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Abstract. The goal of this paper is to provide a method, based on the theory of extensions
of left-symmetric algebras, for classifying left-invariant affine structures on a given solvable
Lie group of low dimension. To illustrate our method better, we shall apply it to classify
all complete left-invariant affine structures on the oscillator group.
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1. Introduction

It is a well known result (see [1, 19]) that a simply connected Lie group G which
admits a complete left-invariant affine structure, or equivalently G acts simply tran-
sitively by affine transformations on R™, must be solvable. It is also well known that
not every solvable (even nilpotent) Lie group can admit an affine structure [3].

The goal of this paper is to provide a method for classifying all complete left-
invariant affine structures on a given solvable Lie group of low dimension. Since the
classification has been completely achieved up to dimension four in the nilpotent
case (see [10, 14, 17]), we will illustrate our method by applying it to the remarkable
solvable non-nilpotent 4-dimensional Lie group O4 known as the oscillator group.
Since complete left-invariant affine structures on a Lie group G are in one-to-one
correspondence with complete (in the sense of [22]) left-symmetric structures on its
Lie algebra G [14], we will carry out the classification in terms of complete left-
symmetric structures on the oscillator algebra Q.

The paper is organized as follows. In Section 2, we will recall the notion of
extensions of Lie algebras and its relationship to the notion of G-kernels. In Section
3, we will give some necessary definitions and basic results on left-symmetric algebras
and their extensions. In Section 4, given a complete left-symmetric algebra A4 whose
associated Lie algebra is Oy, we will use the complexification of A4 and some results
in [5] and [15] to show first that A4 is not simple. Precisely, we will show that
A, has a proper two-sided ideal whose associated Lie algebra is isomorphic to the
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center Z (O4) = R or the commutator ideal [O4, O4] = Hs of Oy4. In the latter case,
we will show that the so-called center of A4 is nontrivial, and therefore we can get
Ay as a central extension (in some sense that we will define later) of a complete 3-
dimensional left-symmetric algebra Az by the trivial left-symmetric algebra R (i.e.,
the vector space R with the trivial left-symmetric product). In Section 5, we will
show that in both cases we have a short exact sequence (which turns out to be

central) of left-symmetric algebras of the form 0 — R % A; & A3z — 0, where
here A3 is a complete left-symmetric algebra whose Lie algebra is isomorphic to
the Lie algebra £ (2) of the group of Euclidean motions of the plane. We will then
show that, up to left-symmetric isomorphism, there are only two non-isomorphic
complete left-symmetric structures on &£ (2), and we will use these to carry out all
complete left-symmetric structures on O4. We will see that one of these two left-
symmetric structures on £ (2) yields exactly one complete left-symmetric structure
on O4. However, the second one yields a two-parameter family of complete left-
symmetric algebras Ay (s,t) whose associated Lie algebra is Oy, and the conjugacy
class of A4 (s,t) is given as follows: A4 (s',t) is isomorphic to A4 (s,t) if and only
if (s',t') = (as, £t) for some o € R*. By using the Lie group exponential maps, we
will deduce the classification of all complete left-invariant affine structures on the
oscillator group Oy in terms of simply transitive actions of subgroups of the affine
group Af f (R4) =GL (R4) x R* (see Theorem 3).

Throughout this paper, all vector spaces, Lie algebras, and left-symmetric alge-
bras are supposed to be over the field R, unless otherwise specified. We shall also
suppose that all Lie groups are connected and simply connected.

2. Extensions of Lie algebras

The notion of extensions of a Lie algebra G by an abelian Lie algebra A is well
known (see, for instance, books [8] and [13]). In light of [21], we will briefly describe
here the notion of extension G of a Lie algebra G by a Lie algebra .4 which is not
necessarily abelian. B

Suppose that a vector space extension G of a Lie algebra G by another Lie algebra
A is known, and we want to define a Lie structure on G in terms of the Lie structures
of G and A. Let o : G — G be a section, that is, a linear map such that 7 o o = id.
Then the linear map ¥ : (a,z) — i (a) + o () from A @& G onto G is an isomorphism
of vector spaces. For (a,z) and (b,y) in A @ G, a commutator on G must satisfy

[i(a) + 0 (2),i(b) +0(y)] =i(la,b]) + o (x),i (D) (1)
+[i(a), o ()] +lo(x),0 ()]

Now we define a linear map ¢ : G — End (A) by

¢(z)a=lo(z),i(a) (2)

On the other hand, since 7 ([0 (z),0 (y)]) = 7 (o ([z,y])) , it follows that there exists
an alternating bilinear map w : G x G — A such that [0 (2),0(y)] = o[z,y] +
w (z,y).
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To sum up, by means of the isomorphism above, G ~ A® G and its elements may
be denoted by (a,z) with a € A and z is simply characterized by its coordinates in
G. The commutator defined by (1) is now given by

[(a, ), (0,9)] = ([a,0] + ¢ (2) b = ¢ (y) a + w (2,y), [, 9]) , (3)

for all (a,2) € G = AGG.
It is easy to see that this is actually a Lie bracket (i.e, it verifies the Jacobi
identity) if and only if the following three conditions are satisfied

L ¢ (x)[b,c] = [p ()b, c] + [b, ¢ (x) ],
2. [p(x),0 W) = ¢ ([x,y]) + ady(a,y),
3. w(lz,yl, 2)—w (x,[y, 2])+w (y,[2, 2]) = (2) w (y, 2)+ 6 (y) w (2, 2)+¢ (2) w (2, ).

Remark 1. We see that condition (1) above is equivalent to say that ¢ (x) is a
derivation of A. In other words, G is actually acting by derivations, that is, ¢ :
G — Der (A). Condition (2) indicates clearly that if A is supposed to be abelian,
then A becomes a G-module in a natural way, because in this case the linear map
¢ : G — Der(A) given by ¢ (x)a = [0 (x),i(a)] is well defined. Condition (3) is
equivalent to the fact that, if A is abelian, w is a 2-cocycle (i.e., dgw = 0, where §y
refers to the coboundary operator corresponding to the action ¢).

