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GENERALIZATIONS AND IMPROVEMENTS OF AN
INEQUALITY OF HARDY-LITTLEWOOD-POLYA

SADIA KHALID AND JOSIP PECARIC

ABSTRACT. Some generalizations of an inequality of Hardy-
Littlewood-Pdlya are presented. We discuss the n-exponential convexity
and log-convexity of the functions associated with the linear functional de-
fined by the generalized inequality and also prove the monotonicity prop-
erty of the generalized Cauchy means obtained via this functional. Finally,
we give several examples of the families of functions for which the results
can be applied.

1. INTRODUCTION AND PRELIMINARIES

The following theorem is given in the famous Hardy-Littlewood-Pélya
book [2, Theorem 134].

THEOREM 1.1. If f is a convex and continuous function defined on [0, 00)
and (a, k € N) are non-negative and non-increasing, then

(1.1) Zak > (0 Z f(kay) — f((k—1)ag)].

If f is concave, then the inequality in (1.1) reverses. If f' is a strictly increas-
ing function, there is equality only when ay are equal up to a certain point
and then zero.

An example of the above theorem is given below (see [2, p.100]).

COROLLARY 1.2. Let aj, € [0,00) and the sequence (ax, k € N) is non-
increasing. If s > 1, then we have

n S

n
(1.2) Z ag | > Z —1)7].
If 0 < s < 1, then the mequalzty in (1.2) reverses.
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Inequality (1.1) is of great interest and has been generalized in many
different ways by various mathematicians.
In order to obtain our main results we need some definitions.

DEFINITION 1.3. A sequence (ay, k € N) C R is non-increasing in mean
if
1 n 1 n+1
(13) E;akzn—ﬂ;ak, n € N.

A sequence (a, k¥ € N) C R is non-decreasing in mean, if opposite in-
equality holds in (1.3).
In a similar way we can define when a finite sequence (ag, k=1,...,n) CR
is non-increasing in mean or non-decreasing in mean (see [4]).

REMARK 1.4. If we denote S, = Zle a;, k € N, then it is easy to see
that the sequence (ay, k € N) is non-increasing in mean (non-decreasing in
mean) if and only if Sk—1 > (k — 1)ag (Sk—1 < (k—1)ay) for k =2,3,....

In 1995, inequality (1.2) was improved by J. Pecari¢ and L. E. Persson in

[5] and this improvement is given below:

THEOREM 1.5. If the sequence (aj, > 0,k € N) is non-increasing in mean
and if s is a real number such that s > 1, then

(1.4) <i ak) > iaks [k* = (k = 1)]
k=1 k=1

holds. If 0 < s < 1, then the inequality in (1.4) reverses.

It is well known and easy to see that if a sequence (ax, k& € N) is
non-increasing (non-decreasing), then it is also non-increasing in mean (non-
decreasing in mean) but the reverse implications do not hold in general. This
means that Theorem 1.5 is a genuine generalization of Theorem 1.2. The
following property of a convex function will be useful further (see [7, p.2]).

DEFINITION 1.6. A function f: 1 — R is convex on I if
(1.5) (x5 —22) f(21) + (21 — 23) f (22) + (22 —21) f(23) 2 0
holds for all x1,x2,x3 € I such that 1 < x9 < x3.

Another characterization of a convex function will be needed later (see
(7, p.2]).

PROPOSITION 1.7. If f is a convex function defined on an interval I and
if 1 <1, w2 < Yo, T1 # X2, Y1 F Y2, then the following inequality is valid
flxo) = flx1) _ [(y2) = [ (y1)

To — T1 o Y2 — Y1
If the function f is concave, then the inequality reverses.

(1.6)
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By letting o1 =z, 2o =x+ h,y1 =yand y2 =y + h, (z <y,h > 0) in
(1.6), we have

(1.7) fle+h) = flx) < fly+h) = f(y)

The following definition of Wright-convex function is given in [7, p.7].

DEFINITION 1.8. A function f : [a,b] — R is said to be Wright-convex if
for all x, y+ h € [a,b] such that x <y, h >0, (1.7) holds. The function f is
said to be Wright-concave if opposite inequality holds in (1.7).

