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ABSTRACT. In this paper we prove the following result. Let n > 1

be some fixed integer and let R be a prime ring with 2n < char(R) # 2.

Suppose there exist additive mappings S,T : R — R satisfying the relations
S(@?™) = S(x)x® 1 + 2T (x)x®" "2 + 22S(x)2®" 3 4+ - + 22" 71T (2),
T(x®™) = T(x)z® ! + 2S(x)2®" 2 + 2T (x)2® 3 + - + 2271 S(x)

for all # € R. In this case S and T are of the form 2S(x) = D(z) + ¢((z),

2T(xz) = D(z) — ¢(z) for all z € R, where D : R — R is a derivation

and ( is an additive mapping, which maps R into its extended centroid.

Besides, ¢(22") = 0 for all x € R. Functional equations related to bicircular
projections are also investigated.

This research is a continuation of a recent work of M. Fosner and Vukman
([14]). Throughout the paper, R will represent an associative ring with center
Z(R). Given an integer n > 1, aring R is said to be n-torsion free if for € R,
nx = 0 implies £ = 0. As usual the commutator zy — yx will be denoted by
[z,y]. An additive mapping x +— x* on a ring R is called an involution if
(xy)* = y*z* and 2** = x hold for all pairs z,y € R. A ring equipped with
an involution is called a ring with involution or *-ring. Recall that a ring R
is prime if for a,b € R, aRb = (0) implies that either a = 0 or b = 0 and
is semiprime in case aRa = (0) implies a = 0. We denote by char(R) the
characteristic of a prime ring R. An additive mapping D : R — R, where R is
an arbitrary ring, is called a derivation if D(xy) = D(z)y+xD(y) holds for all
pairs #,y € R and is called a Jordan derivation in case D(2?) = D(z)z+zD(z)
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is fulfilled for all x € R. A derivation D is inner in case there exists a € R
such that D(z) = [a, z] holds for all = € R.

Every derivation is a Jordan derivation. The converse is in general not
true. A classical result of Herstein ([15]) asserts that any Jordan derivation on
a 2-torsion free prime ring is a derivation. Cusack ([8]) generalized Herstein
theorem to 2-torsion free semiprime rings.

We denote by Qmn, @s and C' the maximal right ring of quotients,
symmetric Martidale ring of quotients and extended centroid of a semiprime
ring R, respectively. For the explanation of Q,,, Qs and C we refer the
reader to [1]. Given some X C R we denote C(X) = {r € R|[r, X] = 0}.

Let X be a complex Banach space and let £(X) be the algebra of all
bounded linear operators on X. A projection P € £(X) is bicircular in case
all mappings of the form e¢**P + e**(I — P), where I denotes the identity
operator, are isometric for all pairs of real numbers «, (.

Beidar, Bresar, Chebotar and Martindale ([3]) have proved the following
result, which fairly generalizes Herstein theorem.

THEOREM 1. Let n > 1 be some fixed integer and let R be a prime ring
with char(R) # 2. Suppose there exists an additive mapping D : R — R
satisfying the relation

n

D(z") = Z I D(x)z"

i=1

for all x € R. In this case D is a derivation.
Recently, M. Fosner and Vukman ([14]) proved the following result.

THEOREM 2. Let n > 1 be some fixed integer and let R be a prime ring
with 2n < char(R) # 2. Suppose there exists an additive mapping T : R — R
satisfying the relation

2n+1
(1) T(:L'2n+1) _ Z (71)i+1ﬂ'}i71T(£L’)l‘2n+17i

i=1
for all x € R. In this case T is of the form T(x) = qx + xq for all x € R and
some fized q € Qg.

It seems natural to ask what can be proved in case we have an even
number in the relation (1). More precisely, we are talking about the solution
of the functional equation

2n
T(:L'2n) _ Z(*l)i+1mi71T(ﬂC)£L’2n7i.

i=1

It is our aim in this paper to prove the following result.
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THEOREM 3. Let n > 1 be some fixed integer and let R be a prime ring
with 2n < char(R) # 2. Suppose there exists an additive mapping T : R — R
satisfying

2n

(2) T(ﬂ?2n) _ Z(fl)i_llﬂi_lT(l‘)lL’Qn_i

i=1
for all x € R. In this case T maps R into C and T(x*") = 0 for all x € R.