If now o/ : G — G is another section, then ¢’ — ¢ = 7 for some linear map
7:G — A, and it follows that the corresponding morphism and the 2-cocycle are
¢ =¢+ador and w' = w+ Gu7 + % [1,7], respectively, where ad stands here
and below (if there is no ambiguity) for the adjoint representation in .4, and where
[, 7] has the following meaning: Given two linear maps «, 8 : G — A, we define
[, B] (z,9) = [e(z),B(y)] — [e(y),B(z)]. In particular, we have % [7,7] (z,y) =
[T (x),7 (y)]- Note here that the Lie algebra A is not necessarily abelian. Therefore,
w'—w is a 2 -coboundary if and only if [7 (x),7 (y)] = 0 for all z,y € G. Equivalently,
w' — w is a 2-coboundary if and only if 7 has its range in the center Z (A) of A.
In that case, we get w’ —w = 047 € B} (G, Z (A)), the group of 2-coboundaries for
G with values in Z (A).

To overcome all these difficulties, we proceed as follows. Let C2(G,.A) be the
abelian group of all 2-cochains, i.e., alternating bilinear mappings G x G — A. For
a given ¢ : G — Der (A), let T,, € C? (G, .A) be defined by

Ty (z,y) = [¢(2), ¢ (W)] = ¢ ([z,9]), forallz,yegd.

If there exists some w € C? (G, A) such that Ty = ad ow and dgw = 0, then the
pair (¢,w) is called a factor system for (G, A). Let Z? (G, .A) be the set of all factor
systems for (G, A). It is well known that the equivalence classes of extensions of a
Lie algebra G by a Lie algebra A are in one-to-one correspondence with the elements
of the quotient space Z2 (G, A) /C* (G, A), where C* (G, A) is the space of linear
maps from G into A (see, for instance, [21], Theorem I1.7). Note that if we assume
that A is abelian, then we meet the well known result (see, for instance, [7]) stating
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that for a given action ¢ : G — End(A), the equivalence classes of extensions of G
by A are in one-to-one correspondence with the elements of the second cohomology
group

HZ(G,A)=Z3(G,A) /B3 (G, A).

In the present paper, we will be concerned with the special case where A is non-
abelian and G is R, and henceforth the cocycle w is identically zero.

Remark 2. It is worth noticing that the construction above is closely related to the
notion of G-kernels considered for Lie algebras firstly in [20].

3. Left-symmetric algebras

The notion of a left-symmetric algebra arises naturally in various areas of mathemat-
ics and physics. It originally appeared in the works of Vinberg [23] and Koszul [16]
concerning convex homogeneous cones and bounded homogeneous domains, respec-
tively. It also appears, for instance, in connection with Yang-Baxter equation and
integrable hydrodynamic systems (cf. [4, 12, 18]). A left-symmetric algebra (4,.) is
a finite-dimensional algebra A in which the products, for all z,y, z € A, satisfy the
identity

(-y)-z—a-(y-2)=(y-a)-2—y-(2-2) (4)

It is clear that an associative algebra is a left-symmetric algebra. Actually, if A is
a left-symmetric algebra and (z,y,2) = (z-y) -2z — - (y - 2) is the associator of
x,y, z, then we can see that (4) is equivalent to (z,y, z) = (y,, z) . This means that
the notion of a left-symmetric algebra is a natural generalization of the notion of an
associative algebra. If A is a left-symmetric algebra, then the commutator

[ty =2-y—y-z (5)

defines the structure of a Lie algebra on A, called the associated Lie algebra. Con-
versely, if G is a Lie algebra with a left-symmetric product - satisfying (5), then we
say that the left-symmetric structure is compatible with the Lie structure on G.

On the other hand, let G be a Lie group with a left-invariant flat affine connection
V, and define a product - on the Lie algebra G of G by

x-y=Vyy, forall z,y € G. (6)

Then, conditions on the connection V for being flat and torsion-free are now equiv-
alent to conditions (4) and (5), respectively. Conversely, suppose that G is endowed
with a left-symmetric product - which is compatible with the Lie bracket of G. In
this case, in order to obtain a left-invariant flat affine structure on G, we can define
an operator V on G according to identity (6) and then extend it by left-translations
to the whole Lie group G. To sum up, the left-invariant flat affine structures on G
are in one-to-one correspondence with the left-symmetric structures on G compatible
with the Lie structure.

Let now A be a left-symmetric algebra, and let L, and R, be the left and right
multiplications by the element x, that is, L,y = x -y and R,y = y - x. We say that
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A is complete if R, is a nilpotent operator, for all z € A. It turns out that, for a
given simply connected Lie group G with Lie algebra G, the complete left-invariant
flat affine structures on G are in one-to-one correspondence with the complete left-
symmetric structures on G compatible with the Lie structure (see, for example,
[14]). Tt is also known that an n-dimensional simply connected Lie group admits a
complete left-invariant flat affine structure if and only if it acts simply transitively on
R™ by affine transformations (see [14]). A simply connected Lie group acting simply
transitively on R™ by affine transformations must be solvable according to [1], but
it is worth noticing that there exist solvable (even nilpotent) Lie groups which do
not admit affine structures (see [3]).

We close this section by fixing some notations which we will use in what follows.
For a left-symmetric algebra A, we can easily check that the subset

T(A)={z€A:L, =0} (7)

is a two-sided ideal in A. Geometrically, if G is a Lie group which acts simply
transitively on R™ by affine transformations, then T (G) corresponds to the set of
translational elements in G, where G is endowed with the complete left-symmetric
product corresponding to the action of G on R™. It has been conjectured in [1] that
every nilpotent Lie group G which acts simply transitively on R™ by affine trans-
formations contains a translation which lies in the center of G, but this conjecture
turned out to be false (see [9]).

3.1. Extensions of left-symmetric algebras

In this section, we will briefly discuss the problem of an extension of a left-symmetric
algebras. To our knowledge, this notion has been considered for the first time in [14].
Suppose we are given a vector space A as an extension of a left-symmetric algebra K
by another left-symmetric algebra E. We want to define a left-symmetric structure
on A in terms of the left-symmetric structures given on K and E. In other words,
we want to define a left-symmetric product on A for which E becomes a two-sided
ideal in A such that A/FE = K; or equivalently, 0 - F — A — K — 0 becomes a
short exact sequence of left-symmetric algebras.

