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Summary 

A finite strain large displacement model for membrane structures based on the 
combined finite-discrete element method (FDEM) has been developed. The model is 
implemented in the open source FDEM package - Yfdem. The paper also presents benchmark 
tests and numerical results. 
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1. Introduction 

In mechanical terms, the membrane carries loads by axial tension only and has 
theoretically negligible resistance to bending. The use of membranes in architecture allows 
lightweight construction. Further, membranes have a wide application in electrical, biological, 
industrial and aerospace engineering. 

By their nature, membranes often include large displacements and (depending on the 
material) finite strains. Analytical models have been developed for flat circular [7] [6] and 
square membranes [3] subjected to uniform pressure and concentrated forces. Both solutions 
are in the form of infinite series. The main problem with analytical solutions is their limited 
scope - they can be found only for specific problems. 

Experimental studies of membranes evolved from soap film models to laboratory setups 
using different material models and full scale test. Recent experimental studies include [13], 
in which experimental wrinkling phenomena of membranes were examined, [20] the 
behaviour of pressurized cylinders was studied [22], [2] and [28] ballooning of membranes 
was investigated. Every experimental study is a very valuable tool for the verification of 
analytical and numerical models. 

Numerical models are mostly based on the finite element method. The main element 
types are triangular and quadrilateral elements with various enchantments. The advantages of 
the use of triangular elements are simplicity of mesh generation and formulation simplicity. 
Quadrilateral elements are more difficult to automatically mesh, they are more sensitive to 
mesh distortions and require additional warping corrections, but have increased accuracy in 
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comparison to triangular elements. In [10], quadrilateral elements are used for the numerical 
form-finding and compared to the experimental setup. The investigation presented in [21] 
showed the use of triangular elements with different enchanted strain functions. A form-
finding solution for a membrane using dynamic relaxation and viscous truss elements is 
introduced in [29]. Axisymmetric problems of membrane structures were analysed in [4] 
using 2D elements. Paper [5] investigates the use of area coordinates to reduce mesh 
sensitivity of the quadrilateral element grid. The finite element analysis of membrane 
wrinkling is researched in [12]. In [9], the procedure called Direct Core Congruential 
Formulation is presented for modelling the membrane behaviour. In addition to the 
experimental study in [20], the results of the numerical model are compared. In order to take 
large displacements (rotation and translation) into account, the so called co-rotational 
formulation is often adapted in the finite element formulation [28]. In recent years, full 
multiplicative decomposition formulations have been adopted for solids in 2D and 3D as well 
as for shells [8], [23-25], [27]. 

In this paper, an extension of the consistent multiplicative decomposition to membranes 
has been developed. In the first part of the paper, a detailed description of the algorithmic 
formulation is given. This is followed by benchmark tests and numerical examples. Advanced 
nonlinear material formulations are outside of the scope of this paper. 

2. FDEM membrane model based on 3-noded finite element 

The FDEM uses an explicit central difference integration scheme to resolve equations of 
motion directly. This is combined with lumped nodal masses, meaning that there is no need 
for either stiffness or mass matrices to be assembled. At each time step for each finite 
element, nodal forces are calculated from the current nodal displacements, see [14] and [16] 
and [15],[17],[18],[30] and [31]. For the static problem, the dynamic relaxation is employed. 

The damping procedure is done according to [19]. The so-called M(M-1K)m procedure is 
implemented in the central difference integration method. This type of the damping method 
attenuates both, high and low frequencies, and the processing time is shorter. This method 
also has a very little effect on the integration stability when compared to the undamped 
system. 

For the sake of simplicity and efficiency, the simplest 3-noded triangle in 3D has been 
adopted. The geometry of the triangle is defined by three nodes, as shown in Fig 1. 

 

Fig. 1  Geometry of the constant strain triangle finite element 

Each of the nodes is described by its Cartesian coordinates (x,y,z), where  zyx ,,  
represent local initial Cartesian coordinates and  zyx ~,~,~  represent local current Cartesian 
coordinates, as shown in Fig 2.  
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Fig. 2  Initial and current coordinates of the nodes of the finite element 

In order to speed up the calculations, nodal coordinates are transformed from a global 3D to a 
local 2D coordinate system. The deformation gradient F is given by 
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Since the origin of local coordinate systems coincides with the first node of the element, F can 
be written as 
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which trivialises the calculation of the deformation gradient, resulting in the ultra-fast 
calculation, while preserving the consistent multiplicative decomposition. 

