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ROOT SUPERMULTIPLICITIES AND CORRESPONDING
COMBINATORIAL IDENTITIES FOR SOME BORCHERDS
SUPERALGEBRAS
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ABSTRACT. In this paper, root supermultiplicities and corresponding
combinatorial identities for the Borcherds superalgebras which are exten-
sions of Ag and Az are found out. Moreover, superdimension formula for
a Borcherds superalgebra which is an extension of a particular hyperbolic
Kac-Moody algebra is also computed.

1. INTRODUCTION

In 1977, theory of Lie superalgebras was constructed by Kac. The theory
of Lie superalgebras can also be seen in Scheunert ([24]) in a detailed manner.
The notion of Kac-Moody superalgebras was introduced by Kac ([7]) and
therein the Weyl-Kac character formula for the irreducible highest weight
modules with dominant integral highest weight which yields a denominator
identity when applied to 1-dimensional representation was also derived.
Borcherds ([1,2]) proved a character formula called Weyl-Borcherds formula
which yields a denominator identity for a generalized Kac-Moody algebra.
Miyamoto ([23]) introduced the theory of generalized Lie superalgebra version
of the generalized Kac-Moody algebras (Borcherds algebras) and had shown
that the transformed Borcherds superalgebras and Borcherds superalgebras
have many similar properties. A homological theory for the graded Lie
algebras was developed by Kang ([10]) and a closed form root multiplicity
formula for all symmetrizable generalized Kac-Moody algebras was derived
in Kang ([12]). Kim and Shin ([21]) derived a recursive dimension formula
for all graded Lie algebras. Kang and Kim ([18]) calculated the dimension
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formula for graded Lie algebras. Computation of root multiplicities of many
Kac-Moody algebras and generalized Kac-Moody algebras can be seen in Kass
et al. ([20]), Kang ([11,13-15]), S. J. Kang and D. J. Melville ([19]), Frenkel
and Kac ([4]), Feingold and Frenkel ([3]), Kac and Wakimoto ([9]), Hontz
and Misra ([5]), Sthanumoorthy and Uma Maheswari ([26]), Sthanumoorthy
et al. ([31,32]) and Sthanumoorthy and Lilly ([34]). Computation of root
multiplicities of Borcherds superalgebras was found in Sthanumoorthy et
al. ([36]). Some properties of different classes of root systems and their
classifications for Kac-Moody algebras and Borcherds Kac-Moody algebras
were studied in Sthanumoorthy and Uma Maheswari ([25]) and Sthanumoothy
and Lilly ([27-30,33]). Also, properties of different root systems and complete
classifications of special, strictly and purely imaginary roots of Borcherds Kac-
Moody Lie superalgebras which are extensions of Kac-Moody Lie algebras
were explained in Sthanumoorthy et al. ([35,37]) and Sthanumoorthy and
Priyadharsini ([38,39]). Moreover, Kang ([16]) obtained a superdimension
formula for the homogeneous subspaces of the graded Lie superalgebras, which
enabled one to study the structure of the graded Lie superalgebras in a unified
way. Using the Weyl-Kac-Borcherds formula and the denominator identity
for the Borcherds superalgerbas, Kang and Kim ([17]) derived a dimension
formula and combinatorial identities for the Borcherds superalgebras and
found out the root multiplicities for Monstrous Lie superalgebras.

In this paper, we compute dimensional formulae, root supermultiplicities
and corresponding combinatorial identities for the Borcherds superalgebras
which are extensions of Kac-Moody algebras Ay, A3z. Moreover, we compute
a dimension formula for a Borcherds superalgebra which is extension of
hyperbolic Kac-Moody algebra. Particular cases of these Borcherds superal-
gebras were considered in Sthanumoorthy et al. ([36]) and therein only
dimension formulas were found out. Throughout this paper we use mainly
the results from Kang and Kim ([17]).

2. PRELIMINARIES

In this section, we give some basic concepts of Borcherds superalgebras
as in Kang and Kim ([17]).

DEFINITION 2.1. Let I be a countable (possibly infinite) index set. A real

square matrix A = (aij )i jer s called Borcherds-Cartan matriz if it satisfies:

(1) a; =2 0ra; <0 foralliel,

(2) a;j <0ifi#j and aij € Z if ayy = 2,

(3) A5 = 0< aj; = 0.
We say that an index © is real if a;; = 2 and imaginary if a;; < 0. We denote
by

I'e = {i € Ilay = 2}, I'™ = {i € I|a; < 0}.
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Let m = {m; € Zso| i € I} be a collection of positive integer such that m; =1
for alli e I'. We call m, charge of A.

DEFINITION 2.2. A Borcherds-Cartan matriz A is said to be symmetrizable
if there exists a diagonal matriz D = diag(e;; i € I) with ¢, > 0 (i € I) such
that DA is symmetric.

Let C' = (cij)i,jer be a complex matrix satisfying ¢;jc;; = 1 for all ¢, € I.
Therefore, we have ¢;; = £1 for all € I. We call i € I an even index if ¢;; = 1

and an odd index if ¢;; = —1.
We denote by I¢ve® (1°94) the set of all even (odd) indices.

DEFINITION 2.3. A Borcherds-Cartan matric A = (ai;)i jer s restricted
(or colored) with respect to C' if it satisfies:

If a;; = 2 and c;; = —1 then a;; are even integers for all j € I. In this
case, the matriz C is called a coloring matriz of A.