Theorem 1 (See [14]). There exists a left-symmetric structure on A extending a
left-symmetric algebra K by a left-symmetric algebra E if and only if there exist two
linear maps A, p : K — End (F) and a bilinear map g : K x K — E such that, for
all z,y,z € K and a,b € E, the following conditions are satisfied.

(1) Mo (a-b) =X (a)-b4+a- Ay (b) — ps(a)-b,

(@) pr([a,0]) = a-pz (b) =b-pz (a),

(7i1) [Azs Ayl = ANay) + Lg(a,y)—g(y.z)» Where Ly ) g(y.z) denotes the left multipli-
cation in E by g (z,y) — g (y,z),

W) [Aay Pyl = Poy — Py O Pz + Ry(z.q), where Ry, ,y denotes the right multiplication
Y y Py 9(z,y) 9(w,y)
in E by g(z,y),
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(v) g(x,y-2) = g(y, - 2) + Aa(9(y, 2)) — Ay(9(2, 2)) — g([z, 9], 2) — p2(9(z,y) —
g(y,z)) = 0.

If the conditions of Theorem 1 are fulfilled, then the extended left-symmetric
product on A = K x F is given by

(z,a) - (y,0) = (z-y,a-b+ A (b) + py (a) + g (z,9)) - (8)

It is remarkable that if the left-symmetric product of F is trivial, then the conditions
of Theorem 1 simplify to the following three conditions:

(i) [Azs Ayl = Az,y]s i-e., A is a representation of Lie algebras,
(il) [Az, py] = pa-y — py © pa;

(iii) g(z,y - 2) = g(y, - 2) + Aa(9(y, 2)) — Ay(9(z, 2)) — 9([z,9],2) — p2(9(z,y) —
9(y,z)) = 0.

In this case, E becomes a K-bimodule and the extended product given in (8)
simplifies, too. Recall that if K is a left-symmetric algebra and V' is a vector space,
then we say that V' is a K-bimodule if there exist two linear maps A, p : K — End (V)
which satisfy conditions (i) and (ii) stated above.

Let K be a left-symmetric algebra, and let V' be a K-bimodule. Let LP (K,V)
be the space of all p-linear maps from K to V, and define two coboundary operators
5 : LY (K, V) — L?(K,V) and 83 : L? (K,V) — L3 (K, V) as follows: For a linear
map h € L' (K, V) we set

61h (x,y) = py (b (2)) + Xz (b (y)) — h(z-y), 9)

and for a bilinear map g € L? (K, V) we set

bag (r,y,2) = g(v,y-2) —g(y,2-2) + Xa (9 (y,2)) — Ay (9 (2, 2)) (10)
=g ([, y],2) = p= (9 (z,y) — g (y, 7))

It is straightforward to check that d; o §; = 0. Therefore, if we set Zf)p (K, V)=
ker 2 and Bi)p (K,V) =1Imdq, we can define a notion of second cohomology for the
actions A and p by simply setting HY , (K,V) = Z3 ,(K,V) /B3 ,(K,V). As in the
case of extensions of Lie algebras, we can prove that for given linear maps A, p: K —
End (V), the equivalence classes of extensions 0 -V — A - K — 0 of K by V
are in one-to-one correspondence with the elements of the second cohomology group
Hf o (K,V). We close this subsection with the following lemma on completeness of
left-symmetric algebras (see [6, Proposition 3.4]).

Lemma 1. Let0 - E — A — K — 0 be a short exact sequence of left-symmetric
algebras. Then, A is complete if and only if E and K are so.
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3.2. Central extensions of left-symmetric algebras

The notion of central extensions known for Lie algebras may analogously be defined
for left-symmetric algebras. Let A be a left-symmetric extension of a left-symmetric
algebra K by another left-symmetric algebra E, and let G be the Lie algebra asso-
ciated to A. Define the center of A to be C (A) =T (A)NZ(G), that is,

CA)={zcA:x-y=y-2=0, forally € A}, (11)

where Z (G) is the center of the Lie algebra G and T (A) is the two-sided ideal of A
defined by (7).

Definition 1. The extension 0 — E 5> A 5 K — 0 of left-symmetric algebras is
said to be central (resp. exact) if i (E) C C (A) (resp. i (E) = C(A)).

Remark 3. It is not difficult to show that if the extension 0 — E % A 5 K — 0
is central, then both the left-symmetric product and the K-bimodule on E are trivial
(i.e., a-b=0 for all a,b € E, and A= p =0). It is also easy to show that if [g] is
the cohomology class associated to this extension, and if

Iy={zecK:z-y=y-2=0and g(z,y) =g(y,x) =0, forally € K},

then the extension is exact if and only if Iy = 0 (see [1{]). We note here that
Iy is well defined because any other element in [g] takes the form g + d1h, with

61h(z,y) = —h(z-y).

Let now K be a left-symmetric algebra, and E a trivial K-bimodule. Denote
by (A,[g]) the central extension 0 - EF — A — K — 0 corresponding to the
cohomology class [g] € H? (K, E) . Let (4, [g]) and (4’, [¢']) be two central extensions
of K by E, and let p € Aut (E) = GL(F) and € Aut (K), where Aut (E) and
Aut (K) are the groups of left-symmetric automorphisms of E and K, respectively.
It is clear that if h € L' (K, E), then the linear mapping ¢ : A — A’ defined
by ¢ (x,a) = (n(x),pn(a)+ h(z)) is an isomorphism provided ¢’ (n(z),n(y)) =
(g (z,y)) — d1h (x,y) for all (z,y) € K x K, i.e. n*[¢'] = ps [g]. This allows us to
define an action of the group G = Aut (E) x Aut (K) on H? (K, E) by setting

