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Abstract. A linear system of n second order differential equations of parabolic reaction-
diffusion type with initial and boundary conditions is considered. The first k equations
are singularly perturbed. Each of the leading terms of the first m equations, m < k, is
multiplied by a small positive parameter and these parameters are assumed to be distinct.
The leading terms of the next & — m equations are multiplied by the same perturbation
parameter €,,. Since the components of the solution exhibit overlapping layers, Shishkin
piecewise-uniform meshes are introduced, which are used in conjunction with a classical
finite difference discretisation, to construct a numerical method for solving this problem.
It is proved that in the maximum norm the numerical approximations obtained with this
method are first order convergent in time and essentially second order convergent in the
space variable, uniformly with respect to all of the parameters.
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1. Introduction

The following parabolic initial-boundary value problem is considered for a partially
singularly perturbed linear system of second order differential equations
ou 0%

o oz

where Q = {(z,t): 0 <2< 1,0<t<T}, Q=QUTl, I'=T,UlpUTg with
@(0,t) = ¢p(t) on Ty = {(0,8) : 0 < ¢t < T}, ii(x,0) = ¢p(x) on g = {(2,0) :

0<a<1}, @(1,t) = ¢r(t) onTx = {(1,t) : 0 < t < T}. Here, for all (z,t) € Q,

t(z,t) and f(x,t) are column n — vectors, £ and A(x,t) are m X n matrices,

+ A= f, on Q, @ given on T, (1)

E = diag(é), €= (e1, -+, €,) with the assumption that
0<e1 <ég...< €&m==¢€mt1 =-.. =€k < €1 =...= &, = 1. (2)
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Problem (1) can also be written in the operator form

—

Li = f on Q, @ given on I,

where the operator L is defined by

> 0 0?
L=1—-—-F—+A
ot o T
where I is the identity matrix. The reduced problem corresponding to (1) is defined
by:
fori=1,...,k,
Ouo; .
5t (x,t) + Zaij(:v,t)uoj(x,t) = fi(x,t),up; = u; on Ip,
j=1
fori=k+1,...,n,
Ouo; D?ug;

(x,t) + Z aij(x, t)uoj(z,t) = fi(z,t), u0; =u; on T,

Jj=1

ot (2,1) = 0x?

Since the components of the solution are weakly coupled, it follows from the order-
ing of the g; that they exhibit twin sets of overlapping layers on each of the two
boundaries I';, and I'r. On each of these boundaries the layers are now described.
A layer corresponding to ¢; is said to be a sublayer of a layer of the same com-
ponent corresponding to ¢, if €; < ;. Each of the components u;,--- ,u,, has a
layer of width O(y/€,,,), while u,,—1 has an additional sublayer of width O(\/€,,_;);
um—2 has additional sublayers of width O(y/¢,, ;) and O(y/¢,,_,); and so on. Fi-
nally, u; has additional sublayers of width O(\/¢,,,_;),--- ,O(y/€;). The components
Um+1,°*+ , U have the same sets of layers as the component u,,. The components
Uk+1, - - -, Up have less severe boundary layers of width O(v/e,),...,0(y/€,,), in the
sense that the layers occur in their derivatives and not the components.

For a general introduction to parameter - uniform numerical methods for singular
perturbation problems see [1, 9, 12]. Parameter-uniform numerical methods for
singularly perturbed problems of parabolic type are dealt with in [2, 3, 4, 8]. In [7]
and [6], a method for a partially singularly perturbed system of two equations of
reaction-diffusion type is considered. In [10], second order convergence of a numerical
method for a partially singularly perturbed system of n equations of reaction -
diffusion type is established. Paper [2] contains a parameter-uniform numerical
method of second order convergence for solving a singularly perturbed system of
parabolic type, whereas the earlier paper [3] gives a first order convergent method
for the same type of problem.

Motivated by [10] and [2], a partially singularly perturbed parabolic problem
of type (1) is considered in the present paper. A parameter - uniform numerical
method, which is proved to be essentially second order convergent in space and first
order convergent in time for this system is presented.
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2. Solutions of the continuous problem

For all (z,t) € Q, it is assumed that the components a;j(x,t) of A(x,t) satisfy the
inequalities

ai(z,t) > Z|aij(a:,t)| for 1 <i<n, and ai;(x,t) <0 for i #j (3)
yaa
and, for some «,
0<a< min () a;(t). (4)

(z,t)€EQ ~
1<i<n J=1

It is also assumed, without loss of generality, that

VE, < Y (5)

6
The norms || V || = maxj<pen |Vi| for any n-vector V, || y |p = sup{|y(z,t)| :
(x,t) € D} for any scalar-valued function y and domain D, and || ¥ || = maxi<k<n

Il yx || for any vector-valued function ¢ are introduced. When D = 2 or €, the

subscript D is usually dropped. Further, f and A are assumed to be sufficiently
smooth and sufficient compatibility conditions are assumed such that

ieCHQ) for f,AeC3@), Xe(0,1). (6)
See Section 2 in [2] for compatibility results in detail. Here

k M 0
CY(D) ={u: ERETT CY(D) forl,m > 0and 0 <1+ 2m < k}.
It is assumed throughout the paper that all of the assumptions (3)—(6) of this sec-
tion are fulfilled. Furthermore, C' denotes a generic positive constant, which is
independent of x,¢ and of all singular perturbation and discretization parameters.
Inequalities between vectors are understood in the componentwise sense.

3. Standard analytical results

Here, in the following, we state the analytical results - the maximum principle and
its consequence, the stability result, without proof. Proofs are similar to those found
in [2]. The operator L satisfies the following maximum principle

Lemma 1. Let assumptions (3) - (6) hold. Let 1 be any vector-valued function
in the domain of L such that ¥ >0 on T. Then EJ(z,t) >0 on Q implies that
Yz, t) >0 on Q.



472 V. FRANKLIN, J.J. H. MILLER AND S. VALARMATHI

Let A(z,t) be any principal sub-matrix of A(z,t) and L the corresponding op-

erator. To see that any L satisfies the same maximum principle as E, it suffices to

observe that the elements of A(,T, t) satisfy a fortiori the same inequalities as those
of A(zx,t).

Lemma 2. Let assumptions (3) - (6) hold. If 1 is any vector-valued function in the
domain of L, then, for each i, 1 <1i <n and (z,t) € Q,

R T
it 0l < wax {11 e 2 1 201}
Standard estimates of the derivatives of the solution of (1) are contained in the

following lemma.