In the proof of Theorem 3 we use as the main tool the theory of functional
identities (Beidar - Bresar - Chebotar theory). The theory of functional
identities considers set-theoretic maps on rings that satisfy some identical
relations. When treating such relations, one usually concludes that the form
of the maps involved can be described, unless the ring is very special. For the
full treatment on this theory, we refer the reader to [7].

For the proof of Theorem 3 we need Theorem 4, which might be of
independent interest. Let R be an algebra over a commutative ring ¢ and
let

p(r1,T2,...,22n) = Z Tr(1)Tr(2) *** Tr(2n)
TESan
be a fixed multilinear polynomial in noncommuting indeterminates x1, o, . . .,
Zan. Further, let £ be a subset of R closed under p, which means p(Za,) € L
for all z1,xa,...,22, € L, where Ta, = (21,22,...,%2,). We shall consider a
mapping T : L — R satisfying

2n
(B) Te@m) = Y D (1" 2e) a1 T (Tr(i)) Tr(is1) - Tr(20)

WGS% i=1

for all z1,x9,...,22, € L. Let us mention that the idea of considering the
expression [p(Zay,), p(J2n)] in its proof is taken from [2].

THEOREM 4. Let L be a 4n-free Lie subring of R closed under p. If
T : L — R is an additive mapping satisfying (3), then T maps L into C' and
T(z*") =0 for all v € L.
PROOF. Let us write £ = 2n for brevity. Note that for any a € R and
7, € L¥, we have
k
p(zk),a] = Zp(acl,xg, ey T, [T, a), Tiga, -, TE)-
i=1
Thus
k

T[p(Zy),a] = ZT(p(xl, Ty .o Tis1, [Xiy @, Tig1,y .oy TE))-

i=1
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Let f,g : N — N be mappings with properties f(1) = g(k) = 0 and f(i) =
fori=2,3,...,kand g(i) =1 for i =1,2,...,k — 1. Therefore

T'[p(zx), al
k
Z Z ( D2r) - Trii—1), AT (T () Tr(it) - - - Tr(h)
€Sy, i=1

+ Tr(1)--- xw(i,l)T[xﬂ(i), a]xw(Hl) oo Tr(k)

+9(0) 1) - Ta(i-1)T (@r()) [Tr(it1) ---Iw(k),a])-

In particular, we have

Tp(zk), (ﬂk)]
Z Z ( D@r) - Tri—1), PO T (T (i) Tr(it1) - - - T (k)

(4) TES) 1=1
+ Tr1) - Ta(i=1) T [Tr(i) PO | Tr(it1) - - - Tr(r)
+9(@)xra) - Tri—)) T (Tr()) [Tr(it1) ---Iw(k),p(yk)])-

Fori=1,2,...,k let us denote ¢(xr(;)) = T'[xx(;), p(yx)]. We therefore have
P(Tr)) = T[fﬂw(i) pUk)] = =Tp(Yk), Tx(3))

= Z Z ( [Tr(i)s Yo 1) - Yo G- 1) T Wo () Yo (41) - - - Yo (k)

oeSj=1

F Yo (1) - Yo (=) T [Tx(i)s Yo () Yo (G+1) - - - Yo (k)

+ g(j)ya(l) . ~ya(j—l)T(ya(j))[zﬂ'(i)aya(j+1) - ~ya(k)]>'

Therefore (4) can be written as

Tlp(z), p(Yr)]
Z Z Z VT @) [Tr(1) -+ Tr(io1)s Yo (1) - - - Yo (o))"

TES, 0€SE i=1
“T(Tr(i))Tr(it1) - - T ()

(5)
+ Z Z Z ) (1) - T (i 1) LT (1)) T (i 1) - - - T (k)