REMARK 1.9. If K ([a,b]) and W ([a, b]) denote the set of all convex func-
tions and the set of all Wright-convex functions defined on [a, b], then K ([a, b])
& W([a,b]). That is, a convex function is also a Wright-convex function but
not conversely (see[7, p.7]).

Wright-convex functions have interesting and important generalization
for functions of several variables (see [1]). Let R™ denote the m-dimensional
vector lattice of points x = (z1,...,2m), ; € R for ¢ = 1,...,m with the
partial ordering

X= (1’1;"'71'777,) Sy= (yla"'aym)
if and only if z; <y; for i =1,...,m (see [7, p.13]).

DEFINITION 1.10. A sequence (ax,k € N) C R™ 4is non-increasing in
mean if

1 n 1 n+1
1.8 — a, > —— ay, eN,
(18) S A Z g > A
k=1 k=1
where a = (ag,...,ad"). A sequence (ax, k € N) C R™ is non-decreasing in

mean, if opposite inequality holds in (1.8).

In [1], H. D. Brunk presented an interesting class of multivariate real-
valued functions defined as follows:

DEFINITION 1.11. A real-valued function f on an m-dimensional rectangle
I C R™ is said to have non-decreasing increments if

(1.9) f(x+h) - f(x) < fly+h)— f(y),

whenever X, y+h eI, 0 <h e R™, x <y. The function f is said to have
non-increasing increments if opposite inequality holds in (1.9).

REMARK 1.12. Tt is easy to see that if a function f is defined on [a,b] C R
and has non-decreasing increment, then it is a Wright-convex function.

In this paper, we present some generalizations of the Hardy-Littlewood-
Pélya inequality (1.1). First generalization is obtained by using a Wright-
convex function and a sequence (ag, k = 1,...,n) C R which is non-increasing
in mean. Since the class of all Wright-convex functions contains the class of all
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convex functions, our first main result is the generalization of the inequality
(1.1) in the sense that we can obtain (1.1) as a special case of our first main re-
sult. Second generalization is obtained by using a real-valued function defined
on an m-dimensional rectangle I C R™, having non-decreasing increments and
a sequence (ag,k =1,...,n) C R™, which is non-increasing in mean. We also
discuss the case when the sequence is non-decreasing in mean. Further, we
give the n-exponential convexity and log-convexity of the functions associated
with the linear functional defined by the generalized inequality and we also
deduce Lyapunov-type inequalities for this functional. We prove monotonic-
ity property of the generalized Cauchy means obtained via this functional.
Finally, we give several examples of the families of functions for which the
results can be applied.

2. MAIN RESULTS

Inequality (1.1) was already proved in [2], but we give a new proof in a
more general setting. Our first main result states:

THEOREM 2.1. Let ax (k = 1,...,n) be real numbers such that ap > 0,
Sk = Zle a;, kag, (k—Dag € [a,b] for allk =2,...,n and f : [a,b] = R
be a Wright-convex function.

(i) If the sequence (ag, k =1,...,n) is non-increasing in mean, then we
have
n n
(2.1) f <Z ak) > f(ar) + > [f (kar) — f ((k— 1) ax)].
k=1 k=2
(ii) If the sequence (ag, k =1,...,n) is non-decreasing in mean, then we
have

(2.2) f (Z ak) < flax) + > [f (kar) = £ (k= 1) ax)].
k=1 k=2

If the function f is Wright-concave, then opposite inequalities hold in (2.1)
and (2.2).

PrOOF. (i) Since the sequence (ag, k =1,...,n) C R is non-increasing
in mean, by definition we have, Sy_1 > (k— 1) ay for k=2,...,n. As
f is a Wright-convex function, by setting x = (k — 1) ag, y = Sk—1 and
h=a; (k=2,...,n) in (1.7), and also using the fact that Sx_1 + aj
=St (k=2,...,n), we have

f(Sk) = f(Sk-1) = f(kax) — f((k — 1)ay).

Summing over k from 2 to n, we have

n n

[f (Sk) = f(Sk-1)] = D _[f (kax) — f((k = Dar)],

k=2 k=2
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which is equivalent to
f(S Sl Z Z kak k’ — 1)ak)],
k=2

and so (2.1) holds.