Lemma 3. Let assumptions (3) - (6) hold and let @ be the exact solution of (1).
Then, for all (x,t) € Q and for eachi=1,...,n

12 (0,0 < +Z|| 1=0,1,2

atl T, ullr 8t‘1 a — Y4
8lui
1T a0 < O (ke + 1711+ 11 20 ||> =12
O o2
ot (@ D) < O (IIUIIF+||f||+|| ||+|| ||+1 Il f||>
Ol

5o 2,0 < O (e + |17+ 1% ||+|| ||>

Proof. The bound on # is an immediate consequence of Lemma 2. Differentiating
(1) partially with respect to time once and twice, and applying Lemma 2, the bounds

on % and ‘gt;‘ are obtained. To bound 8“1 , for each i = 1,...,k and (x,t), consider
an interval I = [a,a + +/¢;], a > 0 such that xzel
Then for some y such that a <y < a+ /¢; and t € (0,7

Ou; ui(a + /g, t) — uia,t)

t) =
Ou; =1,
U 1)) < 0=, ). 7
Then for any = € 1
ou; Ou; T 02%u;(s,t)
5o 0 = G+ [ 5D
8’&1‘ - 8UZ 1 x 8’(1,1'(8,15) . ° N )
50 =g e [ T—fz(s,t)+;au(s,t)ug(s,t) ds
8ui 8ui —1
t t :
G0l < 1GE w0l + cs [ i+ 1711+11 5 | as



NUMERICAL METHOD FOR A LINEAR PARABOLIC SYSTEM OF REACTION-DIFFUSION EQUATIONS 473

Using (7) in the above equation

ox

—1,0L - of
(z,t)] < Ce;= (||dllr + ||f||+||a—{||)-

For i = k+1,...,n, choosing an interval I = [a,a+ 8], a > 0, s > 0 such that z € T
and following the same steps above the bound for |%7j; (x,t)| is obtained.

Rearranging the terms in (1), it is easy to get

0?u

5 2|_Cafl(IIUIIFﬂL||f||+|| II), i=1,..,m,
82ui _ .
152! =C 1(IIUIIFﬂLIIfIIJrII II) i=m+1, ..k,
i
0%u;
Iaxil (||U||F+||f||+|| II) i=k+1,..n
Analogous steps are used to get the rest of the estimates. [l

The Shishkin decomposition of the exact solution @ of (1) is @ = ¥+ & , where
the smooth component ¢ is the solution of
G=FfinQ, #=1, onT (8)
and the singular component  is the solution of
[ = 0inQ, @ =ad—7 onl. (9)

Section 2 in [2] ensures that @, € C§(€2). For convenience the left and right bound-
ary layers of 1 are separated using the further decomposition @ = w" + @, where
Lot =0onQ, @ =@ onTy, W =0onTgUlg and Lw® =0 onQ, @ = @ on
g, Wt = 6011 I'rulpg.

Bounds on the smooth component and its derivatives are contained in

Lemma 4. Let assumptions (3)—~(6) hold. Then the smooth component v and its
derivatives satisfy, for each (z,t) € Q andi=1,...,n,

(a) 8831(:6 t)] <Cforl=0,1,2

v, 1-4
(b) |5t (x,t) <C(1+¢; ?)forl=0,1,2,3,4

l
(c) 3‘91 S (2, )| < C for 1=12,3.

Proof. The proof is as given in [2]. O
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4. Improved estimates

The layer functions B, BE, B;, i =1, ..., m, , associated with the solution 4,
are defined on [0, 1] by

BF(z) = e *V/%, BE(z) = BF(1 - 2), Bi(x) = BF(x) + B(x).

The following elementary properties of these layer functions, for all 1 <i < j <m
and 0 < z < y <1, should be noted:

Bi(z) = Bi(1 —x), Bf (x) < Bj(z), Bf(z)> Bf(y), 0 < Bff(z) <1,
BiR(x) < BJR(x), BiR(;v) < BiR(y), 0 < BZ-R(,T) < 1.

Bi(z) is monotone decreasing for increasing € [0, 3].

Bi(z) is monotone increasing for increasing x € [3, 1].

Bi(z) < 2BF(z) for z € |0, %], Bi(z) < 2B (x) for x € [%, 1]. (10)

BL2,/Z1mN) = N2, (11)
[0
(s)

The points z; ; are now defined. They satisfy interesting ordering properties, which

are established in the subsequent lemma.

Definition 1. For BF, B

7 each i,j, 1< # 7 <m and each s,s > 0, the point
:vgsj) is defined by

i (S'L,j) _ i (S'L,g)' (12)
£’ &

It is remarked that

BE(1 -4y  BE(1 -z
i ( ) _ B i) (13)

S S
€ &
(s)

In the next lemma, the existence and uniqueness of the points z;; are shown. Var-

ious properties are also established.
(s)

Lemma 5. For all i,j, such that 1 <i < j <m and 0 < s < 3/2, the points z;

exist, are uniquely defined and satisfy the following inequalities

BL BE(x BF Bl (x
1 (I) > ( )7 T € [O,;p(.s))7 d (I) < ( ), S (:E(.s)7 1] (14)
e’ £ J e’ &3 J
Moreover,
2 <al it i+1< g and oY <2l i i< (15)
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Also
S S 1 . . .
()<251/(€ and 3:() (0,5) if ¢ <j. (16)
o

Analogous results hold for the BE, BR and the points 1 — :EZ(S])

Proof. The proof is as given in [11]. O
Bounds on the singular components @, W of @ and their derivatives are contained

in

Lemma 6. Let assumptions (3) - (6) hold. Then there exist constants C1 and Cy
such that, for each (z,t) € Q,

for i=1, ..., m,
!
|86t (z,t)| < C1BE(x) + Caemm(1 — BL (2)), for 1=0,1,2,
olwk BL( )
|8 (z,t)] <C 0L T , for 1=1,2,
Pt Bf< ) ohul 1 < BE@)
| 8 (.’I] t)l < CZ 3/2 ’ | 8$4 ($,t)| S C;Zqzl qEq ’
Eq
for i m+1,..., k,
8l

)| < OlBL( )+ OQE’m(l - B#(I))a for [ = Oa 1725

l

(? i (z,4)| < C Bu®) o 1212
oa s for 1=1.2, (17)
3wk BL(z) otk 1 BL(2)

L) <oy L) <Cc=3Y"m, 1
| o3 (LL', )l— Zq:l 82/2 ’ | oxt (LL', )l— Em Zq:l £q ’

for i=k+1,..., n,

I
'aatz (z,t)] < Caem(1 = By (2)), for 1=0,1,2,

Otwk

| (%c; (z,t)| < C1BE (2) + Coen(1 — BL (7)), for 1=1,2,
Pwi By(z)  o'wh n BE@)
5= 923 ~(z, 1) < C YL 1—/27 |W($’t)| <O

q

Analogous results hold for the wf and their derivatives.