(11,m) - [g9] = pam™ [g] (12)

or equivalently, (1,1) .9 (2,y) = n (g (n(x),n(y))) for all z,y € K.
Denoting the set of all exact central extensions of K by E by

HZ, (K,E)={[g] € H*(K,E) : I;;; = 0},

and the orbit of [g] by G|y, it turns out that the following result is valid (see [14]).

gl

Proposition 1. Let [g] and [¢'] be two classes in H2, (K,E). Then, the central
extensions (A, [g]) and (A’,[g']) are isomorphic if and only if Gy = Gg1. In other
words, the classification of the exact central extensions of K by E is, up to left-
symmetric isomorphism, the orbit space of H2, (K, E) under the natural action of

G = Aut (E) x Aut (K).
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3.3. Complexification of a real left-symmetric algebra

Let A be a real left-symmetric algebra of dimension n, and let A® denote the real
vector space AD A. Let J: A A — AP A be the linear map on A @ A defined by
J(x,y) = (—y,x). For a+ip € C and z,2',y,y € A, we define

(a+iB) (z,y) = (ax — By, ay + ), (13)
(z,y) - (@' y) = (x2’ —yy', 2y +ya'). (14)

We endow the set A® with the componentwise addition, multiplication by complex
numbers defined by (13), and the product defined by (14). It is then straightforward
to verify that A®, when endowed with the product defined by (14), becomes a
complex left-symmetric algebra called the complexification of A. The left-symmetric
algebra A can be identified with the set of elements in A of the form (x,0), where
x € A Ifey,..., e, is a basis of A, then the elements (e1,0), ..., (en,0) form a basis
of the complex vector space AC. It follows that dim¢ (A®) = dimg (A).

Since A® is a left-symmetric algebra, we know that the commutator [(z, ) (2, y')]
= (z,y) - (2',y") — (z',%) - (z,y) defines a Lie algebra G© on A®. Computing this
commutator, we get the following lemma.

Lemma 2. The complex Lie algebra G© associated to the complex left-symmetric
algebra A% is isomorphic to the complexification of the Lie algebra G associated to
the left-symmetric algebra A.

Therefore, if e1, ..., e, is a basis of A, then the elements (e1,0),..., (e,,0) form
a basis of QC, and the structural constants of G are real since they coincide with
the structural constants of G in the basis eq,...,e,.

4. Left-symmetric structures on the oscillator algebra

Recall that the Heisenberg group Hs is the 3-dimensional Lie group diffeomorphic
to R x C with the group law

1
(v1,21) - (v2,22) = (V1 +v2 + 3 Im(Z122), 21 + 22),

for all v1,v2 € R and 21,22 € C. Let A > 0, and let G = Rx H3 be equipped with
the group law

1 . )
(t1,v1,21) - (t2,v2, 22) = (t1 + ta2,v1 + v2 + 3 Im(Zr22e), 21 + 20€™11),

for all t1,t2 € R and (v, 21), (v2,22) € Hs. This is a 4-dimensional Lie group with
Lie algebra G having a basis {e1, e2, e3, €4} such that

[e1,e2] = e3, [ea,e1] = Aea, [eq, 2] = — ey,
and all the other brackets are zero. It follows that the derived series is given by

DG = [G,G] = span{e1, ez, e3}, DG = span{es}, D3G = {0},
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and therefore G is a (non-nilpotent) 3-step solvable Lie algebra. When A = 1, G is
known as the oscillator group. We will denote it by O4, and we shall denote its Lie
algebra by O4 and call it the oscillator algebra.

From now on, A4 will be a complete real left-symmetric algebra whose associated
Lie algebra is O4. We begin by proving the following proposition which will be crucial
to the classification of complete left-symmetric structures on Oy.

Proposition 2. Ay is not simple (i.e., Ay contains a proper two-sided ideal).

Proof. Assume to the contrary that A, is simple, and let A be its complexification.
By [15], Lemma 2.10, it follows that AY is either simple or a direct sum of two simple
ideals having the same dimension. If A is simple, then we can apply Proposition
5.1 in [5] to deduce that, being simple and complete, AS is necessarily isomorphic
to the complex left-symmetric algebra By having a basis {e1, ea, €3, €4} such that

e1-e3 = ex-€1 = ey, - e3=2eq,

€3-€2 = ¢4 €] = €1, €42 = —C2, €4 €3 = 2€3,

and all other products are zero. It follows that the Lie algebra G4 associated to By
admits a basis {e1, ea, e3, e4} such that

lea, e3] = [ea, e1] = €1, [e2,eq] = €2, [e3,€4] = —2e3.

This leads to a contradiction since, according to Lemma 2, G4 should be isomorphic
to the complexification of the Lie algebra O, but this is obviously not the case.
This contradiction shows that AT cannot be simple.

If AY is a direct sum of two simple ideals having the same dimension, say A =
A1 @ As, it follows that dim A; = dim A = %dim AE = 2. In this case, by Corollary
4.1 in [5], A; and Ay are both isomorphic to the unique two-dimensional complex
simple left-symmetric algebra having a basis

BQZ<61,€2261'61:261, €1 - €2 = €29, 62'62:61>.

This is a contradiction, since A; and Ay are complete but By is not. This contra-
diction shows that A cannot be direct sum of two simple ideals. We deduce that
Ay is not simple, and this completes the proof of the proposition. O

Before we return to the algebra A4, we need to give the following lemmas.

Lemma 3. Let A be a left-symmetric algebra with Lie algebra G, and R a two-sided
ideal in A. Then, the Lie algebra R associated to R is an ideal in G.