Let h = (®ic1Ch;) & (®icrCd;) be a complex vector space with a basis
{h;,d;; i € I}, and for each i € I, define a linear functional a; € h* by
(2.1) Oéi(hj) = Qjj, Oéi(dj) = (Sij for all j € 1.
If A is symmetrizable, then there exists a symmetric bilinear form (+|-) on
h* satisfying (a;|a;) = €;a:5 = €jaj; for all 4,5 € I.
DEFINITION 2.4. Let Q = @ierZa; and Q1 = ) ;1 Z>oi, Q- = —Q.
Q is called the root lattice.
The root lattice Q@ becomes a (partially) ordered set by putting X > u if
and only if A —p € Q4.
The coloring matriz C = (c;ij)ijer defines a bimultiplicative form 0 :
QxQ—CX by
9(0&1',041‘) = Cjj for all 1,7 €1,
9(0& + Ba 7) = 9(0&, 7)9(67 ’7)5
(e, 5 +7) = 0(ex, B)0(ax, )
for all a, B,y € Q. Note that 0 satisfies
(2.2) O(a, 3)0(B,a) =1 for all o, 8 € Q,
since c;jci; = 1 for alli,j € 1.
In particular (o, ) = £1 for all o € Q.
We say o € Q is even if (o, o) = 1 and odd if 6(c, ) = —1.
DEFINITION 2.5. A 6-colored Lie superalgebra is a Q-graded vector space
L = ®acqLa together with a bilinear product [-,-] : L x L — L satisfying
[LOHLB] C La+s;
[:Ca y] = 79(04; ﬂ)[ya ’JJ],
[z, [y, 2]] = [z, 9], 2] + 0(a, B) [y, [z, 2]]
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foralla,B €@ andx € Ly, y € Lg, 2z€ L.
In a 6-colored Lie superalgebra L = @qecqLa, for & € Lo, we have [z, z] =
0 if o is even and [z, [z,z]] = 0 if a is odd.

DEFINITION 2.6. The universal enveloping algebra U(L) of a 6-colored Lie
superalgebra L is defined to be T(L)/J, where T'(L) is the tensor algebra of L
and J is the ideal of T(L) generated by the elements [z, y]| —x@y+0(a, B)yRx
(x € La,y € Lp).

DEFINITION 2.7. The Borcherds superalgebra g = g(A, m,C) associated
with the symmetrizable Borcherds-Cartan matrix A of charge m = (my;i €
I) and the coloring matriz C = (cij)ijer is the O-colored Lie superalgebra
generated by the elements h;,d;(i € I), e, fic(i € I,k =1,2,--- ,m;) with
defining relations:

[hi, hy] = [hi,dj] = [di, d;] =0,

[hi, €1 = ajej, [hi, ] = —aij fi,

[d;, e;i] = dijeju, [di, fi1] = =6 fiu,

ik, fi] = 0i;0rih;

(adeiy)'™%iey = (adfy) =% f; =0 if a;; =2 and i # j,
ik, €ji] = [fie, ful=0if a5 =0

fori,jel,k=1,--- ,my, l=1,--- ,m;.

The abelian subalgebra b = (©,c1Ch;) ® (P;c1Cd;) is called the Cartan
subalgebra of g and the linear functionals o; € h*(i € I) defined by (2.1) are
called the simple roots of g. For each ¢ € I*¢, let r; € GL(h*) be the simple
reflection of h* defined by

’I“i()\) =\— )\(hl)ozl ()\ S f)*)

The subgroup W of GL(h*) generated by the r;’s (i € I*®) is called the Weyl
group of the Borcherds superalgebra g.

The Borcherds superalgebra g = g(A4, m, C) has the root space decompo-
sition g = ®aeQPa, Where

0o = {z € g| [h, 2] = a(h)z for all h € h}.

Note that
ga; = Cein @ @ Ceim,
and
0-a; =Cfi1® - ®Cfim,.

We say that a € QX is a root of g if g, # 0. The subspace g, is called
the root space of g attached to a. A root « is called real if (a]a)) > 0 and
imaginary if (a|a) < 0.

In particular, a simple root «; is real if a;; = 2 that is if ¢ € I™ and
imaginary if a;; < 0 that is if ¢ € I'™. Note that the imaginary simple roots

may have multiplicity > 1. A root o > 0 (o < 0) is called positive (negative).
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One can show that all the roots are either positive or negative. We denote
by A,A; and A_ the set of all roots, positive roots and negative roots,
respectively. Also we denote Ay (Ag) the set of all even (odd) roots of g.
Define the subspaces gi = PacAiba-
Then we have the triangular decomposition of g:

g=g @hagt.

DEFINITION 2.8 (Sthanumoorthy et al. ([37])). We define an indefinite
nonhyperbolic Borcherds-Cartan matriz A to be of extended-hyperbolic type if
every principal submatriz of A is of finite, affine, or hyperbolic type Borcherds-
Cartan matriz. We say that the Borcherds superalgebra associated with a
Borcherds-Cartan matriz A is of extended-hyperbolic type, if A is of extended-
hyperbolic type.

DEFINITION 2.9. A g-module V is called §h-diagonalizable if it admits a

weight space decomposition V = Gaueb* Vi, where

Vi={veV|h-v=p(h)v for all h € h}.

If V,, # 0, then p is called a weight of V, and dim'V), is called the multiplicity
of win V.

DErFINITION 2.10. A h-diagonalizable g-module V is called a highest
weight module with highest weight A € b*, if there is a nonzero vector vy € V
such that

(i) eix-va=0, forallicel, k=1,---,my,

(i1) h-vx = A(h)vx for all h € b,
(iii) V =U(g) - van. The vector vy is called a highest weight vector.

For a highest weight module V' with highest weight A\, we have
(i) V=U(g") v,

(ii) V=&<aVu, i = Cuvy and

(ili) dimV,, < oo for all g < .

DEFINITION 2.11. Let P(V') denote the set of all weights of V. When all
the weights spaces are finite dimensional, the character of V' is defined to be

chV = 3 (dim V},)e",
Hneh*
where e* are the basis elements of the group C[h*] with the multiplication given
by ete’ = e*tY for u, v € bh*.

Let by = h B g4 be the Borel subalgebra of g and Cy, be the 1-dimensional
by -module defined by g+-1 =0, h-1 = X(h)1 for all h € . The induced module
M(\) = U(9)®ub,)Ca is called the Verma module over g with highest weight
M. Every highest weight g-module with highest weight A is a homomorphic
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image of M(X) and the Verma module M(X\) contains a unique mazimal
submodule J(X). Hence the quotient V(X)) = M (X\)/J(N\) is irreducible.
Let P be the set of all linear functionals A € b* satisfying

Mhi) € Zso  for all i € T',
Ah;) € 2Z>q for all i € I*® N 044,
Ahi) >0 for all i € I'™,

The elements of Pt are called the dominant integral weights.

Let p € b* be the C-linear functional satisfying p(h;) = %a“— for allie 1.
Let T denote the set of all imaginary simple roots counted with multiplicities
and, for F C T, we set F L X if A(h;) =0 for all a; € F.