Proof. The lemma is to be proved by induction. The case for n = 2 and m =

1 is considered now. To obtain the bound for wl i = 1,2, define the functions
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t) = Ci1e*BE(2) + Cogre®(1 — BE () £ wi(a,t),

1) = Chere®(1—BE(z)) + wk(z,t). It is easy to find that (L)®),(z,t) >0
and (Ez/;i)g(x,t) > 0 for the choice of Cy and C5 such that Coar > Cilag1|. Then
for Cy > max |1 (t)|, the bound for w¥ and wf follows from Lemma 1.

(z,

U™
l/fzi(ﬂf

Differentiating (EzUL)l-(:zz, t) =0 for ¢ = 1,2 partially with respect to ¢ and applying
L L

] ow!
(;u; (z,t), the bound for ﬂ(m, t) is obtained for the proper choice

ot

Lemma 2 for

of Cl and 02.
Rearranging the equation of the system satisfied by w¥ (x,t) and wi(x,t) yields

Pwk

Pt =P S (e k(e
f1 52 (@) = = (@, jﬂaw z, tywy (z,

Pwk owk >
8722(90,1%) = a—;(x,t) + Z aij(x,t)ij (x,1).
j=1

owl I ) . 0?wl
Then the bounds of 5 (z,t) and w;*(z,t), i = 1,2 give the bound of 92 (z,t)
x

Owr
for i = 1,2. To bound %(m,t), for 4 = 1,2, consider an interval I = [a,a+ /21| C
x

[0,1], a > 0 and = € I. Then for some y such that a < y < a + /21, applying the
mean value theorem yields

20 ) < ey . 19
Ox
o L K] L 62 L
Then for « € I such that y < n < z, %(m,t) = %(y,t) + (z — y)aTw;(n,t).
0?wk owt =t
Using (18) and the bound of 8:1021 in the above | (%cl (z,t)| < Ce? BE(x).

Considering the interval I = [a,a+s] C [0,1], s,a > 0 and x € I, the same arguments
K] L

lead to the bound of %(m, t).
z

Differentiating twice the equation satisfied by wl(x,t), i = 1,2 with respect to ¢
~ 0?2 =L
and rearranging, the bound of (La—:;)i(x,t) is obtained. Then Lemma 2 gives
0wk
the bound of ({%21 (z,t), i = 1,2 for a proper choice of C7 and Cy . Similarly,
differentiating the equation satisfied by w’(z,t), i = 1,2 with respect to = and
2, L 3, L

using Lemma 2 the bound for Bzvugt (z,t) follows. To bound a;t;i (x,t), the defining

equation of wr(z,t), i = 1,2 is differentiated with respect to z. Then using the

bounds which are already obtained leads to the required bound. Similar steps lead
4, L

0
to the bound of aTuZ(:v, t).

It is worth to remark on the case n = 3, there may two subcases (i) m = 1 and
k=2, (ii) m = k = 2. In both cases, defining suitable barrier functions and using
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arguments similar to those used for the case n = 2, one can get the lemma for n = 3.
Assume the lemma to be true for a partially singularly perturbed system of n — 1
equations, where k, 1 < k < n — 2, equations are singularly perturbed among which
the first m equations have distinct perturbation parameters €1 < €g...6m_1 < €m.
Now consider Lt = 0 on Q, where @’
gi, 1 <14 < n, satisfy (2). Define
Vi (2,t) = Cre®™BE (2) + Coeme®(1 — BL (2)) + wk(x,t) i=1,..k,
Vit (z,t) = Cheme®(1 — BE(z)) £ wh(x,t), i=k+1,..,n
n

is an n— vector and the corresponding

Choosing Co > <t Zaijl’ it is found that (Ly*);(z,t) > 0. So choosing Cy >
=1
i

max; |¢r,(t)|, the bound for wk(z,t), i = 1,...,n, follows from Lemma 1. To bound

8;; (z,t), the equation (Lwr); = 0, i = 1,...n is differentiated partially with

respect to t. Then Lemma 2 gives the result. Considering I = [a, a + s] for a,s >0,

applying the mean value theorem it is not hard to prove the estimate | Dz (x t)| <

C||w|| Rearranglng the terms of the equation (Lwr), = 0 and using estimates w;

an

82 L

| —2 92 L (z,1)] < OlBL( )+ Coep (1 — B#(:z:))

Differentiating (EU_J'L)" = 0 once and twice with respect x and using the relevant
previously found estimates,

Now the first n — 1 equations satisfied by ol

owt - o*or

o~ B AW =3, (19)

are considered. Here, E and A are the matrices obtained by deleting the last row
and column from FE, A, respectively, the components of § are g; = —a; 2wk for

L
1<i<n-—1.Ttis noted that |%l§f (x,t) 667;’;"” (x,t)], 1=0,...,4 are known.

Boundary conditions for @’ are

w; =w; on I'e=1,...,n—1. (20)

Now decompose oL into smooth and smgular components q, 7, respectively, where
Lq =g, ¢= Wy on T, Lr = 0, ¥ = = ot — g on I'. Here 1w is the solution of the
reduced problem of (19) and (20). Using the bounds of g and its derivatives, Lemma
4 leads to the bounds of ¢ and its derivatives. To bound the singular component 7

and its derivatives, the following cases are considered.

Case 1 : All n — 1 equations are singularly perturbed with m =k =n — 1:
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The estimates for ¢ = 1,...,n — 1 are found in Lemma 4.3 of [2].

Case 2 : All n — 1 equations are singularly perturbed with m < k =n — 1:
With a slight modification in the barrier function used in Lemma 4.3 of [2], it is not
hard to deduce the result.

Case 3 : The n — 1 equations are partially singularly perturbed, where only the
first m, m < k <n — 2, equations have distinct perturbation parameters:

By induction, the estimates of 7" are obtained.

Combining the bounds for the derivatives of ¢; and r;, i = 1,...,n — 1, the bounds
of wF(x,t), i = 1,..n — 1, and its derivatives follow. Recalling the bounds of the
derivatives of wZ completes the proof of the lemma for the system of n equations.
A similar proof of analogous results for the boundary layer functions w? holds. O

In the following lemma, sharper estimates of the smooth component are presented.