(ii) Since the sequence (ag, k =1,...,n) C R is non-decreasing in mean,
by definition we have, Sy_1 < (k— 1)ay for k =2,...,n. As fisa
Wright-convex function, by setting x = Sk_1, y = (k—1)ay and h = ai,
(k=2,...,n)in (1.7), we have

f(Sk) = f(Sk—1) < f(kax) — f((k = 1)ag).

Now summing over k from 2 to n and after simplification, we have

(2.2).
If f is a Wright-concave function, then opposite inequality holds in (1.7)
and so opposite inequalities hold in (2.1) and (2.2). O

Since the class of Wright-convex (Wright-concave) functions properly contains
the class of convex (concave) functions (see for example [7, p.7]), the following
result is valid.

COROLLARY 2.2. Let ar, (k=1,...,n) be real numbers such that ax, > 0,
Sk = ZZ 1 @i, kag, (k—1)ay € [a,b] for allk =2,...,n and f : [a,b] = R
be a convex function.

(i) If the sequence (ag, k =1,...,n) is non-increasing in mean, then (2.1)
holds.

(i) If the sequence (ax, k =1,...,n) is non-decreasing in mean, then (2.2)
holds.

If the function f is concave, then opposite inequalities hold in (2.1) and (2.2).
The following corollary is an application of Corollary 2.2.

COROLLARY 2.3. Let f(x) = z*, where x € (0,00) and s € R.
(i) If the sequence (ar > 0, k = 1,...,n) is non-increasing in mean and
s € R such that s <0 or s > 1, then

n s n
(2.3) (Z ak> > a5+ 3 a6 - (k- 1)7]
k=1 k=2
holds. If 0 < s < 1, then the inequality in (2.3) reverses.

(i) If the sequence (ar > 0, k = 1,...,n) is non-decreasing in mean and
s € R such that s <0 or s > 1, then

(2.4) (i ak> < a‘f + Zn: ar® [k;s _ (k‘ — 1)8]
k=1 k=2

holds. If 0 < s < 1, then the inequality in (2.4) reverses.
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The multidimensional generalization is stated as follows:

THEOREM 2.4. Let a € R™ be such that ap > 0 for all k = 1,...,n,
S, = Zleai, kag, (k—1ap, € ICR™ forallk =2,...;,nand f : 1T C
R™ — R be a real valued function having non-decreasing increments.

(i) If the sequence (ag, k = 1,...,n) is non-increasing in mean, then we
have
n n
(2.5) / (Z ak> > flan) + Y [f (kaw) — £ ((k—1)ap)].
k=1 k=2
(ii) If the sequence (ay, k =1,...,n) is non-decreasing in mean, then we
have

(2.6) f (Z ak) < fla)+ > [f (kag) — f((k = Dag)] .
k=1 k=2

If the function has non-increasing increments, then opposite inequalities hold
in (2.5) and (2.6).

PROOF. The idea of the proof is the same as in Theorem 2.1.

(i) Since the sequence (ag, k =1,...,n) C R™ is non-increasing in mean,
by definition we have, Sp_1 > (k — 1)ay, for k = 2,...,n. By setting
x=(k—1ag, y=Sk—1and h =a; (k=2,...,n) in (1.9), where f
has non-decreasing increments and also using the fact that Si_1 + ag
=Si(k=2,...,n), we have

f(Sk) = f(Sk-—1) > f(kax) — f((k—1)ay).

Summing over k from 2 to n, we have

n n

STIF(SK) = £ (Se—1)] = D _[f(kag) — f((k — D)ay)],

k=2 k=2
which is equivalent to

n
F(Sa) = £(81) > S [ (kaw) — (k= Dag)].
k=2
and so (2.5) holds.
(ii) Since the sequence (ax, k =1,...,n) C R™ is non-decreasing in mean,
by definition we have, Sy_1 < (k — 1)ay for k = 2,...,n. By setting
X =8Sip_1,y=(k—1a, and h =a; (k=2,...,n) in (1.9), where f

has non-decreasing increments, we have

f(Sk) = f(Sk—1) < f (kar) — f((k—1)ax).
Now summing over k from 2 to n and after simplification, we have
(2.6).
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If f has non-increasing increments, then opposite inequality holds in (1.9) and
so opposite inequalities hold in (2.5) and (2.6). O