DEFINITION 2.12 (Kang and Kim ([17])). Let J be a finite subset of I*®
and we denote by Ay = AN (Y., Zaj), AT = AN A and A*(J) =

jeJ
AR\AE, Let
2.3 NN ( ® ga)
aEA g
and

ggl;]) - @ Ja-

acAE(J)

Then gé‘]) is the restricted Kac-Moody superalgebra (with an extended
Cartan subalgebra) associated with the Cartan matrizc Ay = (aij)ijes and
the set of odd indices

JoM =JnI = {jeJ| ¢y =—1}.
Then the triangular decomposition of g is given by

o= Pa” Do}

Let Wy = (rj|j € J) be the subgroup of W generated by the simple reflections
r; (j € J), and let

W(J) = {w eW| A, C A+(J)}
where
(2.4) A, ={ae AT wta <0}
Therefore Wy is the Weyl group of the restricted Kac-Moody super algebra

g(()‘]) and W (J) is the set of right coset representatives of Wy in W. That is
W =W,;W(J).

The following lemma given in Kang and Kim ([18]), proved in Liu ([22]),
is very useful in actual computation of the elements of W (.J).

LEMMA 2.13. Suppose w = w'rj and l(w) = l(w') + 1. Then w € W(J)
if and only if w' € W(J) and w'(a;) € AT(J).
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Now, let A = AFNA,(i=0,1) and AF(J) = AF\AF (i = 0,1). Here
Ag(Aii) denotes the set of all positive or negative even (resp., positive or
negative odd) roots of g.

The following proposition, proved in Kang and Kim ([17]), gives the
denominator identity for Borcherds superalgebras.

PROPOSITION 2.14. Let J be a finite subset of the set of all real indices
I°. Then

HaEA: (1 _ ea)dim Ja

= = > (DT (w(p — s(F) — p)),

@
1_[0‘EAT7(J)(1 te ) weW (J)

FCT

where Vy(u) denotes the irreducible highest weight module over the restricted
Kac-Moody superalgebra g(()‘]) with highest weight p and where F' runs over
all the finite subsets of T such that any two elements of F are mutually
perpendicular. Here l(w) denotes the length of w, |F| the number of elements
in F, and s(F) the sum of the elements in F.

DEFINITION 2.15. A basis elements of the group algebra C[b*] by defining
E® =0(a, a)e”.
Also define the super dimension Dim g, of the root space g, by
(2.5) Dim g, = 0(a, ) dim g
Since w(p — s(F)) — p is an element of Q—, all the weights of the irreducible

highest weight gé‘l)—module Vi(w(p — s(F)) — p) are also elements of Q—.

Hence one can define the superdimension Dim V), of the weight space V,, of
Vi(w(p—s(F))—p) in a similar way. More generally, for an b-diagonalizable
gé‘])-module V = @®pueprVyu such that P(V) C Q, we define the superdimension
Dim V), of the weight space V,, to be

(2.6) DimV, = 0(p, p) dim V,
For each k > 1, let
(2.7) H = @ Viwlp—s(F) - p)
weW (J)
FCT
Hw)+F|=k

and define the homology space HY) of g(f) to be

(o)
(2.8) HO =S (~ya? =g e n e n o |
k=1

an alternating direct sum of the vector spaces.
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For 7 € Q_, define the superdimension Dim Hﬁ’l) of the T-weight space
of HY) to be

o

Dim H) = 3" (~1)*(Dim H"),
k=1
[ee]
=> (=¥ N DimVi(w(p — s(F)) = p)r
k=1 weW (J)
FCT
I(w)+|F|=k
(290 DmHAY = Y (=) Dim Vy(w(p - s(F)) - p)-.
weW (J)
FCT
L(w)+[F|>1
Let
(2.10) PHW) = {a € Q ()| dimHY) # o}

and let {71, 72,73,---}, be an enumeration of the set P(H/)). Let D(i) =
Dim HY.

REMARK 2.16. The elements of P(H(/)) can be determined by applying
the following proposition, proved in Kac ([8]).
(1

ProPOSITION 2.17 (Kang and Kim ([17])). Let A € Py. Then P(A) =
WA\ € Py|\ is nondegenerate with respect to A}.

Now, for 7 € Q@ (J), define

(2.11) T (7) = {n = (ni)iz1ln; € ZZmZ”m = T} )

the set of all partitions of 7 into a sum of «;’s.
For n € T (), use the notations |n| = > n; and n! = [ n,!.
Now, for 7 € Q= (J), the Witt partition function W?)(r) is defined as

(2.12) W (r) = Z M H D(i)"™.

n!
neT () (1)

The proof of a closed form formula for the superdimension Dim g, of the
root space go(a € A~ (J)) is given in the following theorem of Kang and Kim

([17)).

THEOREM 2.18 (Kang and Kim ([17])). Let J be a finite subset of I™.
Then, for « € A~ (J), we have

1 «
Dimgy = >  —u(d)W (=),
2 ()



ROOT SUPERMULTIPLICITIES AND COMBINATORIAL IDENTITIES 61

(2.13) Dimg, = 3 éu(d) 3 w [ p6i

d|a neT (%)

where p is the classical Mobius function. Namely, for a natural number n,
w(n) is defined as follows:

1 for n=1,
p(n) = ¢ (=1 for n=pi---p (pr,---,px : distinct primes),
0 if it is not square free

and, for a positive integer d, d|a denotes o = da for some o € Q_, in which
case o = &

In the following Sections 3.1, 3.2 and 3.3, we find root supermultiplicities
of Borcherds superalgebras which are the extensions of Kac-Moody Algebras
Ay and A3 with multiplicity greater than or equal 1 and the corresponding
combinatorial identities using Kang and Kim ([17]). In Section 3.4, we
also find superdimension formula for two Borcherds superalgebras which are
extensions of hyperbolic Kac-Moody algebras.

3. ROOT SUPERMULTIPLICITIES (WITH MULTIPLICITY > 1) OF BORCHERDS
SUPERALGEBRAS WHICH ARE THE EXTENSIONS OF KAC MooDY
ALGEBRAS AND THE CORRESPONDING COMBINATORIAL IDENTITIES

3.1. Superdimension formula and the corresponding combinatorial identity
for the extended-hyperbolic Borcherds superalgebra which is an extension of
Ay. We are considering J as two different subsets of I"™ and getting the
following dimension formula and combinatorial identity for o = 7 = —4a; —
2a9—3a3 € @ with b=1 for the extended-hyperbolic Borcherds superalgebra
g = g(A,m,C) associated with the extended-hyperbolic Borcherds-Cartan
super matrix

-k —a -b
A=|—-a 2 -1
-b -1 2

Consider the extended-hyperbolic Borcherds superalgebra g = g(4,m, C)
associated with the extended-hyperbolic Borcherds-Cartan super matrix

-k —a —b
A=|-a 2 -1
-b -1 2
and the corresponding coloring matrix be
-1 c e
C=let 1 ¢

-1 -1
Cy o C3 1
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with ¢1,c9,c3 € cx.