Lemma 7. Let assumptions (3)—(6) hold. Then the smooth component ¥ of the
solution @ of (1) satisfies for all (z,t) € Q

olv; " B,(z) ,
|8xl (x,t)]| <C 1+Z% for! =0,1,2, andi =1, ...,n,

q=i &q
83vi - B (w) .
|8x3(x,t)|§0 1+Z ql/z for i=1,---k,
q=1 q
831)i .
|8x3 (2,t)] < C(1+ Bp(z)) for i=k+1,---,n.
Proof. Define barrier functions
=
VE(x,t) = C[l 4 Bp(x))e + %(z,t), 1=0,1,2 and (z,t) € Q.
x
Using Lemma 4, it follows that, for a proper choice of C, with ¢ = iy on T,
0'v;
+ i
~(0,t) = C £ —(0,t) >0
Q/JZ ( ) ) axl ( Y ) -
0l
+ i
“(1,t) = C £ 1,t) >0
VLY SIE
+ 8l'U»L'
¥ (x,0) = C[1+ Bn(x)] £ >0
Ox!
and (Lg®)(z,t) > 0.
By Lemma 1
olv;
'aUl (2,8)] < C[1 + Bp(z)] for 1=0,1,2. (21)
x
Using Lemma 4 and Lemma 6 and proceeding on the same lines as in Lemma 4.4 in
[2], the required bound for 863;31’, i1 =1,...,n follows. O
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5. The Shishkin mesh

A piecewise uniform Shishkin mesh with M x N mesh-cells is now constructed. Let
O = il o = )5 @ = iy @ = (m)), oMY =
QM x QN o' = ﬁi\/[ X ﬁiv and MY =10, The mesh ﬁi\/[ is chosen to
be a uniform mesh with M mesh-intervals on [0,7]. The mesh ﬁiv is a piecewise-
uniform mesh on [0,1] obtained by dividing [0, 1] into 2m + 1 mesh-intervals as
follows

[0,01]U---U(om-1,0m] U (Om,1 —0pn] U1 —0om,1 —0opm_1]U---U (1 —01,1].

The m parameters o,., which determine the points separating the uniform meshes, are

1 [Em
defined by o9 = 0, opy1 = %, Om = min{Z,Q E—lnN}, and for
o

r=m-—1,...,1,
a, _min{m”l,z,/a—’”lnzv}. (22)
r+1 o

3
1Sl-om< . <l-o <l

Clearly

0 <o < ... < opm

IN

Then, on the sub-interval (oy,,1 — 0,,] a uniform mesh with % mesh-intervals
is placed and on each of the sub-intervals (o,,0,41] and (1 — 041,11 — 0], 7 =

0,1,...,m —1, a uniform mesh of % mesh-intervals is placed. In practice, it is
convenient to take
N =2mgq, q>3, (23)

where m is the number of distinct singular perturbation parameters involved in
problem (1). This construction leads to a class of 2™ piecewise uniform Shishkin

meshes ﬁiv on [0,1] and hence 2™ piecewise uniform Shishkin meshes """ on
[0,1] x [0, 7.
In particular, when all the parameters o., r = 1,...,m are with left choice, the

Shishkin mesh 2, becomes a classical uniform mesh with transition parameters

or = 4L, r =1,...,m and with the stepsize N~! from 0 to 1. The Shishkin mesh

suggest@l here is different from the meshes in [3], [2] and [5]. This mesh has the
features of an ideal Shishkin mesh that (i) when all the parameters have the left
choice it is the classical uniform mesh and (ii) it is coarse in the outer region and
becomes finer and finer towards the boundary. From the above construction it is
clear that the transition points {o,,1—0,}"; are the only points at which the step-
size can change and that it does not necessarily change at each of these points. The
following notation is introduced: if z; = o, then h; = z; — z;_1,h} = zj41 — xj,
J ={o, : hjt #h; }. In general, for each point z; in the mesh-interval (o,_1, 0, ],

Tj—Tj—1= 4mN71(0T — Ur—l)- (24)
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Also, for z; € (0m, 3], z;—xj—1 =2N"1(1-20,,) and for z; € (0,01], zj—x;_1 =
4mN~'oy. Thus, for 1 <7 < m—1, the change in the step-size at the point z; = o,
is

K —ho =4mN"Y(r + 1)d, — rdy_1), (25)
where o
d, = —* _q, 26
r+1 7 (26)
with the convention dy = 0. Notice that d, > 0, that Q™Y is a classical uniform
mesh mentioned above when d, =0 for all r =1 ... m and, from (22), that
o, <Cye,InN, 1<r<m. (27)
It follows from (24) and (27) that for r =1, ... ,m — 1,
h. +hf <C\&N 'InN. (28)
Also ,
or=—-0g, whend, =---=d, =0, 1 <r<s<m. (29)
s

The results in the following lemma are used later.

Lemma 8. Assume that d,. > 0 for some r,1 <r < m. Then the following inequal-
ities hold

BE(1—0,) < Bi(o,)= N2 (30)
:Cfi)ugoT—h;f0r0<s§2,1<r§m. (31)
Bl(o, —h;) <CBL(oy) for 1<r<q<m. (32)

BL(s,) 1
d < for 1<¢g< 1<r<m. 33
7 S CEmy or 1<qg<m, 1<r<m (33)

Analogous results hold for BE.

Proof. Using the definitions of BX(z) and o, (30) follows.
By Lemma 5,
(s) & SO, _ Op
25, = = <7
Trote SENY TN T 2

he = AN~ Von — 0v_q) = (T2 rm1) O

Also, by (23) and (24),

It follows that ZCS_S)l » + h, < o, as required.

To verify (32), note from (24) that

h, = 4mN_1(JT —0,-1) < AmN to, = 22mN~! & In N.
V o
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But
eQSmN’l./%lnN < (N%)Sm <C.

[Eh < [T amN~1o, < 8mN~'In N,/
€q €q o

_ L h
Bl (o, —hy )= BL, (0,)eVe" < CBl(a,)

Since r < ¢,

It follows that

as required.
To verify (33), if ¢ > r, the result is trivial. On the other hand, if ¢ < r,

_ = —2. /£ In N C €
Bloy) — e VAT _ WA o O[5
InNY\V e,

where the inequality is obtained by using the result e=* < % for all t > 0. O

6. The discrete problem

In this section, a classical finite difference operator with an appropriate Shishkin
mesh is used to construct a numerical method for (1), which is shown later to be first
order parameter-uniform in time and essentially second order parameter-uniform in
the space variable.

The discrete initial-boundary value problem is now defined on any mesh by the
finite difference method

D;U—-ES2U+ AU = f on QN U =@ on TV, (34)

This is used to compute numerical approximations to the exact solution of (1). It
is assumed henceforth that the mesh is a Shishkin mesh, as defined in the previous
section. Note that (34), can also be written in the operator form

LMNT = f on QMY U =4 on TMN,

where
LMN = ID; — E§2+ A

and D; , 62, D} and D are the difference operators

- Uz tr) — Uz, tr1)
Dy UG t) = ; Ty — tkflj ’
. DiU(zj,ty) — D7 U(z;,t
(SiU(LL'j,tk) — x (JI]‘, k)_ ‘m (‘T.ﬁ k)7
(xJJrl xafl)/2

— —

- U(xijg1,tx) —Ul(xj,t
+U(.%'j,tk) _ (‘Tj'f‘l? k) (‘ij k),

Tj+1 = Tj

— —

Ul ty) = Ulwj1,tr)

Tj— Tj—1

)
8]
i
—
8
<.
~
ol
S~—
I
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For any function Z defined on the Shishkin mesh QM’N, we define
171] = maxmax | Zi(a, 1)
i g,

The following discrete results are analogous to those for the continuous case.