Proof. Let x € R and y € G. Since R is a two-sided ideal, then z -y and y -z belong
to R. It follows that [z,y] =z -y —y -« € R, and therefore R is an ideal in G. O

Lemma 4. The oscillator algebra O4 contains only two proper ideals which are
VA (04) =~ R and [04,04] =~ Hs.
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Proof. It is clear that Z (0O4) 2 R and [O4, O4] = H3 are proper ideals in Oy. If
7 is a proper ideal in Oy, then Z should be unimodular. If dim (Z) = 1, then Z is
isomorphic to Z (0O4) = R. If dim (Z) = 2, then being unimodular, 7 is isomorphic to
R2. In particular, Z contains Z (O,) and thus 04 /7 is abelian, a contradiction since
Oy is not nilpotent. Hence, O4 contains no two-dimensional ideals. If dim (Z) = 3,
then being unimodular and solvable, Z is isomorphic to either Hg, the Lie algebra
€ (2) of the group of the rigid motions of the plane, or the Lie algebra £ (1,1) of the
group of the rigid motions of the Minkowski plane. However, it is straightforward
to show that O4 cannot be obtained as an extension of £ (2) or £(1,1). We have
therefore proved the lemma. O

By the above proposition, A4 is not simple and hence it has a proper two-sided
ideal I, so we get a short exact sequence of complete left-symmetric algebras

015 A5 J=0. (15)

In fact, according to Lemma 1, the completeness of I and J comes from that of A,.
If 7 is the Lie subalgebra associated to I then, by Lemma 3, Z is an ideal in Oy.
From Lemma 4, it follows that there are two cases to consider according to whether
7 is isomorphic to Hz or R. Next, we will focus on the case where Z is isomorphic
to Hz = [O4, O4] . In this case, the short exact sequence (15) becomes

0 I35 Ay 5 Iy =0, (16)

where I3 is a complete 3-dimensional left-symmetric algebra whose Lie algebra is H3,
and Iy = {eg : eg - eg = 0} the trivial one-dimensional real left-symmetric algebra.
It is easy to prove the following proposition (cf. [10, Theorem 3.5]).

Proposition 3. Up to left-symmetric isomorphism, the complete left-symmetric
structures on the Heisenberg algebra Hs are classified as follows: There is a basis
{e1,e2,e3} of Hs relative to which the left-symmetric product is given by one of the
following classes:

. 1 1
(i) e1-e1 =pes, ea-e3 =qes, e1-e3 = 5€3, €2 - €1 = —5e3, where p,q € R.
(i) e1-ea3 =mes, ea-e1 = (m—1)es, e3-ea = ey, where m € R.

Remark 4. It is noticeable that the left-symmetric products on Hs belonging to
class (i) in Proposition 3 are obtained by central extensions (in the sense of fized in
Subsection 3.1) of R? endowed with some complete left-symmetric structure by Io.
However, the left-symmetric products on As belonging to class (ii) are obtained by
central extensions of the mon-abelian two-dimensional Lie algebra Go endowed with
its unique complete left-symmetric structure by Iy.

Now we return to the short exact sequence (16). First, let o : Iy — A4 be
a section, and set o (eg) = xy € A4. Define two linear maps A, p € End(I3) by
putting A (y) = 2o -y and p(y) = y - xo, and put e = g -z (clearly e € I3). Let
g : In x Iy — I3 be the bilinear map defined by g (eg, eg) = e. It is obvious, using the
notation of Subsection 3.1, to verify that dog = 0, i.e. g € Zip (I, I3). The extended
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left-symmetric product on Is @ Iy given by (8) turns out to take the simplified form
(x,aep) - (y,beg) = (- y+ aX(y) + bp (x) + abe,0), for all x,y € Is and a,b € R.
The conditions in Theorem 1 can be simplified to the following conditions:

AMzy)=Ax) y+a-A(y) —p(@)-y (17)
p(z,y]) =z-py)—y-p(x) (18)
[\, 0] +p° = Re (19)

Let ¢ : R — End(Hs) be the linear map defined by formula (2). As we men-
tioned in Remark 1, R acts on Hs by derivations, that is, ¢ : R — Der (H3). In
particular, we deduce in view of (3) that A = D+ p for some derivation D of Hs. The
derivations of Hs are given by the following lemma, whose proof is straightforward
and is therefore omitted.

Lemma 5. In a basis {e1,ea,e3} of Hs satisfying [e1, es] = es, a deriation D of
Hs takes the form

aq bl 0
D= as b2 0
az bz a1 + by

On the other hand, observe that (x, aeg) € T (A4) if and only if (x, aeg)-(y, beg) =
(0,0) for all (y,beg) € Is ® Iy, or equivalently, -y + aX (y) + bp (x) + abe = 0 for all
(y,beg) € I3 Iy. Since y and b are arbitrary, we conclude that this is also equivalent
to say that (LI)|A3 = —a) and p () = —ae. In particular, an element x € I3 belongs

to T (A4) if and only if (L), =0 and p(z) = 0, or equivalently,

|z
IsNT (Ay) =T (I3) Nker p. (20)
The following lemma will be crucial for the next section.
Lemma 6. The center C (Ag) =T (Ag) N Z (O4) is non-trivial.

Proof. In view of Proposition 3, we have to consider two cases.

Case 1. Assume that there is a basis {e1,ez2,e3} of Hs relative to which the
left-symmetric product of I3 is given by : ej - e; = pes, ez - e = ges, €1 - €3 = %63,
ey €1 = —%63, where p,q € R. Substituting z = e; and y = eq into (18), we find
that the operator p takes the form

ar 1 0
p=1a2pB20 |,
as 3 73

with v3 = pB1 — qas + %(al + fB2). Since A = D + p for some D € Hj3, we use
Lemma 5 to deduce that

ay +ay B+ by 0
A= | ag+as P2+ by 0
az +az B3+ bz v3 +ar + b2
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Since (LGB)\I3 =0 and e € I3, then (19), when applied to e, gives

2
vze3 =e3-e =0,

from which we get y3 = 0, i.e., p(e3) = 0. It follows from (20) that e3 € T (A4).
Since Z (O4) = Res, we deduce that C (A4) =T (A4) N Z (O4) # 0, as required.
Case 2. Assume now that there is a basis {e1,e2,e3} of Hs relative to which
the left-symmetric product of I3 is given by : e; - ea = mes, ea-e1 = (m —1)es,
es - e = e1, where m is a real number.
Substituting successively © = e1, y = e2 and © = e3, y = e3 into equation (18),
we find that the operator p takes the form

aq [31 —Q
p = Q2 62 0 ) (21)
as fgmPar—(m—1)o

with (m — 1) ag = 0.

