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ON POTENTIAL INEQUALITY FOR THE ABSOLUTE
VALUE OF FUNCTIONS

NEVEN ELEZOVIC, JOSIP PECARIC AND MARJAN PRALJAK

ABSTRACT. Potential inequality was introduced in [4] and later
extended to the case of general convex and concave functions in [1]. The
main goal of this paper is to derive the potential inequality for the case
where the function at which the potential is evaluated is replaced by its
absolute value. The results obtained, together with methods from [2], are
used to construct new families of exponentially convex functions.

1. INTRODUCTION

Rao and Siki¢ [4] introduced the potential inequality for kernels and func-
tions that satisfy the maximum principle (see below), but they proved it only
for a special class of convex and concave functions. Elezovié, Pecari¢ and
Praljak [1] generalized the potential inequality to the class of naturally de-
fined convex functions on (0, +00) , which enabled them to generate certain
exponentially convex functions that were used to refine some of the known
inequalities and to derive new ones.

In this article, we will look at the same class of kernels and functions
and extend the results to the case where the function is replaced by its ab-
solute value. Furthermore, we will generate more families of exponentially
convex functions by applying methods from [2] that make use of the divided
differences.

We will start off by introducing notation and the setup. We say that
N(z,dy) is a positive kernel on X if N : X x B(X) — [0,400] is a mapping
such that, for every z € X, A — N(z, A) is a o-finite measure, and, for every
A€ B(X), x — N(z,A) is a measurable function. For a measurable function
f, the potential of f with respect to N at a point x € X is

(N/)(x) = /X ()N (@, dy),
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whenever the integral exists. The class of functions that have the potential
at every point is denoted by POT (N).

For a measure p on (X,B(X)) and a measurable set C' € B(X) we will
denote by Ncu the measure defined by

(New)(dy) = /C N(a, dy)u(dz).

If C = X we will omit the subscript, i. e. Nu will denote the measure NXM-

DEFINITION 1.1. Let N be a positive kernel on X and R C POT(N).
We say that N satisfies the strong maximum principle on R (with constant
M>1)if
(1.1) (Nf) (@) < Mu+ N[fT1{npsa](@)
holds for everyx € X, f € R and u > 0.

The main result from [1] is the following theorem

THEOREM 1.2 (The potential inequality for convex functions). Let ® :
(0, +00) = R be a convex function and N (z,dy) a positive kernel on X which
satisfies the strong mazimum principle on R with constant M. Let f € R,
x € X and z > 0 be such that z < (N f)(x)/M and denote by B, the set

B.={ye X :(Nf)(y) > z}.
Then
1

¢(-(Nf)(2)) —2(2) <

o NI (N f)1p](2)

—N
M
1
+27P NI = fF16.](@) - 20(2).
2. POTENTIAL INEQUALITY FOR ABSOLUTE VALUES

Let N be a kernel that satisfies the strong maximum principle. If both f
and — f belong to R, then a property similar to (1.1) holds for | f| (see Lemma

2.1 bellow).
First, notice that condition (1.1) is equivalent to
(2.1) (NA)T(2) < Mu+ N[fT1{npysa](@).

Indeed, the two conditions are equivalent for u > 0 since the right hand
sides of (1.1) and (2.1) are equal because the sets {Nf > u} and {(Nf)T >
u} are equal. Furthermore, the left hand sides are also equal on the set
{Nf>0}={(Nf)* > 0}, while the inequalities (1.1) and (2.1) are trivially
satisfied on the set {Nf < 0} = {(Nf)T = 0} since the right hand sides
are nonnegative. Finally, for u = 0 the condition (2.1) holds trivially since
{(Nf)* >0} = X and (Nf)* < N(f%).
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On the other hand, when (2.1) holds for every u > 0, letting u N\, 0 we
get

(Nf) (@) < (Nf)T(2) <M -0+ N[f 1ywp+>01] < N[ Ly p>op)-
The following lemma was proven in [4].

LEMMA 2.1. Let N be a positive kernel that satisfies the strong mazimum
principle on R. If f and —f belong to R, then

(2.2) INfI <2Mu+ N{|f| - 1(n7>u)]
holds for every u > 0.