Lemma 9. Let assumptions (3) - (6) hold. Then, for any vector-valued mesh func-
tion U, the inequalities ¥ > 0 on TMN gnd LMNG > G on QMN imply that
>~ MN
U >0 on .

Proof. Let i*, j*, k* be such that ¥; (z;-,tx+) = min; min; ¥, (x;,t;) and assume
that the lemma is false. Then W;«(z;«,tx+) < 0 . From the hypotheses we have
j* }é O, N and \IJZ* (Ij*,tk*) — \I/i* (Ij*ytk*fl) S O, \IJZ* (Ij*,tk*) - \I/i* (-Ij*flatk*) S
0, U;« (.’L’j*+1,tk*) — U, (.’L’j*,tk*) >0, so D;\I/l* (,Tj*,fk*) <0, 53\111'* (.’L’j*,fk*) >
0. It follows that

(EM’N\f])i* (,Tj* s tk*) = D;\I/l* (,Tj* s tk*) — Ei*éiwi* (.’L’j* s tk*)
n
+Zai*) q(LL'j* , tk*)\lfq(l'j* s tk*) < 0,
g=1
which is a contradiction, as required. O
An immediate consequence of this is the following discrete stability result.

Lemma 10. Let assumptions (3) - (6) hold. Then, for any vector-valued mesh

function T on QM’N andi=1,...,n,
sy tn)] < {1, 21240
Proof. Define the two functions
&% (2, t) = max{ ||, ~ LN G165 G t0),

where €= (1, ... ,1). Using the properties of A it is not hard to verify that 6t >0

on TM:N and LMNG* > 0 on QM:N_ Tt follows from Lemma 9 that % > 0 on
—M,N
Q. O

The following comparison principle will be used in the proof of the error estimate.

Lemma 11. Assume that for each i =1, ... ,n, the vector-valued mesh functions
® and Z satisfy

1Z;| < ®; on TMN and [(EMNZ);| < (EMN®); on QM.
Then, for eachi =1, ... |n,

|Zz| S (I)l on ﬁM)N.
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Proof. Define the two mesh functions U+ by
Ut =3+ 7.
Then, for each i =1, ... ,n, \I/li satisfies
UE >0 on TN and (EMNUH), >0 on QM.

The result follows from an application of Lemma 9. O

7. The local truncation error

From Lemma 10, it is obvious that in order to bound the error U— I, it suffices to
bound LMN(U — @). But, for (x;,t;) € QMN | his expression satisfies

LMN(T — @) = LMN(U) — LM () =
= LMN (@) = (@) — LMN (i) = (L — LM,
It follows that

0 L 8?
(& - Dy )U—E(@

Let 17, WL, WE be the discrete analogues of ¥, w", w?, respectively. Then for each
i1=1, ... ,n,

LMN(T - @) = — 02)i.

(EMN T =9l < U2 = Dol + s g — 82l (35)
(LN (W — gy, < |<% Dyt + |ei<% —owtl (36)
(LMN(WR — gR)),| < |(% — Dy ywh| + |ai(% —)wf. (37)

Thus, the smooth and singular components of the local truncation error can be
treated separately. Note that for any smooth function 9 and for each (z;,tx) €
QMN “the following distinct estimates of the local truncation error hold:

D )] < Cln—tir) max 12, (39)
ot ¢ Lot = kot se[tk)itk] g2 i Sl
P 9%y
|(8_33 — DNY(aj,te)| < Clzjs _xj)seﬁl%m |8 > (s, tx)], (39)
02 0%
KW — 02)p(xy,t)] < Osﬂéa;i| 5 (st (40)
o? 9%y
|(@ — 820 (xj tr)] < Clajm —wj—l)géaﬁ@(satkﬂ- (41)
Furthermore, if z; ¢ J, then
02 '
|(@ =2 (2, th)| < Clzjyr — 3j-1)? Tslgf|@(57tk)|- (42)

Here Ij = [xj_1,$j+1].
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8. Error estimate

The proof of the error estimate is broken down into two parts. In the first, a theorem
concerning the smooth part of the error is proved. Then the singular part of the
error is considered. A barrier function is now constructed, which is used in both

parts of the proof.

For each z; = o, € J, introduce a piecewise linear polynomial 6, on Q, defined by

T
—, 0<z <o,

3

oy
0.(z) = 1, o, <2 <1-0,.
1—2

, 1—0, <z <1
oy

It is not hard to verify that for any z; € QMY

. abp(xj), if x; ¢ J
(LM NG,€)i(z5) = 2

a+m, if IjEJ, {EjE{O'T,l—O'T},

where € is a unit - column n- vector.
Now, define the barrier function ® by

G(zj,te) =C[M 7+ (N "IN (1+ > 0.(2)))]e,
{r:o,€J}

where C' is any sufficiently large constant.
Then, on QM:N_ d satisfies

0 < Oi(xj,t) <CM™ +(N'InN)?), 1<i<n.
Also, for xz; ¢ J,
(LMNE) (2, ) > C(M~' + (N"FIn N)?)
and for z; € J, z; € {o,,1 — 0, }, using (27), (28) and (43),

€i

LMNG) (2 tp) > C(M P+ (N P In N2 + —~
( )iz, te) > C( +( n )+\/m

N~h.

(47)

The following theorem gives the estimate for the smooth component of the error.

Theorem 1. Let assumptions (3) - (6) hold. Let ¥ denote the smooth component

of the exact solution from (1) and V the smooth component of the discrete solution

from (34). Then
IV —d]| <C(M™ + (N~tin N)?).

(48)

Proof. By the comparison principle in Lemma 11 it suffices to show that for all

1,7,k and some C,

(LM = 0))i(), te)| < (DM D) ().

(49)
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For each mesh point x; there are two possibilities: either z; ¢ J or z; € J.
If z; ¢ J, apply Lemma 4(a) with { = 2 and (38) to the t-derivative and apply
Lemma 4(b) with [ = 4 and (42) to the z- derivative to get
(LMN(V =)y, t)] < Clty — bt + (541 —251)?]
(50)
< OM~t+(N"tInN)?).
Then (46) and (50) imply (49).
On the other hand, if z; € J, then z; € {o,,1 — 0.}, for some r,1 < r < m. Here
the argument for z; = o, is given. For z; = 1 — o, it is analogous.
If x; = 0, € J, apply Lemma 4(a) with [ = 2 and (38) to the t-derivative, and apply
Lemma 7 with [ = 3 and (41) to the a- derivative to get

(T =)o o)l < Ol =t + o =)0+ 2 P,

So, since zj_1 = o, — h,,

(0 st < OV 2 30 2 ey g

For each r, 1 <r < m there are at most two possibilities: either ¢ > r or ¢ <r — 1.
If i >, then 3 ", Bolorzhe) < O < % Substituting this into (51) gives

Ve & =
2 A — €i _
(LMY = 0))i(zj, t)| < C[MTH + N 1. (52)

(47) and (52) imply (49).