We claim that as = 0. To prove this, let us assume to the contrary that as # 0.
It follows that m = 1, and therefore

ples) = —azer + Paes
p? (e3) = —az (a1 + B2) e1 — ajes + (B3 — aza3) €3
Since az # 0, we deduce that e3, p(e3), p? (e3) form a basis of I3. Since p is

nilpotent (by completeness of the left-symmetric structure), it follows that p3 (e3) =
0. In other words, p has the form

001
p=|-100],
000
with respect to the basis €] = —p (e3), e = p* (e3) , e = —es.

Using the fact that a; + 232 = 0 which follows from the identity p* (e3) = 0, we
see that e} - ey = aje}, e - eh = ade), and all other products are zero.

For simplicity, assume without loss of generality that as = 1. Since A = D + p
for some D € Hs, Lemma 5 tells us that, with respect to the basis e, €}, €%, the
operator A takes the form

a1 bl 1
A= ag — 1 b2 0
as bg ay + b2

Applying formula (19) to ej and recalling that e - e = 0 since e € I5, we deduce
that as = 1 and by = ag = 0. Then, substituting = = y = €} into equation (17), we
get a; = by = 0. Thus, the form of A\ reduces to

0
0

001
A=(000
00630
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Now, by setting e = ae; + bes + cesz and applying (19) to e1, we get that by = —b.
By using (8), we deduce that the nonzero left-symmetric products are

/ / / / / /

€163 = €3, €€y = C,

! r / / r /
€€y = —€y, e-ey = —bes

/ r_ /A / r
€3-€y =€y -€3=¢€], € €4 =E€.

This implies, in particular, that dim [O4, O4] = dim [A4, A4] = 2, a contradiction.
It follows that as = 0, as desired.
We now return to (21). Since s = 0, we have

ay B 0
P = 0 ﬂQ O 9
az Bz mfPa — (m—1) oy

and since A = D + p for some D € Hg then, in view of Lemma 5, the operator A
takes the form

a1 +ar f1+ b 0
A= az B2 + ba 0
az+ag B3 +bs a1 +ba+mpba—(m—1)an

Once again, by applying (19) to e3 and recalling that e5 - e = 0 since e € I3, we
deduce that (mfy — (m —1)a1)® = 0, thereby showing that p(es) = 0. Now, in
view of (20) we get e3 € T (A4), and since Z (O4) = Reg we deduce that C (A4) =
T (A4) N Z (O4) # 0, as desired. This completes the proof of the lemma. O

5. Classification

We know from Section 4 that A4 has a proper two-sided ideal I which is isomorphic to
either the trivial one-dimensional real left-symmetric algebra Iy = {eg : eg - g = 0}
or a 3 -dimensional left-symmetric algebra I3 (as described in Proposition 3) whose
associated Lie algebra is the Heisenberg algebra Hs. In the case where I = I3, we
know by Lemma 6 that C (A4) # {0}. Since in our situation dim Z (O4) = 1, it
follows that C (A4) = Iy, so that we have a central short exact sequence of left-
symmetric algebras of the form

0—1Ip— Ay — I3 — 0. (22)

In general, one has that the center of a left-symmetric algebra is a part of the center
of the associated Lie algebra, and therefore the following lemma is proved.

Lemma 7. The Lie algebra associated to I3 is isomorphic to the Lie algebra & (2)
of the group of Fuclidean motions of the plane.

Recall that £ (2) is solvable non-nilpotent and has a basis {e1, e, e3} which sat-
isfies [e1, ea] = e3 and [e1, e3] = —ea.

In the case where I =2 I, we know by Lemma 3 that the associated Lie algebra is
T = R. Since, by Lemma 4, O4 has only two proper ideals which are Z (O4) = R and
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[O4, O4] = Hs, it follows that Z = R coincides with the center Z (O4). We deduce
from this that, if J denotes the Lie algebra of the left-symmetric algebra J in the
short exact sequence (15), then 7 is isomorphic to £ (2) . Therefore, we have a short
sequence of left-symmetric algebras which looks like (22), except that it would not
necessarily be central. But, as we will see a little later, this is necessarily a central
extension (i.e., I = C (A4) = Iy).

To summarize, each complete left-symmetric structure on Q4 may be obtained by
an extension of a complete 3-dimensional left-symmetric algebra A3 whose associated
Lie algebra is € (2) by Iy. Next, we shall determine all the complete left-symmetric
structures on £ (2) . These are described by the following lemma that we state with-
out proof (see [10], Theorem 4.1).

Lemma 8. Up to left-symmetric isomorphism, any complete left-symmetric struc-
ture on € (2) is isomorphic to the following one which is given in a basis {e1, e, €3}
of € (2) by the relations e1 - ea = e3, €1 - €3 = —ea, €9 €9 = €3+ €3 = gey.

There are exactly two non-isomorphic conjugacy classes according to whether

e=0ore#0.

From now on, As will denote the vector space £ (2) endowed with one of the
complete left-symmetric structures described in Lemma 8. The extended Lie bracket
on £ (2) ® R is given by

[(z,a), (y,0)] = ([z,9],w (,9)), (23)

with w € Z2 (£ (2),R) . The extended left-symmetric product on A & Iy is given by

(x, aeo) - (y,beo) = (x - ¥, bAs (e0) + apy (o) + 9 (x,y)), (24)

with A, p: A3 — End (Ip) and g € Z3 , (A3, Io).
As we have noticed in Section 3, Iy is an Asz-bimodule, or equivalently, the
conditions in Theorem 1 simplify to the following conditions:

() Ay =0,
(i1) pa-y = py © pa,

(iil) g(z,y-2) — gy, z - 2) + Aa(9(y,2)) — Ay(9(2, 2)) — g([z, 9], 2) — p2(9(x,y) —
g(y,z)) = 0.