Green-St. Venant strain tensor is obtained from F  

E = 2

1
(FFT – I) (3) 

By employing a constitutive law depending on the material, the Cauchy stress tensor T is 
derived. Traction forces along the element edge can be written as 
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where xm  and ym  present components of the normal along the edge of the finite element. 

Each node takes half of the traction forces from neighbouring sides of the finite element. 
Since T is calculated in the corresponding local Cartesian coordinate system, the obtained 
nodal forces are then transformed into the global coordinate system and added to the global 
force vector. 
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Pretensioning stresses can be considered by adjusting the initial geometry of the 
membrane. In order to cause additional tension, the membrane in its initial frame represents a 
form of membrane without any external loading. By restraining it to boundary conditions and 
loading, membrane current stresses are calculated in comparison to the unloaded state. This is 
suitable for defining an optimal form of the membrane in certain boundary conditions and 
loading. 

3.  Validation and verification 

Circular membrane under concentrated load. The first example is a circular 
membrane with rigidly clamped boundary conditions, subjected to the concentrated force in 
its centre. Characteristics of the given example are: radius of a membrane a=2m, Young’s 
modulus multiplied by the membrane thickness Eh= 20000 N/m’, Poisson’s ratio ν = 0 and 
force P = 1 N. The numerical analyses are performed by using four different mesh densities, 
as shown in Fig. 3. Mesh densities are as follows: the first mesh (M1) has 352 elements, the 
second (M2) has 1216 elements, the third (M3) has 2208 elements, and the fourth (M4) is the 
finest mesh with 3968 elements. Figure 3 also shows the von Mises stress distributions. 
Perspective views of membrane deformations with displacements scaled by a factor of 25 are 
shown in Fig. 4.  

 

Fig. 3  Von Mises stress distribution a) M1, b) M2, c) M3, d) M4 
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Fig. 4  Deformed membrane for a) M1, b) M2, c) M3, d) M4 

An analytical solution for the displacement of flat circular membranes subjected to 
concentrated force is given by  
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where a is the radius of the membrane, Po is the concentrated force, E is Young’s modulus, h 
is the membrane thickness and g(ν) is the function depending on Poisson’s ratio ν and angle 
θm, see [6] . g(v) is calculated by obtaining θm from the equation v=v(θm), and then applying 
both in the expression for g. If 0<ν<1/3, values for θm and g are given by 
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if 1/3<ν<1/2, values for θm and g are given by 
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and if ν=1/3, g equals 3/4. 

The displacement obtained by using the presented numerical model is compared with that 
predicted by [6], and the results are shown in Fig 5. It can be seen that the numerical model, 
with the increase in the number of finite elements, converges to the analytical solution. 
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Fig. 5  Convergence of the numerical model 

Membrane strip subjected to gravitational load. A membrane strip supported on 
shorter edges and subjected to gravitational load has been analysed. The membrane, in its 
unstrained state, has dimensions of 2 meters in width by 24 meters in length. The material 
characteristics are: elasticity, the Lame constants multiplied by membrane thickness 
(h=0.001m) λh = 52.1 kN/m and μh=56.4 kN/m. The mass of the membrane is m=10kg/m2. 
Numerical analyses are performed by using the mesh density of 3072 elements. The 
perspective view of membrane displacements within the presented numerical model can be 
seen in Fig. 6.  

 

Fig. 6  Membrane geometry at rest 

Membrane displacement in this configuration is analogue to the response of an elastic 
catenary with the same boundary conditions. An analytical solution for the catenary 
suspended between two supports is given in parametric equations, over parameter s that 
denotes the length of the unstretched catenary. 
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where x(s) is the x coordinate of the catenary, y(s) is the y coordinate of the catenary, H and V 
are horizontal and vertical forces at the support, E is Young’s modulus, A is the area of the 
cross section of the catenary, T is tension along the catenary, L0 is the unstrained length of the 
catenary, ρ is unit weight per length of the unstrained catenary and g is the gravitational 
constant [11]. For the stated parameters, the analytical solution yields the maximum 
displacement of 2.2531 m in the middle of the span, with maximum tension being 3380.5 kN 
at the supports. It can be seen that the presented numerical model can accurately predict the 
behaviour of the membrane, with the maximum displacement difference of 1.41%. 