Consider the inequality (2.1) and define a functional

n

(2.7) o(f) =7 <Z ak) —fla) =Y [f (kar) = f ((k = D) ar)],
k=1

k=2
where a;, (k=1,...,n) are real numbers such that a; > 0, S, = Zle a;,
kap and (k —1)ay € [a,b] for all k = 2,...,n. If the function f is convex on
[a,b] and the sequence (ag, k =1,...,n) C R is non-increasing in mean, then

Corollary 2.2 (i) implies that ®(f) > 0.

Now, we give mean value theorems for the functional ®. These theorems
enable us to define various classes of means that can be expressed in terms of
a linear functional.

THEOREM 2.5. Let a; (k=1,...,n) be real numbers such that ar, > 0,
Sk = Zle ai, kag, (k — Day € [a,b] for all k = 2,...,n and the sequence
(ak, k =1,...,n) is non-increasing in mean. Suppose that ® is a linear func-
tional defined as in (2.7) and f € C? ([a,b]). Then there exists £ € [a,b] such

that
~_f(E)
2

where fo(x) = 2.
PROOF. Analogous to the proof of Theorem 2.2 in [6]. O

We can prove the following Cauchy type mean value theorem by following the
proof of Theorem 2.4 in [6].

THEOREM 2.6. Let ar (k=1,...,n) be real numbers such that ar, > 0,
Sk = Zle a;, kag, (k—1)ay € [a,b] for all k = 2,...,n and the sequence
(ag, k = 1,...,n) is non-increasing in mean. Suppose that ® is a linear

functional defined as in (2.7) and f,g € C? ([a,b]). Then there exists £ € [a, b]
such that

D(g) 9" (&)’

provided that the denominators are non-zero.

REMARK 2.7. (i) By taking f(x) = 2® and g(x) = 27 in (2.8), where
s,q € R\ {0,1} are such that s # ¢, we have

gsfq _ Q(q — 1)@(1,5)
s(s—1)® (x9)°
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(ii) If the inverse of the function f”/¢” exists, then (2.8) gives

—1
g" ®(9)
3. N-EXPONENTIAL CONVEXITY AND LOG-CONVEXITY OF THE FUNCTIONS
ASSOCIATED WITH THE DIFFERENCE OF THE GENERALIZED INEQUALITY

We begin this section by recollecting definitions and properties which
are going to be explored here and also some useful characterizations of these
properties. In the sequel, let I be an open interval in R.

DEFINITION 3.1. A function h : I — R is n-exponentially convex in the

Jensen sense on I if
n
Z OéiOtjh <&2%> Z 0

ij=1
holds for every a; € R and x; € I, i =1,...,n (see [6]).

DEFINITION 3.2. A function h : I — R is n-exponentially convex on I if
it is m-exponentially convex in the Jensen sense and continuous on I.

REMARK 3.3. From the above definition, it is clear that 1-exponentially
convex functions in the Jensen sense are non-negative functions. Also, n-
exponentially convex functions in the Jensen sense are k-exponentially convex
functions in the Jensen sense for all k € N, k < n.

By the definition of positive semi-definite matrices and some basic linear
algebra, we have the following proposition.

ProrosiTiON 3.4. If h: I — R is n-exponentially convex in the Jensen
sense, then the matriz [h (i;’)} s a positive semi-definite matriz for

i,j=1
all k € N, k <n. Particularly,

k
det {h<&2x])] >0 foreverykeN k<n, z;,€1l,i=1,...,n.

i,j=1
DEFINITION 3.5. A function h : I — R is exponentially convex in the
Jensen sense if it is n-exponentially convez in the Jensen sense for alln € N.

DEFINITION 3.6. A function h : I — R is exponentially convex if it is
exponentially convex in the Jensen sense and continuous.

LEMMA 3.7. A function h : I — (0,00) is log-convez in the Jensen sense,
that is, for every x,y € I,




INEQUALITY OF HARDY-LITTLEWOOD-POLYA 81

holds if and only if the relation

o’h(z) +2aBh (I—;y) +8%h(y) > 0

holds for every a, 5 € R and x,y € I.