If i < r — 1, which arises only if r > 1, there are two possibilities: either d,, > 0 or
d, =0 and d,_; > 0, because the case d, = d,_1 = 0 cannot occur for z; = o, € J.
Since zj_1 = 0, — h; and 0, — h; < 1, By(zj_1) = Bq(UT —h;) =Bl (o, —h; )+

— m  Bg(or m B(UT_h)
Bf(a’r_hr)§2B§/(0'r_h)ThenZ q\/ﬁ <2Z T

P
If d. > 0, then using (14) in Lemma 5 and (31) in Lemma 8 gives % <
w for 1 < g <r. Hence ) ", % < \/% Substituting this into (51)
gives

(EMN (7 = 8)ila,ta)] < CMH 4+ N7, (53)

Ve,
(47) and (53) imply (49).
If d. = 0 and d,—; > 0, then using (14) and the fact that o, — h, > o,—1 >

Lig _h— L (g —h=
ZTgr—1, 1 <q<r—2give By (\/%h” < BT’&%hr) for 1 < g <r—1. Hence
m BL(O'T —h_) ™ BL(O'Tfl) BE_ | ( )
T S C q S O[ r—10r—1 + 1 ]
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Substituting this into (51) gives

(LMN(V = )i, )] < CIM T+ N+ 2N

= Vet
(54)
<CM~ 4+ SN
(47) and (54) imply (49). This completes the proof. O

In order to estimate the singular component of the error the following four lemmas
are required.

Lemma 12. Assume that x; ¢ J. Let assumptions (3) - (6) hold. Then, on QMN,
for each 1 < i <mn, the following estimates hold

- S o1, (@i —xio)?
(BN (O — @)y t0)] < COI 4 Sy (55)
An analogous result holds for WER — @R,

Proof. Since z; ¢ J, from (42) and Lemma 6, it follows that

(LN WE — @)y, t)] = (5 = Di) = B — 02)a")i(ay. 1)

" BL(s
< C(M™" + (zj41 — j-1)% max il ))
sel; — Eq
g=1
(@jr1—w;-1)*
< O(Mfl + %),
as required. [l

The following decompositions of the singular components w} are used in the next
lemma with d,- > 0 for some r, 1 <r < m.

r+1

wf = wiy, (56)
=1

where the components w;; are defined by

wk otherwise

(s) (s)
Wi pg1 = {pz on [07‘rr,7‘+1)

and for each I, r > 1 > 2,

(s)

(s)
b; on [O7xl71,l)
w r+1
il = .
’ wk — E wj,q otherwise
q=l+1

and
r+1

w1 = wr — Zwi,q on [0,1].
q=2
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Here the polynomials pl , for s =3/2 and s = 1, are defined by

3 (3/2)
dtwk (r—x )4
3/2 7 3/2 r,r+1
p®P (2, 1) = E @2 1) ;
q:
and
4 (1)
8qw ((E - xr,r—i—l)q
1 ‘T t = Z Ozl rr+l7t)T
q=0 '

Notice that decomposition (56) depends on the choice of the polynomials p( %) and
)-

K3
that the :vgsj) are defined by (12). The following lemma provides estimates of the
derivatives of the components in decomposition (56).

Lemma 13. Assume that d. > 0 for some r, 1 <r < m. Let assumptions (3) - (6)
hold. Then, for each i and r, 1 <1 <r, and all (x;,tx) € QMN the components in
the decomposition (56) satisfy the following estimates

for each 1 <i <m,

|3;ZJ;',1 (zj,tx)] < Cmin{ail, E%_}BIL(%‘)’
L (0, 1)) < Omin{%ﬁ—l’ si/z}BlL("”j)’
m L m L(x;
4, ..
| < € (l )
Pt o 4, < O;&

for eachm+1<i<k,

0 0] < Oming i}BHm
st e )] < Comint 1B
|7831§i,;+1 (xj,t,)] < Cmin{ i Bé:(xj)a i B§3(/x2j)}v
g=r+1 "MV g—rp1 &g
L (0 1) <oBifjj)
Pty <0 3 )
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for each 1 < i <mn, and for each k+1 <1 <mn,

8211)1'
=5 (@ te)| < OB (x),
Dw; BE(x5)

|W§(Ijvtk)| <C

4, m o BL(p.
|%(%7tk>|gc Z ﬁ
T

Analogous results hold for the wf and their derivatives.

Proof. Consider first decomposition (56) corresponding to the polynomials pz(?’/ 2,

From the above definitions it follows that foreach !, 1 <[ <7, w;; =0 on [xl(?zfl), 1].

To establish the bounds on the third derivatives, for ¢ = 1,..., k, it is obvious that

for x € [xggr/f_)l, 1] Lemma 6 and z > :ngr/i)l imply that

PPwi ri1 - BqL(x -
t)| < CZ 53/2 Z 3/2 ;
g=1 q

Pwk
|W(x7t)|:| prs (

for = € [0, :vg)gr/i)l], Lemma 6 and x < xigr/f_)l imply that

8311)1'7«
P gy = 2 e 53/i>1,t>|

3/2 (3/2)

<CZ J/J“ <oy ® 3?2”1 <cy ” 3/27

g=r+1 qg=r+1 q

and for each I =r, ... ,2, it follows that for z € [xl(?’lfl), 1],

83wiyl

ox3 :

for x € [xl(g/fg,:vl(?;fl)] Lemma 6 implies that

Bw; 3! & wZ
e ) < | S )+ Y 15

q=Il+1

B (x) .
< C’Z e <C 52), using (14);
q=1 q
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for x € [0, ‘Tz(i/f,?]v Lemma 6 and z < :Cl(i/f? imply that

8311/1[ w,LL 3/92
| (@] = 155 @)
m L x(3/2) BL I(3/2) BL
< CZ 4 (Bl/glxl) - (31/;1’” <C 135?, using (12) and (14);
=1 &q o g

8310“
9 :O,
0x3 ’
for z € [0, a:fz/z)], Lemma 6 implies that
Pw; 1 PBwk o OPw " BE(z) _ BE(x)
)] < 1 )]+ 3 1) < 0~ < 025,
q=2 =1 ¢<q 1

The bounds for az:gl’l(x,t), fori =k+1,.,nand l = r+1,...,1 are obtained

3, L
using the above steps with an appropriate bound of 68% (x,t),i =k+1,..,n, from
Lemma 6. For the bounds on the second derivatives note that for each i = 1,..., k
821117;’1

andl,lglgr:for:re[:rl(ifl), 1, oyt = 0;
3/2
for x € [val(,lil)]v
(3/2)
Tt 9w, D*wiy , (3/2) 0w, 0w,
/z O3 (S,t)dS: o2 (I[)H-lv )_ o2 (Ivt):_ o2 (.I,t),
and so
(3/2) (3/2)
a?w,l Tyl a3w.l C T1i41 BL(,T)
()] < = (s,t)]ds < — Bf(s)ds < =L,
St < [ 155 ) 8_813/2/1 Hopds < 020

Similarly, for i = k +1,...,n and each [, 1 < [ < r, | 2% (z,4)| < CBE(x). This
completes the proof of the estimates for s = 3/2.