Let I ={1,2,3} be the index set with charge m = {1,1,1}.

Let us consider the root a@ = kiaq + keas + ksas € Q. Then we have
O(a,a) = (—1)k?. Hence « is an even root (resp. odd root) if ki is even
integer (resp. odd integer). Also T' = {«a;1} and the subset F' C T is either
empty or {a1}. Take J C I"® as J = {2}. By Lemma 2.13, this implies that
W(J) = {1,r3}. From equations (2.7) and (2.8), the homological space can
be written as

HY =V,(1(p = a1) — p) @ Vi(rs(p) — p)
=Vi(—a1) ® Vi(—as),

HY" = Vy(rs(p — 1) — p) = Vi(—a1 — (b+ 1)as),

H{" =0 forall k>3

and hence
J J
HY =Y o 1"
= VJ(fal) D VJ(*O[3) o Vj(*OLl — (b —+ 1)043)7
with
. ) _ . : 7  _ .
DlmH(l,O,o) = —1+#0; Dim H(O,l,o) =—1#0;
. (J) . : (J) _
DlmH(O,O,l) =1#0; DlmH(l,l,bJrl) =—-1#0.
So we have

P(HY)) ={(1,0,0),(0,1,0),(0,0,1), (1,1,b+ 1)}.

Let T = a = —pa; — qog — tOé3 S Q—; with (p;Q7t) € ZZO X ZZO X ZZO
Then by Proposition 2.17 we get

T () = {(s1, 52, 53, 54)|51(1,0,0) + 52(0,1,0) + 55(0,0,1) 4 s4(1,1,b+ 1)

=(p.¢; 1)}
This implies
51+ 84 =p,
S2+ 84 =g,

S3 + (b+ 1)54 =1.
So, we have

t

1)

51 =p— 84380 =q— 84383 =t — (b+1)s4;54 =0 to min(p,q, |
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Applying s1, 82, 83, 84 in Witt partition formula (2.12), we get

min(p,g,[57]) _
t—(b+2 — 1)I(—=1)PFa—sa

(p—54)(q — 54)!(t — (b+ 1)84)!54!

(3.1)

S4=O
From (2.13), the dimension of g, is

1 a
Dimgy = Y —u(d)W (=
= (5)

D ETICND SRy | PRIOK
d|a

neT (%)

Substituting the value of W(/)(7) from (3.1) in the above dimension formula,
we get

min(4,4 lat ),
(&

Dimgo =Y 2u(d) Y

d|a 84=0 (

+ 445 —(b+2)sq —1I(-1)FHE—=
B —s)!l(§ —s)l( — (b+1)s4)!s4!

On the other hand if we consider, {J} = {2,3}. Then W(J) = {1} and
gé‘]) = (e1, f1,h) = sl(2,C) and T = {a1}. F C T is either empty or {a;}.
Using (2.7) and (2.8), we have HY) = V;(—ay). We consider H/) as a 4-
dimensional irreducible representation of the Lie algebra si(2,C) and hence
we obtain

P(HY)Y ={(1,0,1),(0,1,1),(1,1,1),(1,1,2)}.

with
(1) . (1) )
DlmH(101) = —1; DlmH(011) =-1;
(J) . ()
DlmH(lll) —1; DlmH(112) =—1.

Let 7 = —pay — qoag — tag € Q—, with (p,q,t) € Z>o X Z>¢ X Z>g. Then by
Proposition 2.17 we get
T(J)(T) - {(Sla 52, 83, 54)|(p - |¢1|7 q— |¢2|a (¢1; ¢2))ap - |¢1| =12,...,
q — |¢2| 20,1,2,...,
¢1 is partition of ¢ with parts < 2;
¢2 is partition of ¢ with parts < 2}.

Applying s1, sa, s3, s4 in Witt partition formula, we get

D (7) = (p— DH=1)7
(3-2) o= ¢e:rz<;) (p = [#11)!(q — [@2])!1 !
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From (2.13), the dimension of g, is

Dimg, = Z éu(d)W(‘l) (%)

d|o
LTINS SRy PRI
da neT(g) '

Substituting the value of W(/)(7) from (3.2) in the above dimension formula,
we get

. 1 (o= -1
Dim g, = —u(d .
me =2 gD 2 BT

Now let us consider Borcherds-Cartan matrix

-k —a -1
A=|—-a 2 -1
-1 -1 2

(that is b = 1 in the above Borcherds-Cartan matrix). For this Borcherds-
Cartan matrix, we consider the root 7 = a = (4,2,3) € Q_.
Substituting 7 = a« = (4,2,3) € Q_ and b= 1 in (3.1), we have

min(p,q,[bi—l])

_ (p+q+t—(b+2)sy —1)I(—1)pta—ss
W (r) = Z (p—84)!(q—54)!(t4— (b4 1)s4)!s4!

54=0
min(4,2,[2
- (422:[2]) (44+2+3—3sy — 1)I(—1)0%
T (sl 03— 2s0)lsd!
8I(=1)%  5!(=1)°

= e T3 -

Substituting the root (4,2,3) and b =1 in (3.2), we have

W (r) = (p+q—1)(~1)rte
(7) ¢ET2“:)(T) (p — |d1))!(q — |d2])!p1!eha!
5t 5 5 o

= ommm T T3 3
— 120.
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Hence the combinatorial identity

min(p,q,[5E7])

(p+g+t—(b+2)sq — Dl(-1)PFra—ss
Z (p—sa)l(g—s)!(t — (b+ 1)s4)!84!

