1.5183848 
 ,-4.629908,3.1115232,0.0000065,0.0015835,0.0147473\PG=C01 [X(C1H1N5)]\ 
 \@ 

 
13. Molecule 13 
 1\1\GINC-MINIREX\FOpt\UB3LYP\6-311+G(d,p)\N6\ANIRBAN\22-Mar-2013\0\\#  
 opt=calcfc freq ub3lyp/6-311+g(d,p) geom=connectivity scf(maxcyc=999)\ 
 \Molecule-13 property\\0,1\N,-1.2113018384,0.4097293122,0.1812047404\N 
 ,-0.5733186985,1.5137886119,-0.1840286247\N,0.7281462735,1.5035057207, 
 -0.0005802653\N,1.3877180553,0.3815441001,0.1817935997\N,0.7498952664, 
 -0.7229498258,-0.1824056854\N,-0.5516498982,-0.7124488591,0.0004572353 
 \\Version=EM64L-G09RevB.01\State=1-A\HF=-328.3649782\S2=0.\S2-1=0.\S2A 
 =0.\RMSD=9.171e-09\RMSF=7.747e-05\Dipole=0.0000002,0.0000003,0.0001261 
 \Quadrupole=-1.7782358,-1.5895038,3.3677396,0.1646366,-0.0012312,0.002 
 9868\PG=C01 [X(N6)]\\@ 
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