Secondly, consider decomposition (56) corresponding to the polynomials pl(-l). From
the above definitions it follows that for each 7, ¢« = 1,...,k and [, 1 < [ < r,
w;; =0 on [xl(ll)Jrl, 1].

To establish the bounds on the fourth derivatives it is obvious that: for =z €
[xi}r)ﬂ, 1], Lemma 6, (14) and x > ;vﬁ)lr)_kl imply that

4
O Wi

9 w! m m
|Elw($,t)|:|€iﬁ($,t)| SCZ eq SC Z ey 5
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forz €0 2l ], Lemma 6, (14) and z < :CST)_H imply that

» Ve, r411
O*w; i1 o*wF ) u BqL(xg,lr)H)
|€iw($7t)| = |5i Ozt ($T7T+17t)| < Zl £q
q:
m BL( (1) )
S C Z rr—i—
qg=r+1 qg=r+1
and for each I =7, ... ,2, it follows that
for x € [‘Tl(,ll)-i-l’ 1],
64wi7[ -0
drt
for z € [3:(1) 2V ], Lemma 6 implies th
=1, T 41l plies that
64’(117;[ r+1
o2 ) < 6 Z )+ Y 10 L )
q=Il+1
™ BL(g BL
SCZ ol ) <= (1)7 using (14);
et Eq €l
for z € [0, Il(i)l,l]’ Lemma 6 and = < xl(i)l)l imply that
o' w; mz 1 z)

il 84wi
|€i 8,@4 (Ivt” = |€i 8,@4 (I[ 1[7 |< CZ

Bl (Iz(l)l 1)

€l €l

<C

for x € [xglg, 1],

(9411}1‘71 -0
oxt 7
for = € [0, $§1%]7 Lemma 6 implies that
o4 94w L r+l 4

le;

w, o0*w
< + E
8$ ( )| |€Z 8 4 I t | |E'L 8 (I5t)|

" Bi(s BL()

<CZ ~

For the bounds on the second and third derivatives note that for each I,

for x € [‘Tl(,ll)-i-l’ 1],

82wi 1 83wi 1
2 = O = 2 N
Ox2 Ox3 "’

L
< CBl (1)7 using (12) and (14);

1< <r:
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for z € [0, :vl(ll)Jrl],

)

freee 0w Pwiy (1) Pwi Pwiy
gi——(s,t)ds = e;——=—(; [, 1,t) — &€ = (x,t) = —gi——== (2, 1),
/z 'Ozt Cox3 VL x " O3

and so

BHw)

(1) (1)

83w Tlivr 9w, C [T+

st ol < [T e < S [ Beds <0
xr xT

In a similar way, it can be shown that

DPwiy

lei—g 2 (@ )] < CB ().

Using similar arguments it is easy to get the bounds of 8;7:2‘1 (x,t), for s = 2,3,

k+1<i<nand1<I[I<r+1.
The proof for the w!* and their derivatives is similar. O

Lemma 14. Assume that d, > 0 for some r, 1 <r < m. Let assumptions (3) - (6)
hold. Then, if x; ¢ J,

- - _ Tjp1 — Tj—1)>
(LN WL —@h))i(zg, te)| < C[M™' + BE(2-1) + %] (57)
r+
and if x; € J,
(BN WE = ")) ) < CIMT 4 N72 4 ——L=N"1. (58)

RV4 ETE’I"Jrl
Analogous results hold for the WR — wh,

Proof. The proof is as in Lemma 8.4 of [2]. It is not hard to check that the proof
of Lemma 8.4 of [2] follows for all &;, i = 1, ...,n, given in (1) for (2). O

Lemma 15. Let assumptions (3) - (6) hold. Then, on QMN for each 1 < i < n,
the following estimates hold

(EMN(WE = )i (2, )| < C(MT + Bl (1)) (59)

An analogous result holds for WR — @R,

Proof. From (40) and Lemma 6, for each i = 1,...,m , it follows that on QMY

[(LMN(WE — @), t0)] = (% — DY) —mai(%; — 07))wf (), t1)]
<CM™ ' +¢g Z By ri1) (xj_l))

Eq
q=1
< C(M~ + BE(25-1)),
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foreach i=m+1,...,k,

|(LMN (WE — @), t)] = |( Dt> ez — 2))wh (2, 1)
oM WL(IJ )

m

< C(M~' + Bl (x;-1)),

IN

and for i=k+1,...,n, it follows that on QN

|(EMN (WP = b)) (g, )| = (% = D) = (£ — 02))wk (xj, )]
SC(M 1+BL(J;] 1))

The proof for WR — @R is similar. O
The following theorem gives the estimate of the singular component of the error.

Theorem 2. Let assumptions (3)—(6) hold. Let W denote the singular component
of the exact solution from (1) and W the singular component of the discrete solution
from (34). Then

W — @] < C(M~' + (N~"'InN)?). (60)

Proof. Since w0 = w” +w", it suffices to prove the result for w” and @ separately.
Here it is proved for w”; a similar proof holds for w%.
By the comparison principle in Lemma 11 it suffices to show that for all ¢, j, k, and

some constant C,
(EMN W = b))y, )] < (EMN ), th). (61)

This is proved for each mesh point z; € (0,1) by considering separately the 4 kinds
of sub-interval
(a) (0,01), (b) [o1,02), (¢) [o1,0141) for some I, 2 <! <m —1 and (d) [osm,1).
(a) Clearly z; ¢ J and zj41 —2j—1 < C\/etN~'In N. Then, Lemma 12 and (46)
give (61).
(b) There are 2 possibilities:
(bl) dy =0 and (b2) dy > 0.
(bl) Since 03 = % and the mesh is uniform in (0,02), it follows that z; ¢ J,
and zj41 — zj—1 < C\/&tN~'In N. Then Lemma 12 and (46) give (61).
(b2) Either «; ¢ J or z; € J.
Ifz; ¢ J, then xj41 —xj_1 < C\/E]Vi1 In N and by Lemma 8 BlL(xj,l) < BEf(o1—
hi) < CN72 so Lemma 14 (57) with r = 1 and (46) give (61).
On the other hand, if z; € J, then Lemma 14 (58) with » =1 and (47) give (61).
(¢c) There are 3 possibilities:
(cl)dy=do=---=d;=0,(c2)d, >0and dpy1= ... =d; =0
for some r, 1 <r <1—1and (c3) d; > 0.
(c1)Since o1 = Coyy1 and the mesh is uniform in (0, 0y41), it follows that z; ¢ J
and zj41 —zj—1 < C\/ZTN~'In N. Then Lemma 12 and (46) give (61).
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(c2) Either z; ¢ J or z; € J.
If z; ¢ J, then 0,11 = Copq1, zjp1 — -1 < O\/ﬁNfllnN and by Lemma 8
BE(zj_1) < BE(oy — h;) < BE(o, — h;) < CN~2. Thus Lemma 14 (57) and (46)
give (61).
On the other hand, if z; € J, then z; = 0y, so Lemma 14 (58) with » = [ and (47)
give (61).