PROOF. Since (N f)™ = [N(—f)]T, applying (2.1) for both f and —f we
get

I((INf) (@) = (Nf)T(x) + (Nf)~(z) <
2Mu+ N[ Ly sn] + NI v ->uw)-

Finally, since f* < |f], f~ < |f] and {(Nf)" > u} U{(Nf)” > u} =
{INf| > u}, the claim of the lemma follows from the last inequality. O

THEOREM 2.2 (The Potential Inequality for the Absolute Value of Func-
tions). Let ® : (0,4+00) — R be a convex function and let ¢ = @', be the
right-continuous version of its derivative. Let N(z,dy) be a positive kernel on
X which satisfies the strong mazimum principle on R with constant M, let
fi—f€R, x€X and z > 0 be such that 2Mz < |N f(z)| and denote by B,
the set

B.={y € X :|INf(y)| = z}.
Then the following inequality holds

Py NI @) - 9(2) < VRN )0

— o0(2) (N1If15.)(a) — INF(@)]) - ze(2).

PROOF. Let 7(z) = 517 |N f(z)|. Integration by parts gives

7(x)
B(r(x) — B(z) = / () du = up(u)
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Since dp(u) is a positive measure and 7(x) > z, using (2.2) we get

T(x) 1
P(r(x)) —2(2) < / oz NUF L gn p12uyldio(u) + @(2)(7(2) = 2).

Applying Fubini’s theorem and the fact that |f|1{ny>y} is a nonnegative
function, we further get
7(x)
N1 pzuy] de(u)

z

()
:/ /X If (W) N f) =y N (2, dy) dp(u)

()
:/ [/ LN f(y)1>updep(u)
X z

S/ l/m LN f(y)1>urde(u 1 y)IN (z,dy)
= [ irwl(e0v s )

= N |f|90(|Nf|)1B J(@) — ()N f[1B.](2)-

Now the inequality from the theorem follows from the two inequalities
above and linearity of potential. O

Y)IN (2, dy)

N(x,dy)

Let us further denote the set

B—hmB ={z e X :|Nf(zx)| #0}.

By integrating the potential inequality from Theorem 2.2 with respect to
the variable x we can get the following, integral version of the inequality.

COROLLARY 2.3. Let the assumptions of Theorem 2.2 hold for a function
z: B — (0,400), i. e. 2Mz(x) < |Nf(z)| for ¢ € B. Then, for C C B and
a measure p on (X, B(X)), the following inequality holds

/C ((I)(%|Nf(x)|) —~ q)(z(x)))u(dx)

< o / | U@leiN DN . dyutds)
B (a)
- 537 [ e (V15w - INf(x)I)u(d:v)* | @@l
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In particular, for C = B, and a constant function z(x) = z, if the measure
W is o-finite, we get

1
/, @(WINf(fv)l)u(dw) - a(=)u(B2)
< g7 ), V@RIN @D

+a3pe) [ (NUF110.10) ~ INS @) () = 2B,

PRrROOF. Integrating the potential inequality with respect to the measure
p we get

1
/C(tb(mWf(x)D — ®(z(x ))) (dz) < /N|f|(p INF)1p.,., u(dz)
- ﬁ C(p(z(x))(NHﬂle](I) - |Nf($)|)u(dfﬂ) - /Cz(x)so(z(x))p(dx),

which is the first inequality.
The second inequality follows by taking C = B, and z(z) = z and by
applying Fubini’s theorem on the first integral of the right-hand side. O

Let us denote by ®,, the following class of functions

p(;—l)’ p#0,1
(2.3) Pp(r) =q —logr, p=0
TlogT, p=1
COROLLARY 2.4. Under the assumptions of Corollary 2.3, for p €
R\{0,1} the following inequality holds

1 p €T M T T p—1/ 77 .

m/Bz [N f(@)]”p(d) < 1) /B 1f(@)||Nf(z)P~ (N, p)(dw)
aMe) (M=) u(B.)

- B [ (051250 ~ 18 Ytle) — CHEDHED

Furthermore, for g = p/(p — 1) the following inequality holds

/ INf[Pdy < [ / (N uﬂ /B Z|Nf|pd(NBzu>r

(2Mz)P~ 1 (20M2)u(B.)
T /B ( 191150 — [N 70 ) ) — LB,

ProOOF. Applying the second inequality from Corollary 2.3 for convex
functions ®,, p € R\{0,1}, and rearranging we get the first inequality. The
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second inequality follows from the first by applying Hélder’s inequality on the
first integral of the right-hand side. O

COROLLARY 2.5. Under the assumptions of Theorem 2.2, if B, = X and
©(z) > 0, then for every x € X the following inequality holds

B3 INF@)]) ~ B() < g NIFIR(N F)I(2) - 20(2).