TES, 0€Sy i=1

+> Z DTr(1y - Tr(i-1) T (Tr(i))-

TES, 0€Sy i=1

) [%(iﬂ) - Tr(k)s Yo(1) - - - ya(k)]'
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If we replace the roles of denotations 7 and o, we obtain from (5) that

Tlp(zs), ()]

Z Z Z )T @) Tr1y - - Ty Yo(1) - - - Yolio1))*

mweS, oeSy i=1
T (Yo (i)Yo (i+1) - - Yo (k)

(6) SV ]
33 D) T o) - Yoli-1) PWo i) Yo (i41) - - - Yorl)

TES 0€S) i=1

+D Z DYo(1) - - Yo(i—1)T Wo(i))-

TES 0€SE i=1
Tray o Ty Yolit1) - - - Yo (k)]s
where @(yo(i)) = T'[p(Tk), Yo(s)]- One can easily check that
(@) = =@ (@r(s))
foralli=1,2,...,k. Comparing (5) and (6) we obtain the identity
0=

Z Z Z ) T @)@ (1) - Tr(im1)s Yo (1) - - - Yo k)"

TESK o€SE i=1
(T () Tr(ig1) - - - Tr(h)

k
0D D ) T a1y e o) (i) T (i) - )
TESK o€S 1=1
k
+ Z Z Z Z 1 ) L) - Tr(i— 1)T( TF(’L))
TESK o€S 1=1

Trit1) - Trk)> Yo (1) - - - Yo ()]

-2 > Z YT @) [@r(1) - T k) Yo 1) - - Yoli-1)

TES, 0€SE i=1
T (Yo (i)Yo (i+1) - - - Yo (k)

+ Z Z Z Yo (i=1) LYo (i) Yo (i4+1) - - - Yo (k)

TESK 0E€ES) =1

k
- Z Z Z(—l)i_lg(i)yau)---ya(iq)T(ya(i))'

TES) 0€S i=1
) [%(1) - Tr(k)s Yo (i41) - - - ya(k)]
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for all x1,...,2k,y1,---,Yx € L. The last relation can be written as
0= Z Z ( (Yo (1))Yo(2) - - Yo (k) Tr(1) - - - Tr(l—1)
TESE 0€ESK

+ 0T (1))Tr2) - - - Tr(k—1)
—T(Tr(1))Yo(1) - - Yo (k) Tr(2) - - - Tr(k—1)

+ Z(—l)i_lfﬂwu) o L= )P (X (5) )T (i 1) - - - T (k1)

+ Z xw(l  Tr(i=1) Yo (1) - - - Yo (k)]

'T( Tr(i))T 7r(z+1)~'~x7r(k—1))m7r(k)

+ Z Z ( Tr(1))Tr(2) - Tr(k)Yo(1) - - - Yo (k—1)

TESK oESK
+ O(Yo(1))Yo(2) - - - Yolk—1)
T (Yo(1))Tr(1) - - Tr (k)Y (2) - - - Yo (k—1)

k1
Y D T o) - Yo (im1) PWo () Weoit1) - - Yoth—1)
=2
k1
(7) Y D) T o) - - Yolim1)s Tr() - - T )
=2

T (Yo (i)Yo (i1) - - - ya(k—l))ya(k)

+ Z Z Tr(1) ( — Tr(2) - Tr(k=1)Yo(1) - - Yoy T (Tr (k)
wESK o€ESk

+ Zr(2) T Yo(1) - - - Yotk—1)T Yo(k))
—Tr(2)--- ﬂfw(k—1)</9(937r(k))

+ Z(*l)i_lxw@) oo ) T (T ()
=2
’ [T/w(i+1) < Tr(k)s Yo (1) - - ~ya(k)])
+ Z Z Yo(1) ( ~Yo(2) -+ Yok—1)Tr(1) - - - T (k) T Yo (k)

TESK o€ESk
+Yo2) - Yo () Tr(1) - Tr(k—1) T (T (i)
—Ys(2) - - ~ya(k_1)¢(ya(k))

+ 2(71)1'71%(2) o Yoi-) T Yo (i)