REMARK 3.8. It follows that a function is log-convex in the Jensen sense if
and only if it is 2-exponentially convex in the Jensen sense. Also, by using ba-
sic convexity theory, a function is log-convex if and only if it is 2-exponentially
convex.

The following definition of divided difference is given in [7, p.14].

DEFINITION 3.9. The second-order divided difference of a function f :
[a,b] — R at mutually distinct points yo,y1,y2 € |a,b] is defined recursively
by

fiv1) — (i)

iy Yi 5 = 3 i:O715
iy ] Yit1 — Yi
y1,92; /1 — lyo, y13 f
(31) [yO;yl;y2;f] = [ ! ] [ ! ]
Y2 — Yo

REMARK 3.10. The value [yo, y1,y2; f] is independent of the order of the
points yo,y1 and yo. This definition may be extended to include the case in
which some or all the points coincide (see [7, p.16]). Namely, taking the limit
y1 — Yo in (3.1), we get

J— J— / p—
lim [yo, y1, 25 f] = [y0, Yo, Y23 f] = fl2) = Jo) ] (yQO)(yQ )
Y1 Yo (y2 - yO)
provided that f’ exists; and furthermore, taking the limits y; — yo, 1 = 1,2,
in (3.1), we get

ay27éy0;

: : e o ")
lim lim [yanlayQaf] - [yananO,f] - )
Y2—Y0 Y1—Yo 2

provided that f” exists.

REMARK 3.11. Convex functions can be characterized by second order
divided difference (see [7, p.16]): a function f : [a,b] — R is convex if and only
if for all choices of three distinct points yo, y1, y2, € [a, b], [yo,y1, y2; f] > 0.

Next, we study the n-exponential convexity and log-convexity of the func-
tions associated with the linear functional ® defined in (2.7).

THEOREM 3.12. Let Q = {f; : s € I C R} be a family of functions defined
on [a,b] such that the function s — [yo,y1, Yo; fs] is n-exponentially convex in
the Jensen sense on I for every three mutually distinct points yo, y1,y2 € [a, b].
Let @ be a linear functional defined as in (2.7). Then the following statements
hold:
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(i) The function s — ®(fs) is n-exponentially convex in the Jensen sense on
m

I and the matrix [@(fsj+sk )} is a positive semi-definite matriz for all
= ljk=1

meN, m<n and s1,...,8m € I. Particularly,
m
det [cp(fsﬁsk )} >0, VmeN, m<n.
= ljk=1

(ii) If the function s — ®(fs) is continuous on I, then it is n-exponentially
convez on I.

PROOF. The idea of the proof is the same as that of Theorem 3.1 in [6].
(i) Let o € R (j =1,...,n) and consider the function

oly) =

vl

Qg fsjtsy (),
jk=1 :

where s; € I and fs;+s, € Q. Then

2

n
[yanlayQ;cp] = Z (o710%3 |:y07y1ay2;f5j;5k
J,k=1

and since [yo,yl, yo; f 5j+sk:| is n-exponentially convex in the Jensen

2
sense on I by assumption, it follows that

n

[0, Y1, y2; ] = Z O g {yanlayQE sﬁ%} > 0.
Jk=1 ’
And so, by using Remark 3.11, we conclude that ¢ is a convex function.
Hence,
® () 20,

which is equivalent to

n
E a]ak¢ (f‘9j+‘9k> Z 0
2

jk=1

and so we conclude that the function s — ®(fs) is n-exponentially
convex in the Jensen sense on I.
The remaining part follows from Proposition 3.4.

(ii) If the function s — @ (fs) is continuous on I, then from (i) and by
Definition 3.2, it follows that it is n-exponentially convex on I.

The following corollary is an immediate consequence of the above theorem.
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COROLLARY 3.13. Let Q = {fs : s € I C R} be a family of functions
defined on [a,b] such that the function s — [yo,y1,Y2; fs] is exponentially
conver in the Jensen sense on I for every three mutually distinct points
Yo,Y1,Y2 € [a,b]. Let ® be a linear functional defined as in (2.7). Then
the following statements hold:

(i) The function s — ®(fs) is exponentially conver in the Jensen sense on
I and the matrix {@(fu )r is a positive semi-definite matriz for all
: ,

J,k=1
n €N and s1,...,s, € I. Particularly,

det [cp(f@)r >0, ¥ neN.