Furthermore, for a o-finite measure p on (X,B(X)), the following in-
equality holds

1
[ BRIV @ Dutde) — 2(:)(X) <

o7 [ H@INF@D (o) = zp()ulX).

PRrROOF. Under the assumptions of the corollary, the second term on the
right hand side of the potential inequality from Theorem 2.2 is nonpositive,
so the first inequality follows.

The second inequality follows by integrating the first with respect to the
measure 4 over the set X and applying Fubini’s theorem on the right hand
side integral. O

COROLLARY 2.6. Under the assumptions of Corollary 2.5, the following
inequality holds for p > 1

/ N F ()P p(dr) <
X

p(QM)”’lfxIf(x)le(x)lp’l(Nu)(dx)*(pfl)(QMZ)pu(X)-

Furthermore, for ¢ = p/(p — 1) the following inequality holds

/ N F ()P p(dr) <
X

P20 /X |f|Pd<Nu>] [ /X INflpd(Nu)] ~(p— @M u(X).

Proor. Applying Corollary 2.5 for convex functions ®,, p > 1, and re-
arranging we get the first inequality. The second inequality follows from the
first by applying Hélder’s inequality on the right-hand side integral. O

If Theorem 2.2 or Corollary 2.5 hold for z > 0, then they hold for every
z', 0 < 2z’ < z. Letting 2’ — 0 we can get further inequalities.

In the following corollaries we will assume that either ¢ is nonnegative,
or that for every x € B there exists a function g, € L'(N(x,-)) such that
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|fo(INfD| < gz In either case, by the monotone convergence theorem in the
former and by the dominated convergence theorem in the latter, we have

lim N{|fle(INf)15.] = Nl Fle(IN ) 1]

since |flo(IN f])1p, —2—0 |fle(|N f])1p pointwise.

COROLLARY 2.7. Under the assumptions of Theorem 2.2, if o(0+) is
finite, then for every x € X we have

(24) @(SINF@)) ~ B(0+) < N[ Fe(N F)L5)()
— 5yl (NI 11s)() ~ INF(@)]).
Furthermore, if p is a o-finite measure on (X, B(X)), then the following
inequality holds
| #(INF@)ntdz) = 8(0+)(B)
< 537 /. [ @lelN S @D (Fa(do)

- 53720 [ (NIl - I8 @) uto)

PROOF. Since lim, ;g z¢(z) = 0-¢(0+) = 0, letting z — 0 in the potential
inequality from Theorem 2.2, the last term on the right hand side disappears
and inequality (2.4) follows.

The second inequality of the corollary follows by integrating the first with
respect to the measure p and applying Fubini’s theorem on the first integral
of the right hand side. O

COROLLARY 2.8. Under the assumptions of Corollary 2.7, for p > 1 the
following inequality holds

/ N f (@) () < p2MP? / F@)IN @) (N p)(de).
B B

Furthermore, for ¢ =p/(p — 1) the following inequality holds

' [ / INflpd(Nu)] q
B

ProoF. The first inequality holds since convex functions ®,, p > 1, sat-
isfy the assumptions of Corollary 2.7 with ®,(0+) = ¢,(0+) = 0. The second
inequality follows from the first by applying Holder’s inequality on the right-
hand side integral. O

[ 1N gPan < pizary [/ (N p)
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When one or both of the measures p and Ncu is bounded by the other
up to a multiplicative constant, then we can state further inequalities. In that
regard, let K7 and K5 be positive constants, if they exist, such that

(2.5) Kip < Nep
and
(2.6) Nep < Kop.

COROLLARY 2.9. Let the assumptions of Corollary 2.4 hold. If N and p
satisfy (2.6) with C = B, then for p > 1

1

/ INflpduépKz(QM)”ll / Ifl”du] [ / INflpdu]
B B, B.

z

—p0=y [ (VL8]0 - INF@) ) = (= 1)(2M) (..