S4=O
-3 (p+q—DI(=1)r*e
- _ | _ 1A+ 1 ho!
s 7, 0= B a = [62]16:160]
holds for the particular root 7 = a = —4a; — 2as — 3az € @Q_ for the
Borcherds-Cartan matrix
-k —a -1
A=|—-a 2 -1
-1 -1 2

Hence we have proved the following theorem:

THEOREM 3.1. Let g = g(A4,m,C) be the extended-hyperbolic Borcherds
superalgebra associated with the extended-hyperbolic Borcherds-Cartan super
matrix

-k —a b
A=|-a 2 -1
-b -1 2

with charge m = {1,1,1}. Then for the root T = o = —pa1 — qae —tag € Q—,
the dimension of g, is

min(%,%,[d(bﬁrl) D

, 1 (B+g+L—(b+2)ss—1)(-1)iti=
Dimg, = Z Eﬂ(d) Z % — 2)!

dla 54=0 ( 54 '(% - S (% — (b+ 1)54)!84!
or
i ! (p— DI(~1)P+a
D ge = Z ¥ Z I 11 1o
dlo d T (1) (p = [¢1)!(q — [@2])!d1! 02!
for different values of J C I"°.
Moreover, for a particular root T = a = —4aq — 29 — 3ag, the following

combinatorial identity holds:

min(p,q,[5E7])

(p+q+t—(b+2)sy —1)I(—1)PHa—s4
Z (p—sa)l(qg—s)!(t — (b+ 1)s4)!84!
_ (p+q—1(-1)r"1
=2 (= |o1D(g — [¢2])!e1 ¢!

(3.3) $4=0

¢TI (1)

where ¢y is partition of ‘q” with parts < 2 and ¢o is partition of ‘t’ with parts
< 2.
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REMARK 3.2. If a = 1, b = 0, the above example is same as the example

—k —a b
A=|—-a 2 -1
-b -1 2

given in Sthanumoorthy et al. ([36]). But in this present case, we consider two
different cases of J C I"® and found the corresponding Dimension formulas.
Although, the equality of above two values of Dim g, is not proved here in
general, the same is proved for a particular root o = (4,2,3) and b = 1 in the
Borcherds-Cartan super matrix

-k —a —b
A=|—-a 2 -1
-b -1 2

Below, we find the dimension formulae and combinatorial identities for
the Borcherds superalgebras which are extensions of As, As (for a same set
J C 1) by solving T/)(r) in two different method.

3.2. Superdimension formula and the corresponding combinatorial identity
for the extended-hyperbolic Borcherds superalgebra which is an extension of
Ay. Consider the extended-hyperbolic Borcherds superalgebra g = g(A4, m, C)
associated with the extended-hyperbolic Borcherds-Cartan super matrix

-k —a b
A=|-a 2 -1
-b -1 2

and the corresponding coloring matrix be

-1 c e
C = Cl_l 1 C3
|

with ¢1, ¢, c5 € CX.

Let I = {1,2,3} be the index set for the simple roots of g. Here ay is
the imaginary odd simple root with multiplicity » > 1 and as, ag are the real
even simple roots.

Let us consider the root oo = kg + koo + ksas € Q. We have 0(a, ) =
(—1)¥. Hence « is an even root (resp. odd root) if ki is even integer (resp.
odd integer). Also T' = {a;} (counted r times) and the subset F' C T is either
empty or {aj}. Take J C I"® as J = {2,3}. Then

do = <€2af27h'27€3;f37h/3> = SZ(S,C)
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By Lemma 2.13, this implies that W(J) = {1}. From (2.7) and (2.8), the
homology space can be written as

H =V;(1(p — 1) = p) = Vy(~on),
HIEJ) =0 forall £ > 2.
Therefore

o) — Hf‘]) =Vi(—a)®Vi(—a) @ - @ Vi(—a) (counted r times)

with
:  _ ;  _
Dim H(l,o,o) = —r, Dim H(LLO) = -7,
: ) _ ; (7) _
Dim H(1,1,1) = —r, Dim H(l,l,a+1) = —r.
We take

P(HY) = {(1,0,0),(1,1,0), (1,1, 1), (1, 1,a+ 1)}
Let 7 = a = —pa1 — qag — tas € Q_, with (p,q,t) € Z>o X Z>o X Z>p.
Then by Proposition 2.17 we get
T (1) = {(s1, 52, 83, 84)[51(1,0,0) + 52(1,1,0) + s5(1,1,1) + s4(1,1,a + 1)
= (paQ7t)}

This implies

§1 + S2 + 83+ 54 = p,
So + 83+ S84 =q,
s34+ (a+1)sq =t.
We have
S1=p—4gq,
Sg=q—1t+ as4,

s3 =1t — (a+1)sq4,

t
s4 =0 to min <p,q, [a——i—l]>

Applying s1, s2, s3, s4 in Witt partition formula (2.12), we have

min(p,q,[335])

B4 W= >

s4=0
(g—t+asy)>0

(p = D'(=r)
(p—q@)g—t+asy)!(t — (a+1)s4)ls4!

(note that (p —q) >0 and (t — (e + 1)s4) > 0).
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From (2.13) we conclude that the dimension of g, is

Dimg, = Z %u(d)W(‘]) (%)

d|o
SOIETUID D=y ) =00
dla neT (%)

Substituting the value of W(/)(r) from (3.4) in the above dimension
formula, we have

min(p,q,[ 7))

- (= =y
Dim g, = Z (p—q)(q —t +asq)!(t — (a+1)s4)!s4!

54=0
(g—t+asyg)>0

(note that (p —¢q) > 0 and (t — (a+ 1)s4) > 0).
If we solve the same P(H (J)), using partition and substituting this
partition in T()(7), we have

T(J)(T) - {(p - Q)a q— |¢|7 (725}7

where ¢ is partition of ¢ with parts (1,a+ 1) of length t. Applying T()(7) in
Witt partition formula (2.12), we have

D) (7) = (p— D!(=r)?
&) WOm = 2 Gl

From (2.13), the dimension of g, is

1 a
Dimg, = Y =u(d)W) (=
= L (5)

DETCID DRI § PGS
dla

neT (%)

Substituting the value of W(/)(7) from (3.5) in the above dimension
formula, we have

i (p— D)(=r)P
Dimg, = |
’ ¢6TZ<:J>(T) (r—q)l(q — |¢])!¢!