’ [ya(iJrl) e Yo(k)s Tr(1) - - - xw(k)])
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for all z1,...,%k, y1,...,yr € L. Let us define mappings E,F : £2**~1 » R
by the rule

E(ul, U2,U3, ..., u%_l) = T(uk)uk_,_l oo UZKE—1UT - U1

+p(ur)ug. . up—1 — T(ur)ug ... Ugk—1U2U3 - . . Uk—1
k—1

+ Z(fl)’_lul ‘e ui,lcp(ui)uiﬂ o Uk—1
1=2
k—1

+ Z(*l)z_l[ul e Uj—1,UE - - .u2k,1]T(ui)ui+1 o UR—1
1=2

and
F(u1,ug, U3, ..., Usk—1) = —UIUSZ - . . Uk—2UkUk41 - - - U2k—1T (Uk—1)

+ urusg .. U1 U U1 - - - u2k72T(U2k71) —UuUiusz .. .uk,2¢(uk,1)
k—2

+ 2(71)171U1U2 - uiflT(ui)[UiJrl e Uj—1, Uk« - - UQkfl]
i=1

for all w91 € L2~1. Accordingly, (7) can be rewritten as

0= Z Z E(xw(l)amﬂ'@)a s Tr(k—1) Yo (1)) Yo (2)s5 - - - 7y0'(k))x7r(k)

TESK 0ESK
+ Z Z E(ya(l)a Yo(2)s -+ s Yo(k—1)s T (1), Tr(2)s - -+ axﬂ'(k))ya(k)
TESK 0ESE
+ Z Z xﬂ(l)F(xﬂ(Q)) Lr(3)s s Lr(k)s Yo(1)s Yo (2)s -+ s ya(k))
TESK 0ESE
+ Z Z yo’(l)F(ya(Q)a Yo3)s -+ Yo(k)r Tr(1)s Tr(2)s - - - )xﬂ'(k))
TESK 0ESK
and hence
k
0= Z ( Z Z E(xw(l)v LTr(2)y s Tr(k—1) Yo (1)) Yo(2)5- - - > ya(k))> T
=1 wESK 0ESK
w(k)=1
2k
+ Z ( Z Z E(ya(l)a Yo(2)s -+ s Yo(k—1)s Tr(1)) Tr(2)s -+ + > xﬂ'(k))) Yi
i=k+1 TESK TESk
o(k)=i
k
+ ij < Z Z F(xTF(Q))xF(3)) s Trk)y Yo (1) Yo (2) - - s ya(k)))
Jj=1 mESK TESk

m(1)=j



320 M. FOSNER, B. MARCEN, N. STIROVNIK AND J. VUKMAN

2k
+ Z yj( Z Z F(ya(2)7ya(3)a"'aya(k)axw(l)axw(Q)a"'7xw(k))>'

j=k+1 wESE o€Sk
o(l)=j
Let s : Z — Z be a mapping defined by s(i) = ¢ — k. For each o € S
the mapping s tos : {k+1,...,2k} — {k+1,...,2k} will be denoted by
0. Writting xy4; instead of y;,2 = 1,2,...,k in the above identity, we can
express this relation as

ZE ac% acz—l—ZacJ x%

According to the theory of functional identities (see [7, Chapter 3.2]) there
exist mappings py;: L¥"2 = R, i=1,...,k—1and )\, : £L¥<~1 — C(L) such
that

Z Z F(mﬂ'(2)) Tr@3)y -+ Lr(k)r Lo(k+1)) Lo(k+2)r - -+ 7336'(21@))
TESK oE€Sk

w(1)=1

S

-1

Pri(Th_1)Ti + M (Th—1)
1

-
Il

for all Z,_; € £F¥~!. Recalling the definition of a mapping F leads to

Z Z Tr(2) ( —Tr(3) - Tr(k—1)Yo () - - Yo () T (Tr(r))

mESE o€Sk
m(1)=1

+Zr(3) T Yo(1) - - - Yotk—1)T Yo (k)

—Zr@3) .- Ta(k—1)P (xw(k))>
k—1
+ Z( "r(2) - Tnlion):

meS, o€SE =2
7(1)=1
“T(Tr(i))Tr(ig1) - - T (k) Yor(1) - - ~ya(k—1))ya(k)
k—

- Y Y () gy iy

TES, 0€S,  i=2
w(1)=1

,_.