When N and u satisfy both (2.5) and (2.6) with C' = B,, then for 0 <p <1

/| z INflpdu] %

(NI 118.)(@) ~ INf(@)]) uda) = (p = 1) 2M2)u(B),

1
P

/BINflpduszll/ngl/q(QM)p1{/}3 | fPdp

~perapt [

B.
while for p <0

/| |Nf|”duSpKll/qKzl/p(QM)”_ll /| |f|pduH / INfI”dur
—peM=y ! [ (N ) = IV £ o) = (0= 1M (B),

PROOF. The inequalities follow directly from (2.5), (2.6) and Corollary
2.4. o

COROLLARY 2.10. Let the assumptions of Corollary 2.8 hold. If N and
w satisfy (2.6) with C = B, then for p > 1
o/ Ifl”du]

/INflpdu] < pKY 20y l/ |f1Pd( Nu]
B

PROOF. The inequalities follow directly from (2.6) and Corollary 2.8. 0O

l/ |Nf|pdu‘| < pKy(2M)P

and
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REMARK 2.11. Concave case: When & is concave, dp(u) is a nega-
tive measure and the inequalities in Theorem 2.2, Corollaries 2.3 and 2.7 are
reversed. The reversed inequality in Corollary 2.5 holds if ¢(z) < 0.

3. EXPONENTIAL CONVEXITY

Using the potential inequality from the previous section we will construct
linear functionals that are nonnegative for convex functions. This will enable
us to construct new families of exponentially convex functions by applying a
method from [2].

Let us define linear functionals Ay = Ay,¢ N,z and Ay = Ao N -, With

A1(®) = SNTFIIN ) 5)() — 5i0(2) (NI L.]() — N F2)])

(G INF@)) + 8(2) - 29(2)

(@) = 557 [ 1@l (IN @) () ()
=) [ (VUL — IV ) )

~ [ @ INT@n(dn) + (B — zplu(B).

Linear functionals Ay, k = 1,2, depend on function f, kernel N, measure
1 and points x and z, but if these choices are clear from context, we will omit
them from the notation.

Similarly, we define linear functionals A3 = Asz.f N, and Ay = Ay N
with

K

A3(®) = SN N ) 8)() — 510(04) (NI 5)() — N F(2)])
~ @G INF@)) + B(04),

@) = 357 [ 1@IRN @)D (1) )
- 557#00) [ (NUf1s)@) = INF@) ()

- [ S(GIN @) Du(da) + 20 )u(B).
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We will first give mean value theorems for the linear functionals Ay, k =

1 4.

g ey

THEOREM 3.1. Let k € {1,...,4} and let there exist a constant b such that
[((Nf)(z)| <b for every x € X. Furthermore, define the constant a as:

(i) a =z for k =1 and k = 2, where z > 0 is the number from the
definition of the linear functionals A1 and As, respectively
(#) a=0 fork=3 and k = 4.

If U € C?[a,b], then there exists & € [a,b] such that
Ap(¥) = 0" (&) Ar(P2),
where Oy is given by (2.3).
PRroor. Let

m= min ¥’(r) and M = max V"(7).
T€a,b] T€[a,b]

The function M ®, — ¥ is convex since
d2 2
@ ( M
dr? 2
From the statement and proofs of the inequalities from Theorem 2.2 and
Corollaries 2.3 and 2.7 it is clear that they are meaningful for convex functions
defined on the interval [a,b]. Since, by the assumptions of the theorem, the

convex function M P, — ¥ satisfies the assumptions of Theorem 2.2 (for k = 1),
Corollaries 2.3 (for k = 2) and 2.7 (for k = 3 or 4) we have

- \1/(7)> =M —9"(r) > 0.

OgAk(M%—\II), k=1,..4,
i. e.
(3.1) Ap(9) < MAR(D,), k=1,..,4.
Similarly, the inequality
(3.2) mAg(P2) < Ap(V), k=1,..4

holds since ¥ — m®, is convex.

Since @, is a convex function we have Ax(P3) > 0. If Ax(P2) = 0, then
Ak(¥) = 0 and for & we can take any point in [a,b]. If Ax(®2) > 0, then
from from (3.1) and (3.2) we conclude

Ar(¥)
< < M,
m= Ak(q)g) -

so the existence of &, k =1, ..., 4, follows from continuity of ¥”. O
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THEOREM 3.2. Let k € {1,...4} and let N, f, a and b be as in Theorem
3.1. If U, ¥ € C?[a,b] and Ap(®2) # 0, then there exists & € [a, b] such that

/g A (U
V(&) Ar(¥)
PROOF. Let us define the function ¢ by
$(7) = W(7)Ap(T) — W(7) Ax(¥).