(ii) If the function s — ®(fs) is continuous on I, then it is exponentially
convex on I.

COROLLARY 3.14. Let Q = {fs : s € I C R} be a family of functions
defined on [a,b] such that the function s — [yo,y1,Yy2; fs] s 2-exponentially
conver in the Jensen sense on I for every three mutually distinct points
Yo, Y1,Y2 € la,b]. Let ® be a linear functional defined as in (2.7) and also
assume that ©(fs) is strictly positive for fs € Q. Then the following state-
ments hold:

(i) If the function s — ®(fs) is continuous on I, then it is 2-exponentially

conver on I and so it is log-convex on I and for r,s,t € I such that
r<s<t, we have

o B < [0 e

known as Lyapunov’s inequality. If r < t < s or s < r < t, then
opposite inequality holds in (3.2).

(i) If the function s — ®(fs) is differentiable on I, then for every
$,q,u,v € I such that s <u and q < v, we have

(3'3) NS,q((I)a Q) < NU,v(q)a Q)a
where
<¢ug>fa 24
_ ®(fq) ’ ’
(3'4) Ms,q(q)a Q) = . q%q)(fs) o
p (I)(fs) ) q,
for fs, fq € QL.

PROOF. The idea of the proof is the same as that of Corollary 3.2 in [6].

(i) The claim that the function s — ®(fs) is log-convex on I is an imme-
diate consequence of Theorem 3.12 and Remark 3.8 and (3.2) can be
obtained by replacing the convex function f with the convex function
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f(z) = log®(f,) for z = r,s,t in (1.5), where r,s,¢t € I such that
r<s<t.

(ii) Since by (i) the function s — ®(fs) is log-convex on I, that is, the
function s — log ®(fs) is convex on I. Applying Proposition 1.7 with
setting f(z) = log ®(f.), we get

log ®(fs) —log ®(f,) < log @(fu) — log ®(f,)
s—q - U—

for s <u, g <w, s#q, u#v; and therefore, we conclude that
f15,q(P, Q) < puo (P, Q).

If s = g, we consider the limit when ¢ — s in (3.5) and conclude that
frs,s (P, ) < a0 (P, Q).

The case u = v can be treated similarly.

O

REMARK 3.15. Note that the results from Theorem 3.12, Corollary 3.13
and Corollary 3.14 still hold when two of the points yo, y1,y2 € [a, b] coincide,
say Y1 = yo, for a family of differentiable functions fs such that the function
s — [Yo0,y1,y2; fs] is n-exponentially convex in the Jensen sense (exponen-
tially convex in the Jensen sense, log-convex in the Jensen sense on I); and
furthermore, they still hold when all three points coincide for a family of twice
differentiable functions with the same property. The proofs are obtained by
recalling Remark 3.10 and by using suitable characterizations of convexity.

4. EXAMPLES

In this section, we present several families of functions which fulfil the
conditions of Theorem 3.12, Corollary 3.13 and Corollary 3.14 and Remark
3.15. This enables us to construct large families of functions which are expo-
nentially convex.

ExXAMPLE 4.1. Consider the family of functions

O ={gs:R— 10, o0):s€R}
defined by
1 sz
_ = € 9 S 7é 07
gé(x)_{ iI2, s = U.

We have j—;gs (x) = e** > 0, which shows that g, is convex on R for every

seRand s — %gs (x) is exponentially convex by definition (see also|[3]).
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In order to prove that the function s — [yo, Y1, y2; g5 is exponentially convex,
it is enough to show that
(4.1)

Z?,k:l ajQ y07yl7y2§95j25k} = [yo7ylay2§2?,k:1 O‘jakg%':%} =0,

VneN, aj,s; €R,j=1....,n By Remark 3.11, (4.1) will hold if Y(z) :=
Z?kzl Qo gs;+s, is convex. Since s — g7 (x) is exponentially convex, i.e.,
’ 2

szzl ajorg? ., > 0,¥n €N, aj,s; €R, j=1,...,n, which shows the

convexity of T(;) and so (4.1) holds. Now, as the function s — [yo, y1, y2; gs] is
exponentially convex, s — [yo,y1, Y2; gs| is exponentially convex in the Jensen
sense and by using Corollary 3.13, we have s — ®(g;) is exponentially convex
in the Jensen sense. Since this mapping is continuous (although the mapping
s+ gs is not continuous for s = 0), s — ®(g,) is exponentially convex.

