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While reviewing molecular orbital models for the p�-electronic sys-

tem of conjugated polyene molecules new examples on embedding

of higher linear polyenes will be presented. It is shown that embed-

ding (Hall subgraphs) and right-hand mirror-plane (McClelland

subgraphs) fragments are MO functional groups of importance in

molecular modeling of near IR absorbing pigments. The major new

result reported in this paper is the recognition that the HOMO/

LUMO gap for perylene-3,4:9,10-bis(carboximide) and poly(perina-

phthalene) related materials is determined by the embedding frag-

ment which circumvents the need to do a full molecule calculation.

Key words: MO functional groups, embedding fragments, right-

hand mirror-plane fragments, linear polyenes, HOMO – LUMO,

perylene-3,4:9,10-bis(dicarboximide), near IR pigments, poly(peri-

naphthalene).

INTRODUCTION

Numerous simplifying methods for the evaluation of the p�-electronic

system of polyene molecules has been put forth, and we will briefly review

some of these approaches with emphasis placed on a molecular orbital func-
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tional group perspective. We will give several example applications includ-

ing using perylene related molecules that are chromophore/optical pigment

candidates with the goal of designing near-infrared (NIR) absorbing pig-

ments. This latter reduces to finding the structural variables that cause

narrowing of the HOMO – LUMO gap of the candidate molecules.

RESULTS AND DISCUSSION

Conjugated polyene molecules are most frequently made up of alternat-

ing single and double C-C bonds. Single bonds are referred to as �-bonds

and double bonds contain a �-bond and a �-bond. All conjugated molecules

have a �-bond backbone of overlapping sp2 hybrid orbitals. The remaining

out-of-plane pz orbitals on the linking atoms overlap with neighboring pz or-

bitals to give �-bonds. Although the chemical structures of these molecules

are represented by depictions having alternating single and double bonds,

in reality the electrons in the conjugated �-bonds are delocalized over the

entire molecule.

The n � n secular determinant derived from the LCAOs MO theory gives

the characteristic polynomial of a molecular graph containing n C atoms.

The n roots (eigenvalues) of this n–degree characteristic polynomial are the

HMO energies of the associated p� MOs. We have shown how to write out

the characteristic polynomial of any molecular graph with n � 9 without go-

ing through the secular determinant just by counting and identifying the

types of vertices and edges of the molecular graph.1

Terminology

A molecular graph (G) is a C-C �-bond skeleton representation of a

p�-conjugated polyene. Ln designates a linear polyene molecule with n = N

conjugated carbon p� centers. P(G; X) = 0 designates the characteristic poly-

nomial of a molecular graph G, the roots �X = (�–E)/�� of which correspond to

the eigenvalues (p�-electronic energy levels) of G. Thus, L2 is ethene with

the characteristic polynomial of P(L2; X) = X2–1 = 0 which has eigenvalues

of X = �1. This translates to HMO energy levels of E = � � �.

When two or more molecular graphs have one or more eigenvalues (MO

energy levels) in common they are said to be subspectral in those eigenva-

lues. The more eigenvalues two molecular graphs have in common the more

they are similar, particularly if these common eigenvalues include the fron-

tier orbitals (HOMO and LUMO).

It is important to distinguish between alternant and nonalternant hy-

drocarbons. An alternant hydrocarbon (AH) has no odd size rings. For a mo-
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lecular graph of N carbon vertices, let us start with the integer 1 for the in-

dex of the most positive eigenvalue X1, 2 for the second most positive eigen-

value X2, and so forth going to N for the most negative eigenvalue XN. For

an AH molecular graph, the roots 	Xk) of the characteristic polynomial P(G;

X) appears as pairs

Xk + XN–k+1 = 0

per the pairing theorem. The smallest positive root of P(G; X) corresponds to

the p�-electronic energy in � units of the highest occupied molecular orbital

(HOMO) and the smallest negative root corresponds to the lowest unoccu-

pied MO (LUMO).

Embedding Smaller Molecular Graphs onto Larger Ones

Commonly recurring eigenvalues (subspectrality) can be detected by em-

bedding and mirror-plane fragmentation; embedding and right-hand mirror-

plane fragments are called Hall and McClelland subgraphs,2–3 respectively,

and are what we regard as MO functional groups. Whenever a smaller mo-

lecular graph can be embedded onto a larger one, then the larger one will

have the eigenvalues of the smaller one among its eigenvalues. AHs and so-

metimes alternant subgraphs in an otherwise nonAH can frequently be em-

bedded. Hall’s rules2 for embedding smaller subgraphs onto larger graphs

are as follows: i) All vertices connected to the subgraph fragment must be

nodes (zero-eigenvector coefficients). ii) On the other side of each of these

nodes must be a repetition of the fragment with the opposite sign. iii) Other

branches at these nodes will also be nodes. A list of common embedding

fragments (or MO functional groups) and their corresponding eigenvectors

can be found in several sources.1 Allyl embedding in 1,2-divinylbenzene and

2,6-dimethylenylstyrene is illustrated in bold in Figure 1.