The function ¢ satisfies the assumptions of Theorem 3.1 and, hence, there
exists & € [a,b] such that Ag(¢) = ¢"(&k)Ak(P2). Since Ax(¢) = 0 and
Ag(®2) # 0, it follows that 0 = ¢" (&) = ¥ (&) Ar(V) — ¥ (&) Ax(¥), so
equality (3.3) follows. O

We will continue this section with few basic notions and results on expo-
nential convexity that will be used here.

DEFINITION 3.3. A function ¢ : I — R is n-exponentially convez in the

Jensen sense on I if
- T; +x;
> agu(T52) =0
ij=1
holds for all choices & e R and x; € I, 1 =1,...,n.
A function ¢ : I — R is n-exponentially convex if it is n-exponentially
convex in the Jensen sense and continuous on I.

DEFINITION 3.4. A function ¥ : I — R is exponentially convex in the
Jensen sense on I if it is n-exponentially convex in the Jensen sense for
every n € N.

A function v : I — R is exponentially convex if it is exponentially convex
in the Jensen sense and continuous on I.

Definition of positive semi-definite matrices and some basic algebra gives
us the following proposition

PROPOSITION 3.5. If 1) is an n-exponentially conver in the Jensen sense

on I, then for every choice of x; € I, i =1,...,n, the matrix [w(m—T%)}
i,j=1
is a positive semi-definite matriz for all k € N, k < n. In particular, for all
k
k€N, det [w(%)} >0 for all k <n.
ij=1
REMARK 3.6. It is known that ¢y : I — R is log-convex in the Jensen
sense if and only if

020 (x) + 2060 (L) + Bu(y) > 0

holds for every «, f € R and x,y € I. It follows that a function is log-convex
in the Jensen sense if and only if it is 2-exponentially convex in the Jensen
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sense. Moreover, a function is log-convex if and only if it is 2-exponentially
convex.

We will also make use of the divided differences.

DEFINITION 3.7. The second order divided differences of a function ¥ :
I — R, where I is an interval in R, at mutually different points 19, 71,72 € 1
is defined recursively by

[1i,; 9] = ¥(m), i=0,1,2,
U (T, —U(r '
(7o Ti1s 9] = M, i=0,1,
Ti+1 — Tq
(3.4) [TO T, Ty \1;] _ [7‘1,7‘27 \I/] _ [70,7'1; ‘I/]

T2 — To
REMARK 3.8. The value [rg, 71, 72; ¥] is independent of the order of the
points 79, 71, 7. This definition may be extended to include the case in which
some or all of the points coincide by taking limits. If ¥’ exists, then by taking
the limit 71 — 70 in (3.4) we get

U -0 -y’ —
lim [T07T1;T2;\II] = [T0;7—07T2;\Ij] = (TQ) (TO) (27—0)(7_2 TO);TQ 7& T0-
T1—To0 (Tg — TO)
Furthermore, if ¥ exists, then by taking the limits 7; — 79, ¢ = 1,2 in (3.4)

we get

. . W// TO
lim lim [r, 71, 72; V] = [10,70,70; ¥] = ( )
T2—T0 T1—T0 2

Notice that ¥ — [79,71,72; U] is a linear functional that is nonnegative
for a convex function W.

The following theorem will enable us to construct families of n-expo-
nentially and exponentially convex functions by applying the linear functionals
Ay on a family of functions with the same property.

THEOREM 3.9. Let Q = {¥, : p € J}, where J is an interval in
R, be a family of functions ¥, : (0,+00) — R such that the function
p — [10,71,72; U] is n-exponentially convexr in the Jensen sense on J for
every three mutually different points 19,71, 72 € (0, +00). Then:

(i) for k=1 or2, the mapping p — Ax(¥,) is an n-exponentially convexr
function in the Jensen sense on J. If the function p — Ar(¥,) is
continuous on J, then it is n-exponentially convex on J.

(13) if U,(0+4) is finite for every p € J, then the same conclusions as in (i)
hold for k =3 and 4.

PRrROOF. For & € R and p; € J, i =1, ...,n, we define the function

U(r)=>_ €&V pitn, (7).