Consider (3.5)

(7)) = (p—1)!(=r)
B ¢67;J)(T)(p_q)!(q_|¢|)!¢!’

where ¢ is partitions of ¢ in « = 7 = —pay — qae — tag with parts (1, a+1) of
length < t. That is, ¢ can be written as (n1,7(q41)), Where n; is number of
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I’s in the partition of ¢ and 1441 is number of (a+1)’s in the same partition
of t. Then
¢ ={(t,0),(t —(a+1),1),... up to the term satisfying t — ny(a +1) > 0}.
Hence

w) (1) = Z (p— DI(=r)”

(r — @) (g — n1 — n(ag1))'n1!ng41)!

(n1,m(ay1)) €T (T)

I (R VL G
(p —q)!(g —t —0)1e!0!
(p—DI(=r)?
p—Wg—t+a+1-Dt— (a+1)1)1!
(p— D(=r)P

Tl —tr2ar2 2 _2ar 1))
+ .-+ up to the term satisfying t —ni(a+1) >0
R e (o~ D)
=W g—t—=0)0!  (p—ag)l(g—t+a)(t— (a+1))1!
N 0~ iy
(p— g —t+2a)(t —2(a+1))12!
+ -+ up to the term satisfying t — ny(a + 1) > 0.

Here we are considering the roots of type (p, ¢, t) such that p > ¢ < t and also
p > t. Moreover, the sum ranges up to the term satisfying t — ny(a + 1) > 0.
So we can write the above summation as

y min(pi,[#]) (p— 1)Y(—r)P

IMJa = 7

g oy (p— @) (qg—t+asq)!(t — (a+1)s4)!s4!
(g—t+asyg)>0

which is same as (3.4) (note that (p —¢) > 0 and (t — (a + 1)s4) > 0).
Hence, we get the following theorem:

THEOREM 3.3. Let g = g(A4,m,C) be the extended-hyperbolic Borcherds
superalgebra associated with the extended-hyperbolic Borcherds-Cartan super
matrix

-k —a b
A=|-a 2 -1
-b -1 2

with charge m = {r,1,1}. Then for the root & = —pay — qae — tag € Q_, the
dimension of g, is

min(p,q,[%“])

(=P

b= S - 1!(n) |

(p— W g—t+ asy)!(t — (a+ 1)s4)ls4!

s4=0
(g—t+asg)>0




70 N. STHANUMOORTHY AND K. PRIYADHARSINI

Moreover the following combinatorial identity holds:

min(p,q,[7%7])

(p— D!(=r)”
(3.6) ;) (=N g —t+asy)!(t — (a+ 1)s4)!s4!
. (g—t+asyg)>0
_ (p— DI(=r)?
B ¢eTzu:>(T) (p—q) (g — o)l

REMARK 3.4. In the above formula, (p —¢) > 0 and (¢t — (a + 1)s4) > 0
always hold. The term in the LHS containing (¢—t+as4)! in the denominator,
if (¢ —t + ass) <0, should be omitted.

ExampLE 3.5. For the Borcherds-Cartan super matrix

—k -1 —b
A=|-1 2 -1},
-b -1 2

consider a root « = 7 = (5, 3,4) with r=2. Substituting o =7 = (5,3,4),r =
2,a=11n (3.4), we have

min(p,q,[;35]) (p — 1)!(—T)p

W (r) =
" ; (P — @) g — t 4 asa)!(t — (@ + 1)s4)!s4!
(g—t+asy)>0
B min(5z,37[§]) (5 _ 1)'(_2)5
T A (B3B3 -4t s)l(4 - 2s0)lsd!

2

41(—32)
=2 21(—1 + 54)!(4 — 254)s4!

sq4=1
_41(—32) | 41(-32)
21012! 2111012!
=—192 — 192 = —384.

Substituting o = 7 = (5,3,4),r =2,a =1 in (3.5), we have
Dy
W (r) = (p
M= 2 G-ola-loa

41(-32)  4(-32)
= St ooy - 102192 = 384

Hence the equality (3.6) holds.
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EXAMPLE 3.6. For the Borcherds-Cartan super matrix

—k -2 —b
A=|-2 2 -1,
b -1 2

consider a root « = 7 = (4,2,3) € Q_ with r=1. Substituting a« = 7 =
(4,2,3),r =1,a=21in (3.4), we have

min(p,q,[ZF71])

(p = D'(=r)

() () —
s ; (p—@)!(g —t+asy)!(t — (a+1)sq)!s4!
(q—t+asg)>0
_ min 2D (4 - 1)l(~1)
A (=22 -3+ 250)!(3 — 3s4)lsa!
3!
~oonon!

Substituting & = 7 = (4,2,3),r = 1,a = 2 in (3.5), we get

W(I)(T) _ Z (p - 1)!(7T)p

$eT) (1) (p—a)!(q —|9])!e!
_ @Dt
TR T

Hence the equality (3.6) holds.

3.3. Dimension Formula and combinatorial identity for the Borcherds
superalgebra which is an extension of As. Here we are finding the superdi-
mension formula and combinatorial identity for the Borcherds superalgebra
which is an extension of Az using the same J C I"® and solving T/)(7) in
two different ways.

Consider the extended-hyperbolic Borcherds superalgebra g = g(4, m, C)
associated with the extended-hyperbolic Borcherds-Cartan super matrix

-k —a -b -—c

—-a 2 -1 0
A= - -1 2 -1
- 0 -1 2

and the corresponding coloring matrix be

-1 C1 Co C3
c 1 c4 Cs

C=|[ =1
5 cy 1 s
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with ¢1,co,c3,c4 € CX. Let I = {1,2,3,4} be the index set with charge
m={r1,1,1}.

Let us consider the root a = kiaq + koas + ksas + kgay € Q. We have
O(a,a) = (—1)k?. Hence « is an even root (resp. odd root) if k; is even integer
(resp. odd integer). Also T' = {a1} (counted ’r’ times) and the subset FF C T
is either empty or {a1}. Take J C I as J = {2,3,4}. By Lemma 2.13, this
implies that W(J) = {1}. Then

go = (€2, fa, ha, €3, f3, ha, e, f1,ha) = sl(4,C).
Using (2.7) and (2.8) we can write the homological spaces as

H{" =V;(1(p— 1) = p) = Vi(—an),
H =0 VE>2.

Therefore

HY) = H1(J) =Vi(—a1) ®Vi(—a1) ® ... ® Vj(—aq) (counted r times)

with
. (J) o . (J) _ . (J) _
Dim H(1,070,0) = -7, DlmH(l,LO’O) = —r, Dim H(LLLO) = -7,
. (J) _ : (J) _
Dim H(1,171,1) = -, DlmH(l,l,l,aJrl) = —r.