For this family of functions, by taking Q = Q in (3.4), fs,¢(®, 1) become

1
(b( S) -4
(@(Zq)) ) s #q,
poa(®0) = exp (S8~ 2) 5= g 20,
oo (58). " smamo

By using Theorem 2.6, it can be seen that
M. q(®,821) = log is,q(P, 1)
satisfy a < M, ¢(®, 1) < b, which shows that M, 4(®, ) is a mean.
EXAMPLE 4.2. Consider the family of functions
Qy={fs:(0,00) > R:s R}

defined by
g(fiija S ?é Oala
fs(x) = —Ilnz, s=0,
rlnz, s=1.

Here, dd—;fs(x) = z%2 = =2 Inz 5 which shows that f, is convex for
x>0and s — %fs(m) is exponentially convex by definition (see also[3]). It
is easy to prove that the function s — [yo, y1, y2; fs] is exponentially convex.
Arguing as in Example 4.1, we have s — ®(f5) is exponentially convex.

If r,s,t € R are such that » < s < ¢, then from (3.2), we have

t—s s—r

(4.2) O (fs) <[@ (S [@(f)]
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If r <t < sors<r<t, then opposite inequality holds in (4.2).
Particularly, for r, s, € R\ {0,1} such that r < s < t, we have

(opmyan) = ai=d pan (=1
s(s—1) =

t—s

{( PN ) D azw"—(k—l)")] —

(43) T(T*l)

[ et
t(t—1) J

where ay, > 0 (k = 1,...,n) are real numbers, S, = Zil ai, kap, and (k—1)ay

€ [a,b] forallk =2,... n. Infact, fors < Qors > 1, (14.3) is the improvement
of the inequality (2.3) and for 0 < s < 1, the inequality in (4.3) reverses.
By taking Q = Q9 in (3.4), Zs4 := ps,q(P,Q2) are of the form

- _ (q(ql) (0 aw)” —ai = Sr_ab (kK5 — (k—1)°)

—s,q — . q n ) 0717
s 3(8 - 1) (22:1 ak) — a‘{ — Zk:Q az (kq — (k _ 1)q) ) s 7é q 7é

R > B et R o/ L U R
=0 <s<s—1>' I (mas) — In (37, ac) > S

= i (T o) —af - 300, e 7 - (k- 1) o
ZZ:1 ay (ln (ZZZI ak) —kln (kak)) + Zzzz ap(k—1)In((k — 1) ak) ,

s#0,1,

_ ZZZI ay (ln (Zzzl ak) —kln (kak)) + ZZ:Q ar(k—1)In((k — 1) ax)
In (nai) — In (ZZZl ak) )

20,1

_ 1—2s o
Ess=exp| ——
’ P s(s—1)

oxp (22:1 ak)s In (Zzzl ak) =3 ekt n(kag) + 3 r_ af(k = D% In((k — 1) ak)
s P s
(Zzzl ak) —aj — Zk:z ay (k® — (k= 1)%)

((ln (Z:Zl ak) - lnal) In (62(1 Z:: ak) - Z::2 (Ink —In(k—1))In (e2k(k — 1)(1%))
)
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i ay <1n <i ak> In <e2 i ak) — kln(kay)ln (e2kak)>
:i k=1 k=1 k=1
)

=11 = OXP 2 (Z:Zl ak (ln (Z:Zl ak) - kln(kak)) + 3" ak(k = DIn (k- l)ak))

Z ap(k —1)In((k — 1)ag)In (e*Q(k - 1)ak)

2 ( " (ln (Z” ) - kln(kak)) + ::2 ap(k —1)In ((k — 1)%))

X exp

If @ is positive, then Theorem 2.6 applied for f = fs € Qp and g = f; € (%
yields that there exists £ € [a, b] such that

(fs)

®(fq)

Since the function £ — £°7 9 is invertible for s # ¢, we have

@ o< (3ff) "

which, together with the fact that p,4(®,€2) is continuous, symmetric and
monotonous (by (3.3)) shows that p, 4(®,€2) is a mean.