Figure 1 shows the interrelationships between allyl, 3-methylenyl-4-vi-

nylhexatriene, 1,2-divinylbenzene, 2,6-dimethylenylstyrene, and 1-methyl-

enylnaphthalene all which are subspectral in the eigenvalue pair of � 2.

Both 1,2-divinylbenzene and 2,6-dimethylenylstyrene are doubly degenerate

in the eigenvalues of � 2 because each can be embedded by allyl two dis-

tinct ways. Deletion of any vertex from either of these two molecular graphs

gives successor molecular graphs having eigenvalues of � 2 once; deletion

of the appropriate vertex from each will give the same successor, 3-methyl-

enyl-4-vinylhexatriene. The eigenvector for the 2 eigenvalue is indicated

on the molecular graph for 3-methylenyl-4-vinylhexatriene (Figure 1), and it

can be seen that joining the appropriate vertices to a zero nodes fulfills the

zero-sum rule leading to 1-methylenylnaphthalene. Thus, the embedding re-
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sults of Figure 1 explains the origin of the � 2 eigenvalues in both 3-me-

thylenyl-4-vinylhexatriene and 1-methylenylnaphthalene.

Mirror-plane Fragmentation

McClelland’s rules3 for mirror-plane fragmentation are the following: i)

The symmetry (mirror) plane divides the molecular graph into right-hand

and left-hand fragments. ii) Vertices on the plane of symmetry are included

in the left-hand fragment. iii) The weight of the edge between the vertex on

the symmetry plane and a vertex in the left-hand fragment is 2. iv) Ver-

tices in the right-hand fragment originally connected by a bisected edge

have weights of –1 and the opposing vertices in the left-hand fragment have

weights of +1. v) The eigenvalues of the original molecular graph equal the

eigenvalues of the fragment graphs. If a mirror-plane does not bisect any

624 J. R. DIAS AND G. A. GUIRGIS

Figure 1. Allyl and 1-methylenylnaphthalene are embedding subgraphs for identify-

ing the presence of the �(2)1/2 eigenvalues. 1-Methylenylnaphthalene can be derived

from 3-methylenyl-4-vinylhexatriene which has �(2)1/2 eigenvalues by joining its

vertices having corresponding eigenvector coefficients of the same magnitude but op-

posite signs through node vertices as shown above.



molecular graph edge, then the right-hand fragment is also a Hall subgraph.

The McClelland mirror-plane defines an antisymmetric relationship for the

eigenvectors (wave functions) corresponding to the eigenvalues belonging to

the right-hand mirror-plane fragments; in this case, any vertices on the mir-

ror-plane have zero eigenvector coefficients. Most of the right- hand mirror-

plane fragments (or MO functional groups) having six or less vertices with

their eigenvalues and characteristic polynomials have been listed. The mir-

ror-plane fragmentation of 2,6-dimethylenylstyrene gives allyl as the right-

hand fragment and is equivalent to the second allyl embedding shown in the

middle of Figure 1.

Subspectrality and Dendrimer Polyradicals

Subspectral molecular graphs have one or more eigenvalues in common.

If two nearly equal size molecular graphs have a preponderance of eigen-

values in common they are said to be strongly subspectral. The first two mo-

lecular graphs in Figure 2 are strongly subspectral.

Dendrimers are star-shaped oligomers and polymers of progressively in-

creasing branching as one moves away from the molecular core center. Poly-

radical dendrimers are of current interest.4 Figure 2 presents the smallest

triradical, tetraradical, and octaradical molecular graphs that represent

ring centrix and vertex centrix core structures for polyradical dendrimers.

Both embedding and mirror-plane fragmentation of the molecular graphs in

Figure 2 can be performed to show that they possess the eigenvalues of

allyl. These molecular graphs have three-fold symmetry and can be embed-
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Figure 2. Dendrimer radicals that can be embedded by allyl (L3) and their polynomi-

als, eigenvalues. and number of resonance structures (SC).



ded three distinct ways by allyl (L3); only two of these embeddings are mu-

tually independent, and, therefore, it is predicted a priori that these molec-

ular graphs must be at least doubly degenerate in the eigenvalues of 0, � 2.

The corresponding characteristic polynomials are also listed in Figure 2.