Hence we have
P(HY)) ={(1,0,0,0),(1,1,0,0),(1,1,1,0),(1,1,1,1),(1,1,1,a+ 1)}.

Let @« = 7 = —pag — qaz — uag —voy € Q_, with (p,q,u,v) € Z>¢ X
Z>o X Z>o X Z>o. Then by Proposition 2.17, we get

T(J)(T) - {(51; 52,53, 34755)|51(1507050) + 32(17 15070) + 53(1; 17 150)
+54(1,1,1,1) + s5(1,1,1,a+ 1) = (p,q, u,v) }.

This implies

S$1+ 82+ 83+ 84+ 55 =D,
S22+ 83+ s4+s5 =g,
83 + S4 + S5 = u,

sa+ (a+1)ss =wv.
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We have

S1=pP—(,
S2 =4 — U,
83 = U — U + S5,

sg =v—(a+1)ss,

v
=0t i QU |—— | ).
S5 o mm(pqu [a—l—l])

Applying obtained formulae for s1, s2, 83, 84, S5 in Witt partition formula
(2.12) we get
(3.7)

- . Inin(p,qz,%[ail]) (p— 1) (—r)?
a = (p—a)(qg—7)(u—v+s5)(v—(a+1)ss5)lss!
(u—vts5)20

(note that (p —¢q) >0,(¢q—r) >0and (v—(a+1)s5) > 0).
From (2.13), the dimension g, is

1 «
Dim Ja = _N(d)W(]) -
S (3

dla

neT () (%)
Substituting the value of W/)(7) from (3.7) in the above dimension formula

yields

v

min(p,g,u,[ 1))

. _ (p— DI(=r)P
Dim go = ;) =) qg—r)u—v+s5)l(v—(a+1)ss5)!s5!
(u—v+s5)>0

(note that (p—¢) >0,(¢—7) >0and (v— (a+1)s5) >0).
If we solve the same P(H(/)) using partition and substituting the
partition, we obtain

T(J)(T) — {(pf q)’q7u7U7 |¢|a¢}a

where ¢ is partition of v with parts < (1,a + 1) and of length v. Applying
T (1) in Witt partition formula (2.12)

) () = (p—D!(=r)?
(3.8) W (r) ¢€T%<T> & —0)!a—wlu—]o)a"
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From equation (2.13), the dimension g, is

1 «
Dimg, = —u(d)W(J) =
5= L (5)

S w2 DT gy
dla

neT(J)(%)

Substituting the value of W(/)(7) from (3.8) in the above dimension
formula, we obtain

i (p—1)!(=r)”
Dimg, = |
’ ¢ET§7:)(7—) (r— @) (g — u)!(u —[9])!¢!

Consider the equation (3.8),

W(I) (a) _ Z (p — 1)!(77,)p

ST (1) (p— )l (g —u)(u—|9|)le!’

where ¢ is partitions of v in @ = 7 = —pa; — qas — uas — vay with parts
(1, a+1) of length < v. That is, ¢ can be written as (ni,n(q41)), Where
ny is number of 1’s in the partition of v and n(1) is number of (a + 1)’s
in the same partition of v. Then ¢ = {(v,0),(v — (a + 1),1), (v — 2(a +
1),2),... up to the term satisfying v —ni(a + 1) > 0}.

We have

W (r) =

—D(—r)P
Z (p—D!'(=7)

1 as 1) €T (1) - g—u)(u—ny — n(a+1))!ﬂ1!ﬂ(a+1)!

_ (p— Dl(=r)
(p— g — u)l(u —v —0)ll0!
(p = D'(=r)”
p—)lg—w)l(u—v+a)(v—(a+1))1!
(p = D!(=r)
(p— g —w)l(u—v+2a)(v—2(a+1))2!
+ --- up to the term satisfying v —ni(a+1) > 0.

+

Here we are considering the roots of type (p, ¢, u, v) such that p > ¢,u < v and
also p > v. Moreover the sum ranges up to the term satisfying v—nq(a+1) > 0.
So we can write the above summation as
min(p,q,u,[5%7])
— DlI(—r)?
Dim g, = Z (p—D!(=r)

= (p—q)(q—7)(u—v+s5)(v—(a+1)ss)!ss!

(u—v+s5)>0

which is same as equation (3.7) (note that (p —¢q) > 0,(¢ —r) > 0 and
(v—"(a+1)s5) >0).
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Hence we proved the following theorem:

THEOREM 3.7. Let g = g(A,m,C) be the extended-hyperbolic Borcherds
superalgebra associated with the extended-hyperbolic Borcherds-Cartan super
matrix

—a 2 -1 0

A=l 1 2
— 0 -1 2
with charge m = {r,1,1,1}. Then for the root &« = T = —pay — qaa — uaz —

vay € Q_, the dimension of g, is

. min@,%[aill) (p = DI(=r)?

1m = |
0= 2 Gl u— vt )= (at Dss)lss!

(u—vbe5)20

Moreover the following combinatorial identity holds:

min(p.a.u,[747])
> ’ (p—D!(=r)”
= (P — @) g — u)l(u — v+ s5)!(v = (a+ 1)s5)!ss!

(39) (u—uiss)zo

(p— Di(=r)
D T w2

¢TI (1)

REMARK 3.8. In the above formula, (p—¢) > 0,(¢—r) > 0 and (v—(a+
1)s5) > 0 always hold. The term in the LHS containing (v — v + s5)! in the
denominator, if (4 — v 4 s5) < 0 should be omitted.

ExXaMPLE 3.9. For the Borcherds-Cartan super matrix

-k -1 -b —c
-1 2 -1 0
A= -b -1 2 -1\’

—c 0 -1 2
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consider the root a = 7=(5,3,2,4) with » = 2 and a = 1. Using these values

in (3.7), we have

min(p,q,u,[735])
Z ’ (p— DI(=r)”
= =g —uw)l(u—v+s5)l(v—(a+1)ss5)!s5!
(u—vts5)20
min(5,3,2,[4
o (- DI(-2)°
= (5-3NEB-2)(2—4+2)1(4—2(2))!12!
a2y
~2!111010!2!
= —192.
Now if we use a = (p, q,u,v) = (5,3,2,4),r = 2,a = 1 in (3.8), we have
— 1\(=r)P — 1)1(=2)°
1 N C T ) R

2 (p— @) g —w)!(u—[g))lo! — (5-3)(3 - 2)I(2— |g])!e!