7,j=1
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Due to the linearity of the divided differences and the assumption that the
function p — [19, 71, T2; ¥)] is n-exponentially convex in the Jensen sense we
have

n
[0, 71,725 O] = Y &[0, 71, 725 Uity | > 0.
2
i,j=1
This implies that ¥ is a convex functions and, due to the assumptions, it
satisfies the assumptions of Theorem 2.2 (for ¥ = 1 or 2) and Corollary 2.7
(for k = 3 or 4). Hence, by the potential inequality,

n
0< Ap(¥) = Z §i& AR (Vritr, ), k=1,..4
ij=1 ’
so the function p — Ay (¥,) is n-exponentially convex in the Jensen sense on

J. If it is also continuous on J, then it is n-exponentially convex by definition.
O

COROLLARY 3.10. Let Q = {¥, : p € J}, where J is an interval in
R, be a family of functions U, : (0,+00) — R such that the function p —
[10,T1,T2; ¥p| is 2-exponentially convexr in the Jensen sense on J for every
three mutually different points 19,71, 72 € (0,+00). Then fork =1 andk =2
the following statements hold:
(i) If the function p — Ak(¥,) is continuous on J, then it is 2-
exponentially convex and, thus, log-conver.
(i7) If the function p — Ak(¥,) is strictly positive and differentiable on J,
then for every p,q,r,s € J, such that p < r and q < s, we have

b () < b (),

where
A (W) 77
2 . (A (\yq)) ) P#q
(35) :u‘p,q(Q) - * d_dpAk;(\ij) B
Xp (W) p=4a
for W, W, €.

If, additionally, ¥,(0+) is finite for every p € J, then statements (i) and (i%)
hold for k =3 and 4 as well.

PROOF. (i) This is an immediate consequence of Theorem 3.9 and Re-
mark 3.6
(i7) By (i), the function p — Ag(¥,) is log-convex on J, that is, the
function p — log Ay (¥,) is convex. Therefore
log A, (Vp) —log Ax(¥y) _ log Ar(V,) — log Ax(Vs)
pP—q - r—3s

(3.6)
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forp<r,q<s,p#r, q#s, which implies that
ph Q) < pb (@), k=14

The cases p = r and ¢ = s follow from (3.6) by taking limits p — r or ¢ — s.
O

REMARK 3.11. The results from Theorem 3.9 (Corollary 3.10) still hold
when two of the points 79, 71,72 € (0,+00) coincide, say 79 = 71, for a family
of differentiable functions ¥, such that the function p — [r9, 70, T2; ¥p] is
n-exponentially convex in the Jensen sense (2-exponentially convex in the
Jensen sense) and, furthermore, they still hold when all three points coincide
for a family of twice differentiable functions with the same property.

We will end this sections with several examples of families of functions
that satisfy the assumptions of Theorem 3.9 and Corollary 3.10 (and Remark
3.11), which, as a consequence, gives us large families of exponentially convex
functions.

ExAMPLE 3.12. Consider a family of functions QF = {®, : p € Ji},
where @, are the power functions defined by (2.3) and J; = Jo = R and
J3=Jy = (1, +OO)

We have j—;@ID(T) = 7772 > 0 which shows that ®, are convex on
(0,+00). Similarly as in the proof of Theorem 3.9, let us, for & € R and
p; € Jg, i = 1,...,n, define the function

o(r) =Y €€ P rite, (7).

7,j=1

Since the function p — j—;CIDP(T) = 7772 = ¢(P=2)In7 ig exponentially convex

(by definition), it follows that

n n 9
(1) = Z «Ei«qu)'p'i?j (1) = (Zgie(m—m 1m) >0
i=1

ij=1

is a convex function. Therefore

n
0 < [r0,71,72; @) = Y &m0, 71,725 i, |,
2
i,j=1

so p — [70,71,72; ¥, is n-exponentially convex in the Jensen sense. Now,
by Theorem 3.9, it follows that the mappings p — Ax(®,) are exponentially
convex in the Jensen sense. It is straightforward to check that these mappings
are continuous, so they are exponentially convex.
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For these families of functions, u’;q(Q]f) from (3.5), for k=1 and k = 2,
are equal to

A(®,)\ 7
(AZ(%)) : p#a
1-2 A (@0P,) B
k (Qk) = exp P(P*Zl)) - Zk(%p) )7 pP=4q 7é 0; 1

Pp,q 301 1 — Ax(®0®1) o1

exp| —l-Sa @y ) P=4=

Ay (D2
exp(1— 2Akk((¢90)))’ p=q=0

while for £ = 3 and k = 4 they have the same form, but are only defined for
p,q > 1.