Since the last two molecular graphs are acyclic, their characteristic polyno-

mials are also matching (acyclic) polynomials and their tail coefficients give

the number of resonance structures (SC). The last molecular graph in Fig-

ure 2 is the isoconjugate of hexanitroisobutene dianion which is said to be

Y-conjugated.5 Thus the dianion of hexanitroisobutene has 768 resonance

structures (SC = 768).

Linear Polyene Molecules

The characteristic polynomials (Chebyshev polynomials) for the linear po-

lyenes are easily obtained by the recursion P(Ln; X) = XP(Ln–1; X) – P(Ln–2;

X) where P(Lo; X) = 1 and P(L1; X) = X. For example, n = 2 gives P(L2; X) =

XP(L1; X) – P(L0; X) = X2–1 = 0 for ethene. Using this result gives P(L3; X) =

X3–2X = 0 for allyl. Successively repeating this process will generate the

characteristic polynomials for all linear polyene molecules.6

2-Methylenylpentadienyl has eigenvalues (0, �1.1756, �1.9021) that are

common to L9 because both give the same left-hand mirror-plane fragment

subgraph. Similarly, 2-methylenylhexatriene has eigenvalues (0, �0.5176, �

2, �1.9318) common to L11 for the same reason; also, 3-methylenylpenta-

diene has eigenvalues of �0.5176, �1.0, �1.9318.

While embedding of L1 to L8 have been the subject of prior papers,7 the

embedding of L9 to L12 will be presented herein for the first time. Embed-

ding of L9 on larger molecular graphs is sparse. L9 itself can be embedded by

two L4 units separated by a node vertex. Its eigenvalues of 0, �1.1756,

�1.9021 have been found in benzo�f,g�tetracene. Figure 3 shows that

benzo�c,d�perylene can be embedded by L9. Both L10 and acenaphthylene

(C12H8) have the same right-hand mirror-plane fragment with eigenvalues

of 1.6825, 0.8308, –0.2846, –1.3097, –1.9190 which have corresponding anti-

symmetric eigenvectors. Embedding of L10 in peropyrene (C26H14, Figure 3)

establishes the presence of these eigenvalue pairs (�0.2846, �0.8308,

�1.3097, �1.6825, �1.9190) in the latter. Only one example (Figure 3) of em-

bedding of L11 could be found. L11 itself can be embedded by two L5 units

separated by a node vertex. Both L12 and pleiadiene (C14H10) have the same

right-hand mirror-plane fragment with eigenvalues of 1.7709, 1.1361,

0.2411, –0.7092, –1.4970, –1.9419. Embedding of L12 in terrylene (C30H16,

Figure 3) establishes the presence of these eigenvalue pairs (�0.2411,

�0.7092, �1.1361, �1.4970, �1.7709, �1.9419) in the latter. These embedding
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fragments are also right-hand mirror-plane fragments of the respective mo-

lecular graphs in Figure 3.

The series in Figure 3 can be extended indefinitely. The infinite member

of this series, poly(perinaphthalene), has been the subject of a number of

theoretical studies.8 The main new result reported here is the recognition

that the HOMO – LUMO value of any member of this series is given by the

corresponding embeddable linear conjugated polyene, i.e, poly(perinaphtha-

lene), the limit member, can be embedded by polyacetylene and both have

the same band gap value.

The next two nonradical (even carbon) members of the series in Figure 3

(not shown), teropyrene (C36H18) and quaterrylene (C40H20), have been syn-

thesized,9 and the former can be embedded by L14 and the latter by L16.

While these systems as a whole are aromatic, the embedding of linear func-

tional groups determine their HOMO – LUMO gaps. Thus, each of the fol-

lowing pairs have the same HOMO – LUMO values – naphthalene and L4,

pyrene and L6, perylene and L8, peropyrene and L10, terrylene and L12, te-

ropyrene and L14, quaterrylene and L16, etc. This means that is more eco-

nomical and facile to determine HOMO – LUMO values for the members of

this series by simply computing these quantities for the corresponding em-

bedding functional group. Since the band gap for linear polyenes approaches
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Figure 3. Examples of embedding L8 on perylene, L9 on benzo�c,d�perylene, L10 on

peropyrene and L11 on its dimethylenyl analog, and L12 on terrylene shown in bold

with the zero node indicated. Eigenvalues of plus/minus one exist for each line (se-

lective lineation) drawn.



zero as they increase in length, the design of new NIR pigments can exploit

this simplication.