By using (23) and (24), we deduce from [(z, a) , (v, )] = (x, aeo)-(y, beo) —(y, beg)-
(x,aep) that
w(z,y) =g(z,y) =g (y,x) and A = p. (25)

By applying identity (i) above to e; - e;, 1 < i < 3, we deduce that p = 0, and a
fortiori A = 0. In other words, the extension A4 is always central (i.e., I = C (A4)
even in the case where Z = R). In fact, we have

Claim 1. The extension 0 — Iy — Ay — A3 — 0 is exact.
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Proof. We recall from Subsection 3.1 that the extension given by the short sequence
(22) is exact, i.e., i (Ip) = C (Ay), if and only if I, = 0, where

I[g]:{xeAg:x-y:y-x:()andg(a:,y):g(y,:z:):(), for all y € As}.

To show that Ijg = 0, let x be an arbitrary element in I;, and put = = ae; + bez +
ces € Ij4. Now, by computing all the products z-e; = ¢;-x =0, 1 <7 < 3, we easily
deduce that = = 0. |

Our aim is to classify complete left-symmetric structures on Oy, up to left-
symmetric isomorphisms. By Proposition 1, the classification of exact central ex-
tensions of A3 by Iy is nothing but the orbit space of H2, (A3, Iy) under the natural
action of G = Aut (Iy) x Aut (A3z). Accordingly, we must compute H2, (Asz,I) .
Since Iy is a trivial As-bimodule, we see first from (9) and (10) that the coboundary
operator § simplifies as follows:

oth(z,y) = —h(x-y), Odag(x,y,2)=g(x,y-2)—gy,x-2)—g(zyl,2),

where h € L' (A3, Ip) and g € L? (A3, Ip) .
In view of Lemma 8, there are two cases to be considered.

Case 1. A3 = <€1,62,63 1€l €2 =e€3, €1 €3 = —62> .
In this case, using the first formula above for §1, we get
0 hi2 his
oh=[100 0 |,
00 O
where hia = —h (e3) and hiz = h (e2) . Similarly, using the second formula above for

02, we verify easily that if ¢ is a cocycle (i.e. dog = 0) and g¢;; = g (e;, ¢;), then

gi1 912 913
g=1| 0 g22 go3 |,
0 —g23 goo

that is, go1 = g31 = 0, g32 = —ga3, and g33 = goo. We deduce that, in the basis
above, the class [g] € H? (43, R) of a cocycle g takes the simplified form

a 00
g=10 8~
0—yp

We can now determine the extended left-symmetric structure on A4. By setting
e = (e;,0), 1 < i < 3, and &4 = (0,1), and using formula (24) which (since
A = p =0) reduces to
(z,ae0) - (y,beo) = (x -y, g (x,y)), (26)
we obtain
€161 = ey, €3 €2 = €3 €3 = ey
€1-€y = €3, €1-€3= —¢€, (27)

€2 €3 = 7Y€y4, €3:€3 = €4,
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and all the other products are zero. We observe here that we should have v # 0,
given that the underlying Lie algebra is O4. We denote by A4 (v, 8,7) the Lie algebra
04 endowed with the above complete left-symmetric product.

Let now A4 (o, 8,7) and A4 (o', 3',7') be two arbitrary left-symmetric structures
on O, given as above, and let [g] and [¢'] be the corresponding classes in H2, (A3, Ip).
By Proposition 1, we know that A4 (e, 8,) is isomorphic to A4 (¢/, 5',4) if and only
if the exists (u,n) € Aut (Ip) x Aut (Ag) such that for all z,y € A3, we have

g (z,y) = p(g(n(x),n))). (28)

We shall first determine Aut (Iy) x Aut (Az). We have Aut (Ip) = R*, and it
is easy too to determine Aut (A3). Indeed, recall that the unique left-symmetric
structure of As is given by e1 - e = e3, e1-e3 = —eq, and let n € Aut (A3) be given
in the basis {e1, ez, €3} by

a1 by &
n= | azbs co
az b3 c3

From the identity n(e3) = n(e1-e2) = n(e1) - n(e2), we get ¢ = 0, ca = —aqbs,
and ¢z = a1be. From the identity —n (e2) = n(e1 - e3) = n(e1) - n (e3) we get by = 0,
ba = aic3, and by = —ajce. Since detn # 0, we deduce that a; = £1. It follows,
by setting ¢ = +1, that b3 = —ecy and ¢3 = ebs. From the identity 7 (e1) - n(e1) =
n(e1 - e1) = 0, we obtain as = ag = 0. Therefore, n takes the form

e 0 0
n=120 by o , bg + C% 75 0.
0 —ecg by

We now apply formula (28). For this we recall first that in the basis above the
classes [g] and [¢'] corresponding to A4 (o, 8,7) and Ay (¢, 8',7'), respectively, have
the forms

a 00 o 0 0
g=10p ]| and g={0 8 o |,
0—v5 0= p
respectively. From ¢’ (e1,e1) = ug(n(e1),n(e1)), we get
o = pa, (29)

and from ¢’ (€3, ¢2) = g (1 (e2) ,n (€)), we get

B = (b3 +c3) B. (30)
Similarly, from g’ (ea, €3) = ug (11 (e2) ,7 (e3)) we get
v = pe (b5 +c3) 7. (31)

Recall here that p # 0, v # 0, and b3 + 3 # 0.

Claim 2. Each A4 («, B,7) is isomorphic to some Ay (o, 3',1). Precisely, A4(a, 3,)
8 1)

is isomorphic to Ay (59, el,
vy
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Proof. By (29), (30), and (31), A4 (e, 8,7) is isomorphic to A4 (¢/, 8, 1) if and only
if there exists u € R* and b, c € R, with b2 + ¢? # 0, such that

o = pa, B
= ,u(b2—|—02)[3,1
= pe (0> + %) 7.
Now, by taking b2 + ¢ = 1 (for instance, b = cosfy and ¢ = sinf for some
o), the third equation yields p = % Substituting the value of p in the two first

equations, we deduce that o/ = 5% and 3 = 6%. Consequently, each A4 (o, 8,7) is

isomorphic to Ay (5%, a%, 1) . O
Case 2. A3 = <61,€2,€3 €1 €y =¢€3, €1 €3 = —€3, €2 €2 = €3"€3 261>.