Furthermore, if a linear functional Aj; and the functions ¥ = &, and
U = ®, are such that the assumptions of Theorem 3.2 are satisfied, we can

define a two-parameter family of means. Indeed, since (¥/¥)~1(7) = 71/(P=4)
the number E¥ (QF) = pf  (QF) satisfies

0< Ey,(Q)) < K.
EXAMPLE 3.13. Let Q2 = {¥,, : p € R} be a family of functions defined

b
' U (7_) o Lzepxa p#oa
P 272, p=0.

We have j—jz\llp(T) = eP” > 0 which shows that ¥, are convex and p —
j—;\l/p(r) is exponentially convex (by definition). Arguing as in Example 3.12
we get that the mappings p — Ax(¥,), k=1, ...,4, are exponentially convex.

In this case, the functions (3.5) are equal to

A0\ 77
(AZ(‘I’q)) ) p#q
k _ Ay (id-w,,
Hp.q(22) = 4 exp ,Z(T\pp))—%), p=q#0
exp 7’2%?;’){3)), p=q=0,

where id(7) = 7 is the identity function.
Again, if a linear functional A and the functions ¥ = ¥, and ¥ =
V¥, are such that the assumptions of Theorem 3.2 are satisfied, then, since
(U/W)~Y(7) =In(7)/(p — q), we have
0 < Ey ,(92) =Inpy ,(Q) < K,

so Ef (92) are means.

ExAMPLE 3.14. Consider a family of functions Q3 = {¥,, : p € (0, +00)}
given by

p7
\I/p(’]'){ 11227" p?_él’
57', p—1

—=
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Since j—jz\llp(T) = p~ 7 is the Laplace transform of a nonnegative function
(see [5]), it is exponentially convex. Arguing as in Example 3.12 we get that
p— Ap(T,), k=1,...,4, are exponentially convex functions.

For this family of functions, uf  (€23) from (3.5) becomes

AR(,) 7
(Az(‘l’q)) ) PF#q
k _ A (id-0,,
/ip,q(Q:s) ) P pqu(k(qu)) N pl%lp)’ p=aq#1
24, (id- V1) g1
P\~ Tawn ) pP=aq=2=

If the assumptions of Theorem 3.2 are satisfied for the linear functional
Ay and the functions ¥ = ¥, and ¥ = ¥, then

E} ,(23) = ~L(p,q) In 15 4(2s)
satisfies 0 < Eg’q(ﬂg) < K, i e. Eg’q(Q3) is a mean. Here, L(p,q) is the
logarithmic mean defined by L(p,q) = (p—¢q)/(Inp—1Ing), p # ¢, L(p,p) = p.

ExAMPLE 3.15. Consider a family of functions Q4 = {¥, : p € (0, +00)}
given by

Since j—;\lfp(r) = e~ 7VP is the Laplace transform of a nonnegative function
(see [5]), it is exponentially convex. Arguing as before, we get that p —
Ar(¥,), k=1,...,4, are exponentially convex functions.

For this family of functions, uf  (€4) from (3.5) becomes

1
AR(U,) 77
(Ai(‘lfq)> ) P#q
Ap(id-¥p) 1 _
P\ T zpAw,) p) PTC
If the assumptions of Theorem 3.2 are satisfied for the linear functional
Ay and the functions ¥ = ¥, and ¥ = ¥, then

E;;,q(Q4) =—(VP+Va)In 'u];,q(Q‘l)

satisfies 0 < E;;,q(Qzl) < K, which shows that E§7Q(Q4) is a mean.

ph ,(Qs) =
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O potencijalnoj nejednakosti za apsolutne vrijednosti funkcija

Neven Elezovié¢, Josip Pecari¢ i Marjan Praljok

SAZETAK. Potencijalna nejednakost izvedena je u [4] i kas-
nije prosirena na opcéu klasu konveksnih i konkavnih funkcija u
[1]. Glavni cilj ovog ¢lanka je izvesti potencijalnu nejednakost u
slucaju kada funkciju u kojoj se racuna potencijal zamijenimo s
apsolutnom vrijednoséu te funkcije. Dobiveni rezultati, zajedno s
metodama iz [2], koriste se pri konstrukciji novih klasa eksponen-
cijalno konveksnih funkcija.
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