(c3) Either x; ¢ J or z; € J.
If z; ¢ J, then zj41 — x;_1 < C\/ezN " 'InN and by Lemma 8 Bf(z;_1) <
Bl (oy — h;) <CN72, so Lemma 14 (57) with r = [ and (46) give (61).
On the other hand, if «; = 0y, so Lemma 14 (58) with r = and (47) give (61).

(d) There are 3 possibilities:

() di= ... =dpn=0,(d2) dr >0and dpy1 = ... =dpm =0
for some r, 1 <r <m—1 and (d3) d,, > 0.
(d1) Since o1 = C and the mesh is uniform in (0,1), it follows that x; ¢ J,

;E_l <CInN and zj11 —x;—1 < CN~L. Then Lemma 12 and (46) give (61).

(d2) Either z; ¢ J or z; € J.

If z; ¢ J, then 0,11 = C, ﬁ <ClnN, zj11 —xj—1 <CN~! and by Lemma 8,

BE(x;_1) < BY(oy — hy,)) < BE(0, — hy7) < CN~2. Thus Lemma 14 (57) and (46)
give (61).
On the other hand, if z; € J, then z; € {o4,,1 — o, ... ,1—o01}. Thus, Lemma
14 (58) and (47) give (61).

(d3) By Lemma 8 with r = m, BL(z;—1) < BL (o, — h;,,) < CN~2. Then
Lemma 15 and (46) give (61). O

The following theorem gives the first order in time and essentially the second order
in space parameter-uniform error estimate.

Theorem 3. Let assumptions (3)—(6) hold. Let @ denote the exact solution of (1)
and U the discrete solution of (34). Then

|U - < C(M™+ (Nt InN)?). (62)

Proof. An application of the triangle inequality and the results of Theorems 1 and
2 lead immediately to the required result. [l

9. Numerical illustrations

In this section, a numerical illustration is presented. To get the order of convergence
in the variable t exclusively, a fine Shishkin mesh is considered for  and the resulting
problem is solved for various uniform meshes with respect to ¢. The two mesh
algorithms, see [1] for more details, are applied to get the parameter-uniform order
of convergence and the error constant. Similarly, a fine mesh for ¢ is considered, the
resulting problem is solved and the z— order of convergence of the method is also
found.

The notations DV, p" and Cév used in the tables are e-uniform maximum pointwise
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h!
n Number of mesh points N
4 8 16 32 64
20 0.323E-01 | 0.224E-01 | 0.145E-01 | 0.839E-02 | 0.457E-02
21 1 0.330E-01 | 0.230E-01 | 0.148E-01 | 0.856E-02 | 0.465E-02
272 | 0.336E-01 | 0.233E-01 | 0.149E-01 | 0.863E-02 | 0.470E-02
273 | 0.340E-01 | 0.235E-01 | 0.150E-01 | 0.866E-02 | 0.471E-02
24| 0.343E-01 | 0.237E-01 | 0.150E-01 | 0.862E-02 | 0.467E-02
277 | 0.346E-01 | 0.238E-01 | 0.151E-01 | 0.864E-02 | 0.466E-02
DY | 0.346E-01 | 0.238E-01 | 0.151E-01 | 0.866E-02 | 0.471E-02
p¥ | 0.540E+00 | 0.659E+00 | 0.797E+00 | 0.877E+00
C’IJ)V 0.234E+00 | 0.234E+00 | 0.215E4-00 | 0.180E+00 | 0.143E400
t-order of convergence= 0.5
The error constant= 0.2

Table 1: t-convergence

two-mesh differences, e- uniform order of local convergence and e- uniform
constant respectively.

error

n Number of mesh points N
32 64 128 256 512
20 0.285E-02 | 0.755E-03 | 0.190E-03 | 0.478E-04 | 0.120E-04
2=1 | 0.553E-02 | 0.148E-02 | 0.376E-03 | 0.949E-04 | 0.238E-04
272 | 0.101E-01 | 0.282E-02 | 0.747E-03 | 0.188E-03 | 0.473E-04
273 | 0.155E-01 | 0.549E-02 | 0.147E-02 | 0.373E-03 | 0.942E-04
2% 1 0.194E-01 | 0.101E-01 | 0.281E-02 | 0.744E-03 | 0.188E-03
275 | 0.193E-01 | 0.155E-01 | 0.548E-02 | 0.146E-02 | 0.372E-03
DY | 0.194E-01 | 0.155E-01 | 0.548E-02 | 0.146E-02 | 0.372E-03
p¥ | 0.322E4+00 | 0.150E+01 | 0.191E+01 | 0.197E+01
C;)V 0.295E4-00 | 0.295E+00 | 0.131E+400 | 0.435E-01 | 0.139E-01
x- order of convergence= 0.3
The error constant= 0.3
Table 2: z-convergence
Example 1. Consider the problem
- 2 -
%— %4—/11?: fon (0,1)x (0,1], @=0on T,
41+ +1) —t —x
where E = (e1,€2,¢3) , A= -2(1—-¢t) T+ (2+t)x) -B-2z) |,

-1
F=0+et, 14+z+12, 1+e)7T.

—(z+t)  4Q+Z+1)
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The variation in all the three parameters is given by considering e3 = 1,60 = ¢,e1 =
35, where 0 is varied as shown in the tables. a is taken to be 0.9.
Fizing a fine Shishkin mesh with 64 points horizontally, the problem is solved and the
order of convergence in the variable t is calculated. A fine uniform mesh on t with
32 points is considered and the order of convergence in the variable x is calculated.
The order of convergence and the error constant for t and x are presented in Table 1
and Table 2 respectively. It is to be observed that the t— order of convergence arrived
at Table 1 well agrees with the theoretical result. On the other hand, the x-order of
convergence proved theoretically is essentially two whereas numerically the x- order
of convergence starts with 0.3 but it improves quickly to 2 for reasonable N.
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