T(Tr(i))Yo(1) - - - Yo (k) Tr(it1) - - - xw(kq))ww(zﬁ)

=Y pkiE)m € O(L)
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for all Zp_; € £F~1. Applying the theory of functional identities it follows
that

Z Z —Tr3) - Tr (=) Yo (1) - - - Yo () T (T (i)
TESEy oc€SK
7(1)=1
7(2)=2
F+Zr3) - T Yo (1) - - Yoth—1) T Yo k)

—Tr(3)--- Iw(kq)@(xw(k))

k—2
=D pril@in)zi € C(0)
i=1
for all Z,_; € L1, Recalling the definition of a mapping ©(Tr(k)) leads to

Z Z Tr(3) ( —Tr(a) - Tr(h—1)Yo(1) - - - Yo ) T (Tr())
mES, oE€S)

w(1)=1

7(2)=2
+ Tray - T Yo (1) - - Yoh—1)T Yo (i)
+ Tr(a)y - Ta) Yo (1) - - - Yok—1)T Yo(k))

—Tr(a) - Tr(h—1)Yo (1) - - - Yo k=) Tr () T (Yo (k))

+ Tr) - Tak=1)Yo (1) - Yo k=) T [Tr(r), ya(k)])

k=1
DY (%(3) e Tr(k=1)Yo (1) - Yo(—1)°

TESE o€SE j=1
w(1)=1
7(2)=2

“T(Yo(j))Yo(j41) - - - ya(k))fﬂw(k)

k—1
+ Z Z Z (* F)Tr@) - Tre=1) [Tr(i) Yo (1) - - Yo (j—1)]"

wESE o€SE j=1
w(1)=1
7(2)=2
: T(ya(j))ya(jJrl) - Yo(k—1)

= ZTa(3) - Tak=1)Yo(1) - - Yo (i=1) T [Ta(k)s Yo (1) Yo (+1) - - - Yo (k—1)

— ZTa(3) - Tak=1)Yo(1) - - Yo (i-1) T (Yo () Tx (k) Yo (+1) - - -ya(k71)>ya(k)

k—2 4
=Y pril@_o)ri € C(L).
i=1
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Applying the theory of functional identities gives

Z Z — ) Tr(e—1)Yo(1) - - - Yo (i) T (T (1))
wESEy o€SK

7(1)=1
7(2)=2
w(3)=3
+ Zr(a) - Ta)Yo(1) - - - Yot—1)T Yo (k))
+ Zr(a) - Ta)Yo(1) - - - Yot—1) T Yo (k)
— Tr(4) -+ Tr(k=1)Yo(1) - - - Yok—1) (k) T Yo (k)

+ Tr) - Tae=1)Yo(1) - - Yo (k=) T [Tx (k) Yo (k)]
k-3 _
= i@ _y)r € C(L).
=1

After finite number of steps we arrive at
(8) 2T (x) = px + p(z)

for all # € £, where p € £ and p : £ — C(L). Putting 2* for x in the above
relation leads to

(9) 2T (%) = pa* + p(ah).

Combining the above relation and (2) we obtain

k
0 = pz* + p(a?) =Y (=1)" 2 (pr + plw))2t
i=1
and few calculations lead to
k
0= pu(a*) = p(@)ab =t = (1) 2" (pr + p(x))ab
i=2

Since p(z) € C(L) for all x € L, the above relation reduces to
k

(10) 0= p(*) - Z(—l)i_lxi_lpxk“_i.