€T (1)

Hence the equality (3.9) holds.
ExaMmpPLE 3.10. For the Borcherds-Cartan super matrix

-k -1 —-b —c
-1 2 -1 0
b -1 2 -—1]|°

—-c 0 -1 2
consider the root « = 7 =(7,4,3,5) = (p, ¢, u,v) with r=1 and a=1. Applying
in equation (3.7), we have

A=

min(p,q,u,[aul])
> ) (p—D(=r)”
2520 (P — )l (g — Wl (u—v+s5)!(v — (a+1)s5)!ss!

(u—v+s5)>0

2
- (7 D=7
a 21 (7—4)!(4 —3)!(3 — 5+ 255)!(3 — 255)!s5!
_6l(-1) 6!(—1)
o3l onii(—1)m2!

=—-120
Consider the root 7 = a as (7,4, 3,5) with r=1 and a=1. Applying in equation
(3.8), we have
> p-D=rp -y
(P —)g —w)l(u— o)l (7T—4)(4—3)(3 —2)11!

€T (7)
Hence the equality (3.9) holds.
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REMARK 3.11. In the above two Sections 3.2 and 3.3., the identities (3.6)
and (3.9) hold for any root, because we have derived the identities by simply
solving the T/)(7) in two different ways.

3.4. Superdimension Formula for a extended-hyperbolic Borcherds superal-
gebra which is an extension of hyperbolic Kac-Moody algebra. Now, we find
superdimension formula extended-hyperbolic Borcherds superalgebra which is
an extension of hyperbolic Kac-Moody algebra.

PrROPOSITION 3.12. Let g = g(A,m,C) be the extended-hyperbolic
Borcherds superalgebra associated with the extended-hyperbolic Borcherds-
Cartan super matrizc

-2 -1 -1

A=1-2 2 -4

-1 -2 2
and I = {1,2,3} be the index set with charge m = {1,1,1}. Then for the root
o= —log —mag —nos € Q- withl,m,n € Z>¢ and weight A = —ay —mag —

nas, prove that Dim g, = 0(\, \)p(m — (m —n)?).

PrOOF. Consider the extended-hyperbolic Borcherds superalgebra g =
9(A, m, C) associated with the extended-hyperbolic Borcherds-Cartan super
matrix

-2 -1 -1
A=|-2 2 -4
-1 -2 2
and the corresponding coloring matrix be
-1 Co
C=|gt 1 cé_l)
C2 C3 1

with ¢1,c9,c3 € cx.

Let us consider the root o = kyay + koas + ksas € Q. We have 0(a, o) =
(71)’“%““3. Also T' = {a1} and the subset F' C T is either empty or {a1}.
Take J C I as J = {2,3}. By Lemma 2.13, this implies that W (J) = {1}.
From (2.7) and (2.8), we have

B =Vi(1(p— 1) = p) = Vi(~an),

H =0 forall k > 2.
Therefore

HO — B~ V(o).
Let o = —lay —mag —nas € Q~ such that [, m,n € Z>¢. Then from Frenkel
and Kac (1980), we have weights of V;(—aq) is of the form (1,m,n) where m
and n are non-negative integers satisfying the inequality m — (m — n)? > 0.
So, for m =0,1,2,...,n ranges from m — \/m to m + /m.
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For a weight A = (1, m, n) by Kang ([11]), we get
dim(Vy(—aq))a = p(m — (m —n)?).

Using
(>‘a )‘) _ 2
o =m- (m —n)*,
we get
dim(Vy(—a1))x=p <@> ,
where p(n) is
= w1 1
nz::op(n)q =30 "o G—o)

Then

Dim(Vj(—a1))x = 0(A\, N)p(m — (m — n)?).
Here we notice that every root « of g is of the form o = (I, m,n) with [ > 1
and m,n > 0. We have

(@) = {n = (ni)izol Y mic; = a}.

Then for a root a = —lag — mas —naz € Q_ with [ > 1 and m,n > 0 the
superdimension is
. o Ad) (In| —1)! o yn
Dlmgasz Z TH(DII’HH&‘L) s
d|o neT () %
Dim g = O(\, \)p(m — (m —n)?).
O

REMARK 3.13. In Section 3.4, for the above Borcherds superalgebra which
is an extension of hyperbolic Kac-Moody algebra, the Weyl group is infinite.
So, we are using the results from Kang ([11]) to find the superdimension
formula.

ExaMPLE 3.14. Consider the extended-hyperbolic Borcherds superalgebra
g = g(A,m,C) associated with the extended-hyperbolic Borcherds-Cartan
super matrix

-2 -1 -1
A=|-2 2 -4
-1 -2 2

and the corresponding coloring matrix be

—1 C1 C2
C = C;l 1 C3
ct et 1

with ¢1, ¢, c5 € CX.
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Let I = {1,2,3} be the index set with charge m = {1,1,1}.
Then for a root o = —lay — mag —naz € Q_ with I > 1 and m,n > 0
the superdimension is

. w(d n| —1)! . T sms
Ding, =342 5 LA [mima
dla neT’ (a) ’ i

Dim g, = 9()‘7 )\)p(m - (m - n)Q)

TABLE 1. The following table gives some of the weights and
their dimensions

Weights Dimensions Weights Dimensions

(1,0, 0) 1 1, 1,0 1
(1,2, 1) -1 (1,1, 1) 1
(1,2,2) -2 (1,3, 2) 2
(1,4, 3) -3 (1, 3, 3) 3
(1,4,2) -1 (1, 3, 4) 2
(1,4, 4) -5 (1,5, 4) 5
(1,4, 5) -3 (1, 5, 3) 1
(1,4, 3) -3 (1, 5, 5) 6

For the root (2,4,5), applying the above Proposition 3.12, the Dimension
of g at (2,4,5) is equal to (—1)(=3) 4+ (1)(2) + (=2)(—1) + (3)(1) = 10.

REMARK 3.15. We hope that, in general, superdimensions of roots and the
corresponding combinatorial identities for Borcherds Superalgebras which are
extensions of all finite dimensional Kac-Moody algebras and superdimensions
for all other categories can also be found out.
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