4. Numerical examples 

Form-finding application. Initially, a flat rectangular membrane with dimensions of 24 
cm 15 cm (Fig. 7) is subjected to the vertical displacement of 3.2 cm in the middle of its 
longer sides, i.e. the longer edge of the support has new boundary conditions with the middle 
point being 3.2 cm below the corners of the supports (Fig. 8). This type of support forces the 
membrane with the initially flat geometry into the saddle shape. The material characteristics 
are: the Lame constants multiplied by the membrane thickness (h=0.001m) λh = 5210 kN/m 
and μh=5640 kN/m. The mass of the membrane is m=20 kg/m2. Numerical analyses are 
performed by using the mesh density of 4096 elements (Fig. 7). Von Mises stress distributions 
and the perspective view of the deformed membrane are shown in Fig 8. This example could 
also be solved by numerically solving the partial differential equation (PDE) of minimal 
surface with corresponding boundary conditions.  

 

Fig. 7  Initial geometry and mesh density 
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Fig. 8  Von Mises stress distribution 

Influence of initial geometry of membrane. The same example as the above one is 
presented with two different initial geometries. In the first example, the initial membrane 
geometry is 20% longer in the y direction (24 cm  18 cm) and in the second example, the 
initial membrane geometry is 20 % shorter in the y direction (24 cm 12 cm). The material 
characteristics, loading and boundary conditions are the same as in the previous example. 
Numerical analyses are performed by using mesh roughness with 4096 elements, as shown in 
Fig. 9. Figures 10 and 11 show the von Mises stress distributions and a perspective view of 
the deformed membrane, i.e. of the 20% longer (Fig 10) and 20% shorter membrane (Fig 11). 
It can be seen that the proposed numerical model describes wrinkling effects in the case of the 
initially longer membrane, since the membrane is not able to carry the compression forces. In 
the case of the initial geometry of 24 cm 12 cm, additional tensioning occurs, which results 
in smaller displacements compared to the previous example. It should be noted that in the 
case of the wrinkling effects, the classical approach based on PDE and minimal surface is not 
applicable. 

 

Fig. 9  Initial geometry for a) longer membrane b) shorter membrane 
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Fig. 10  Von Mises stress distribution for initially longer membrane 

 

Fig. 11  Von Mises stress distribution for initially shorter membrane 

Stress concentration in elastic analysis. A square membrane with dimensions of 2 
m 2 m and a circular hole of 0.1 m in radius in the middle is analysed. The membrane is 
supported at two opposite edges and subjected to uniform pressure of p=1000 N/m2. The 
material characteristics are: the Lame constants multiplied by the membrane thickness 
(h=0.001m) λh = 446 kN/m and μh= 396 kN/m. The mass of the membrane is m=0.25 kg/m2. 
Figure 12 shows the discretization of the problem and stress distribution for σy. Figure 13 
shows a perspective view of the deformed membrane and stress distribution for σy. 
Distributions of σx and σy stresses along the x axis (y=0) are shown in Fig. 14. An analytical 
solution for the nominal stress is given by [32] 

( )nom

P

h D d
 


 (9) 
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where d equals the diameter of the hole and D equals half of the distance between the centre 
of the hole and the sides of the square. Maximum stresses along the edge of the circular hole 
σmax can be written as 

nomtK  max  (10) 

where Kt is the static stress concentration factor in the elastic range given by [32] 

     32
527.1667.3140.33 D

d
D

d
D

dKt   (11) 

In this example, Kt=2.721. The here presented numerical model calculates Kt=2.667, which is 
2% difference when compared to the analytical solution. 

 

Fig. 12  Discretisation and stress distribution 

 

Fig. 13  Deformation of the membrane with stress distribution 
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Fig. 14  Stress distribution along the x axis (y=0) 

5. Conclusion 

This paper presents a new numerical model for the analysis of membrane structures 
under static loads. It is based on the existing FDEM Y code with a new finite element and a 
new procedure for implementing pretension. The advantages of the presented model are its 
ability to handle both large displacements and large rotations on arbitrary shaped membranes 
under arbitrary static loads. The verification examples demonstrate that the results obtained by 
the presented numerical model are accurate compared to the analytical solutions. The results 
converge to the analytical solutions at the rate of n , with n being the number of finite 
elements. As shown in the form-finding examples, by the manipulation of the initial 
geometry, various shapes of the membrane can be obtained with the same boundary 
conditions. This property is used for investigating optimal cutting shapes. Using the M(M-

1K)m damping method, the presented FDEM numerical model is suitable for predicting the 
behaviour of membrane structures when subjected to static loads. 

Further work is needed to demonstrate material nonlinearity and/or fracture together 
with contact and folding. 
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