If @ = 0 and we consider functions defined on [0, 00), then we can obtain
inequalities and means of the same form, but for parameters s and ¢ restricted
0 (0,00). More precisely, we consider the family of functions

Qo = {fs:[0,00) = R:s¢€(0,00)}

(o) = { T AL

rlnzx, s=1,

¢t =

defined by

with the convention that 0ln0 = 0.
If r,s,t € (0,00) \ {1} are such that r < s < ¢, then from (4.2), we have

(o)’ = Do ekt —(=1))
s(s—1) .

{( Poa) = S ap(k (k1) Tv

’l“(’l“ 1

X

)

[(Zzlak)t 2y i (K = (k-1)* ]:_

t(t—1)
which is in fact the improvement of inequality (1.2 y ) for s > 1. For s > 0 and
g > 0, by taking Q = Qs in (3.4), Z5.¢ = ps,q(P, Qo ) are of the same form as
e
ExXAMPLE 4.3. Consider the family of functions
Q3 ={hs:(0,00) = (0,00) : s € (0,00)}
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defined by

5, s=1.

m@):{ s S

We have %hs(x) = s~ % > 0, which shows that h, is convex for all s > 0.

Since s — j—;hs(ac) = s~ % is the Laplace transform of a non-negative function
(see[3,8]), it is exponentially convex. It is easy to see that the function
s+ [yo,y1,Y2; hs] is also exponentially convex. Arguing as in Example 4.1,
we have s — ®(h;) is exponentially convex.

In this case, by taking Q = Qg in (3.4), ps,q(®,Q3) are of the form

B (hs q

(QMD ; 574,
oa(®: Q) = § exp (—Hth) — 20) s g1,

exp (—550m)) s=q=1

By using Theorem 2.6, it follows that
Ms,q (q)a QS) = 7L(57 Q) 10gﬂs,q ((I); QS)
satisfy a < M, 4 (®,Q3) <b and so M, 4 (P, 23) is a mean, where L(s,q) is a
logarithmic mean defined by L(s,q) = ﬁ, s#q, L(s,s) = s.
ExAaMPLE 4.4. Consider the family of functions

Qy = {ks : (0,00) = (0,00) : s € (0,00)}

defined by
k e
s(z) = P
Here, %ks (z) = e=*v* > 0, which shows that k, is convex for all s > 0. Since

5 — j—; s(x) = e"V* is the Laplace transform of a non-negative function
(see[3,8]), it is exponentially convex. It is easy to prove that the function
s = [Yo, Y1, y2; ks] is also exponentially convex. Arguing as in Example 4.1,
we have s — ®(k;) is exponentially convex.

In this case, by taking Q = Q4 in (3.4), ps,q(®,Q24) are of the form

(@@g))?%a s %
= @ (kq) ’ 4
Ms,q(q))Q4) - D(id-k,) 1 B
xp =580y ~5)0 S=¢

By using Theorem 2.6, it is easy to see that

Ms,q ((I); Q4) = 7(\/5 + \/5) IOg Hs,q ((I)a Q4)
satisfy a < M, 4 (®,Q4) < b, showing that M , (P, ) is a mean.

REMARK 4.5. From (3.4), it is clear that ps o(®, ) for Q@ = Q;,Q3 and

()4 are monotonous functions in parameters s and q.
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Poopcenja i poboljsanja nejednakosti Hardy-Littlewood-Pdlya
Sadia Khalid i Josip Pecarié

SAZETAK. U radu su dana neka poopéenja i poboljsa-
nja nejednakosti Hardy-Littlewood-Pélya. Diskutirana je n-
eksponencijalna konveksnost i logaritamska konveksnost funkcio-
nala definiranog poopéenom nejednakoséu kao i monotonost odgo-
varajuéih poopéenih Cauchyjevih sredina.
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