Similarly to the first case, we get

0 his his 0 g12 913
01th=10ha 0 and g= (0 gaa go3 |,
0 0 haa 0 —g23 go2

where h12 = —h (63), hlg = h(62), h22 = —h (61), and 9ij = g(ei,ej) . It follows
that in this case the class [g] € H? (A3, R) of a cocycle g takes the reduced form

000

g=1020 [, v#0.
0—~0

By setting €; = (e;,0), 1 < i < 3, and €4 = (0,1), and using formula (26) we find
that the nonzero relations are

€1 €2 = €3, €] -€3 = —€2, €3-€3 = €3 €3 = €] (32)
€2 €3 = Y€y, €3-€2=—7e€s, 7 F#0.
We can now state the main result of this paper.

Theorem 2. Let A, be a complete non-simple real left-symmetric algebra whose
associated Lie algebra is O (4). Then Ay is isomorphic to one of the following left-
symmetric algebras:

(i) Ay (s,t): There exist real numbers s,t, and a basis {e1,ea,es,e4} of O(4)
relative to which the nonzero left-symmetric relations are

e]-€e1 = Seq, €g-€y =e3- €3 =tey

€1-€e2 = €3, €1 €3 = —€2,
1 1
€9+ €3 = —€4 €3 €2 = ——€4.
277 2

The conjugacy class of Ay (s,t) is given as follows: Ay (s',t') is isomorphic to
Ay (s,t) if and only if (§',t') = (as, £t) for some a € R*.
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(i) By: There is a basis {e1,e2,e3,e4} of O (4) relative to which the nonzero left-
symmetric relations are

€1-€2 =¢€3, €1°€3=—€2, €2°€2=E€3"€3 =¢€]
1 1

€9+ €3 = —€4 €3 € = ——€4.
277 2

Proof. According to the discussion above, there are two cases to be considered.
Case 1. A3 = <€1,62,63 1€1 €2 =€3, €1 €3 = —62> .
In this case, Claim 2 asserts that A4 is isomorphic to some A4 (a,3,1); and
according to equations (27), we know that there is a basis {€1,¢€2,€5,€4} of Oy
relative to which the nonzero relations for A4 (o, 8, 1) are:

€1-€1 = aey, €3 €3 = €3 - €3 = Pey
€1-€2 = €3, €1°€3 = —€2,

€9 €3 = €4, gg 'EQ = —€4.
Now, it is clear that by setting s = 5, ¢ = g, e; =¢; for 1 <1< 3, and eq = 2¢y,
we get the desired two-parameter family Ay (s,t). On the other hand, we see from
(29), (30), and (31) that A4 (s, ) is isomorphic to A4 (s,t) if and only if there exists
a € R* and b, c € R, with b% + ¢2 # 0, such that

s’ = as,
t :a(b2+02) t,
1=oac(b*+c%).

From the third equation, we get b2 4 c? = £; and by substituting the latter into
the second equation, we get t' = et. In other words, we have shown that A4 (s',t)
and Ay (s,t) are isomorphic if and only if there exists o € R* such that s’ = as and
t = +t.

Case 2. A3 = <61,€2,€3 1€1 €y =¢€3, €1 €3 = —€3, €2 €2 = €3 €3 = 61>.

In this case, by (32), there is a basis {€1, €2, €3, €4} of Oy relative to which the
nonzero relations in Ay are:

€1 €2 = €3, €1 €3 = —€2, €2 €2 =€3 €3 =¢€1

€y - €3 = V€4, €3-€3=—7€4,7F0.

By setting e; = ¢; for 1 < ¢ < 3, and e4 = 2vey4, we see that A4 is isomorphic to
By. This finishes the proof of the main theorem. O

Remark 5. Recall that a left-symmetric algebra A is called Novikov if it satisfies
the condition (x-y) -z = (z-z) -y, for al z,y,z € A.

Novikov left-symmetric algebras were introduced in [2] (see also [24] for some
important results concerning this). We note here that A4 (s,0) is Novikov and that
B, s not.
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We can explicitly compute the exponential map exp : Oy — Oy of the oscillator
group in the parametrization given in Section 4. Details of the argument are left to
the reader (see [11]). It is given by

ﬁ _ sin2t sint )
eXp(v,z,t): (U+ 4t (1 2t )7Z t T ,tsﬁO
(U7270)7 t=0

On the other hand, we note that the mapping X — (Lx,X) is a Lie algebra repre-
sentation of Oy in aff (R4) = End (R4) @ R*. By using the exponential map of the
affine group Aff (R4) =GL (R4) x R*, Theorem 2 can now be stated, in terms of
simply transitive actions of subgroups of Af f (R4) , as follows. To state it, define
the continuous functions

f(:v)Z{Si%’x#o g(x):{lcmosx,/x#o

1, =0’ 0, r=0"
m—sinw, T 0 1700517:[: 0
h(w):{oﬂ e k(“””):{oﬁ e

and set

(@) = (§+t2) 9 @) = (5 —ty) f (@),

Ui () = (5+12) F @)+ (5 —ty) 9 (@)

Theorem 3. Suppose that the oscillator group O4 acts simply transitively by affine
transformations on R*. Then, as a subgroup of Aff (R4) = GL (R4) x R4, Oy is
conjugate to one of the following subgroups:

(%)

Lyf(z) + 29 (x) 2f () —yg (z) O x4 (y° +2%) k()
0 cosS ¥ —sinx 0 y yf (z) — 29 (x)
Gy = 0 sin x cos ¥ 0 zf ($)2+ %Jg () )
0 Dg () Uy (z) 1 w+ @ (x)
rx,y, 2z, wEeR

(4)

1 0 0 O x
0 cosx —sinz 0 yf(x) —zg(x)
Gy (5,1) = 0 sinz cosz 0]~ zf (z) +yg (x) ,
sz @, (1) Uy (2) 1 w+ 222 + (y2 + 22) (@ + th (x))
rx,y, 2z, w E€R

where s,t € R. The only pairs of conjugate subgroups in Af f (R4) are Gy (s,t)
and Gy (as, £t) where o € R*.
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