Perylene-3,4:9,10-bis(dicarboximide)

In this section, we examine the p�-electronic system of perylene-3,4 :

9,10-bis(dicarboximide) and its derivatives (PTCIs).10 While PTCIs have

been widely used as industrial pigments, laser dyes, photoreceptors in copi-

ers, solar cells, etc., they cannot absorb near-infrared light (NIR), even in

the solid state (as pigments). There are two ways of extending the �-conju-

gation of the perylene chromophore of PTCIs – extension of the perylene

framework or arylimide introduction. Arylimide introduction is insufficient

to realize NIR absorbing dyes. While the imide substituents do not affect

the absorption spectrum of PTCIs, they do control their solid-state color by

affecting the intramolecular interaction and crystal packing.10 To under-

stand how to shift the absorption maximum of the main-band to longer

wavelengths toward the NIR region, one needs to understand the structural

variables that causes narrowing of the HOMO – LUMO band gap of the can-

didate pigment molecules.

Figure 4 shows the perpendicular mirror-plane fragmentation of a PTCI.

In the first fragmentation, a right-hand fragment which is independent of
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Figure 4. Two perpendicular mirror-plane fragmentations of perylene-3,4:9,10-bis(di-

carboximide) (R = H) give four fragments subgraphs.



the R group is obtained, i.e., it is a MO functional group. This right-hand

mirror-plane is also equivalent to an embedding fragment. The consequence

of this is that varying the imide R group alters the 18 eigenvalues associ-

ated with the left-hand fragment but the 12 eigenvalues associated with the

right-hand fragment remain unchanged. This conclusion presumes that the

R group itself does not introduce additional p�-electronic orbital which may

result in charge transfer interactions or otherwise overlapping spectral

bands. Thus, the optical absorption characteristics and HOMO – LUMO

band gap (compare Figure 5 with Figure 6) is controlled by the right-hand
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(dicarboxylic) acid dianhydride, and perylene-3,4:9,10-bis(dicarboximide).



fragment. Solubility and color can be tuned to some degree by varying the

imide R group which changes 18 of the 30 eigenvalues, but direct substitu-

tion on the perylene nucleus or lengthening the aromatic core will alter all

the eigenvalues which should result in a more versatile means of varying

HOMO – LUMO and the optical and redox characteristics of these chromo-

phores.

In the HMO zero order approximation, the oxygens and nitrogens are re-

placed by methylenes and methines (h = 0 and k = k' = 1), respectively. The

eigenvalues at this approximation are given in the first column of Figure 5.

In the first order approximation, we assign k = 0.8, k' = 1, h = 2.0, h' = 1

which models Y = X = oxygen, and this results in the eigenvalues shown in
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Figure 6. Eigenvalues of parametrized mirror-plane fragments belonging to the mo-

lecular graphs in Figure 5. Note that the last fragment is also an embedding frag-

ment and that it contains the frontier energy levels.



the second column of Figure 5. Assigning h = 1.5 models Y = nitrogen which

gives the eigenvalues in the third column. The HOMOs in the second and

third columns of Figure 5 are underlined. Comparing the frontier orbitals in

the last structure of Figure 5 with the right-hand fragment in Figure 6

shows that the latter controls the HOMO – LUMO gap as previously shown

above for the hydrocarbon cores. From these results we expect the � 
 �*

electronic transitions in the anhydride and imide to be very similar. How-

ever, the n 
 �* for the anhydride (Y = oxygen) and imide (Y = nitrogen) will

be significantly different because of the energy differences in the lone pair

of electrons.

CONCLUSION

In this molecular modeling study, a major strategy for narrowing the

HOMO – LUMO band gap to produced potential NIR absorbing pigments

has been shown to involve lengthening of the aromatic core structure. The

corresponding embedding or right-hand mirror-plane fragment has been

shown to be the structural unit which has the major influence on determin-

ing the magnitude of the HOMO – LUMO band gap.
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SA@ETAK

pp-Molekulske orbitale konjugiranih poliena koje slu`e kao
molekulsko-orbitalne funkcijske skupine u modeliranju

pigmenata ni`ega infracrvenog spektra

Jerry Ray Dias i Gamil A. Guirgis

Dan je pregled molekulsko-orbitalnih (MO) modela �-elektronskih sustava ko-

njugiranih poliena i novi primjeri uklapanja vi{ih linearnih poliena. Pokazano je da

su uklapaju}i fragmenti (tzv. Hallovi podgrafovi) i fragmenti koji zakre}u zrcalnu

ravninu u desno (tzv. McClellandovi podgrafovi) va`ne MO funkcijske skupine u mo-

lekulskom modeliranju pigmenata ni`ega infracrvenog spektra. Glavni rezultat

ovoga rada je da je razlika HOMO-LUMO kod perilena-3,4:9,10-bis(karboksimida),

poli(perinaftalena) i srodnih tvari odre|ena uklapaju}im fragmentom, pa se tako

zaobilazi ra~un za cijelu molekulu.
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