After a complete linearization of the last relation we obtain

0= M(xw(l) T xw(k)) + Z Lr(1) (pIﬂ"(Q) s Tr(k) — Tr2)PTr(3) - - - Tr(k)

TESk
o= Tre) T (k—2)PTr(k—1) T (k) T Tr(2) " '!Ew(k—npiﬂw(k))-

The theory of functional identities implies

0= Z (pfﬂw(2)~-~!ﬂw(k—1))lﬂw(k)

TESE
w(1)=1
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+ Z Tr(2) ( —PTr3) - Trk) T = Tr(3) - T (k—2)PTr(k—1) T (k)
TESE
w(1)=1
+ Ta3) - -Iw(kq)pfﬂw(k))-
After a finite number of steps we obtain
(11) pr = xq+ Ax)

for all x € £, where ¢ € £ and X : £L — C(£). Right multiplication of the
relation (11) by y € L gives pxy = zqy + A(z)y. Putting zy for x in the
relation (11) leads to pry = zyq + A(zy). Comparing the last two relations
we obtain

0 = z[g,y] + Mx)y — Alzy),
which implies [¢,y] = 0 for all y € £. Note that (11) can now be rewritten

as (p — ¢)x = A(x). From the last relation we obtain p = ¢ and A(z) = 0.
Considering that p € C(£) in the relation (10) gives

0 = pa® + p(z).

Considering the above relation in (9) gives T'(z*) = 0 for all z € L. After a
complete linearization of the above relation and using the theory of functional
identities, we obtain p = 0. The relation (8) now implies that 27'(z) = p(x),
which means that T'(x) € C(L). Thereby the proof is complete. O

We are now in the position to prove Theorem 3.

PROOF OF THEOREM 3. The complete linearization of (2) gives (3).
Assume first that R is not a PI ring. According to Theorem 4 we have
T(R) € C. Now suppose that R is a PI ring. It is well-known that in this case
R has a nonzero center (see [21]). Let ¢ be a nonzero central element and let

us write k for 2n for brevity. Putting 1 =29 = ... = 2, = ¢ in (3) leads to
T(c") =0.

Pick any z € R and set x1 = cz?and zg =23 =... =2, =cin (3). Hence

we obtain

ET(F2?) = (k — 1)'T(c:c Ykt 4 (k — )(k DIT(c)a?cF1
— (k= DT (ca®) ! = (k = )Wa?T ()"t = (k= 2)(k = 1)!T(c)ac* !
+ (k= )T (ca?)F = +2(k — D22T ()t + (k — 3)(k — D)IT(c)x>F !

+ (k= DT (cx®) 1 + (k= 2)(k — 1)!2?T(c)cF 1 4 (k — DT (c)2®cF1
— (k= DT (ca®)* 1 — (k= 1)(k — 1)122T(c)c* L.
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The above relation reduces to

(12) 2k\T (cFa?) = k(k — 1)!cF 1 (T(c):c2 — :UQT(C)).
Putting 1 = 22 = cx and 23 = x4 = ... = 2 = ¢ in (3) gives, after some
calculations,

2kIT (cF2?) = k(k — 2)IcF ! (2T(c:£):c — 22T (cx)

+ (k—2)(T(c)z” — IQT(C))).
Comparing the last two relations leads to
(13) 2T (cx)x — 2T (cx) = T(c)x? — 22T (c).
Putting 1 = 2 and x5 = c¢*~!
relation we obtain
T(cM)z — 2T (cF) = T(c)wc*~t — 2T (c)cF .

Since T'(c*) = 0, it follows from the above relation that

in the complete linearization of the above

(14) T(c)x = zT(c).
Considering the above relation in (13) gives
(15) T(cx)x = 2T (cx).

Putting 21 = @, 13 = ¢z and 23 = 14 = ... = 2 = c in (3) and also
considering (14) and (15) gives
2k\T (Fa?) = k(k — 2)!cF2 (T(m)xc2 - xT(m)cQ>.

Since T'(ckz?) = 0 by relations (12) and (14), the above relation reduces to

(16) [T(x),z] =0
for all z € R. Considering the above relation in (2) leads to
(17) T(z*) =0

for all x € R. The relation (16) implies the existence of such A € R and
w: R — C that

(18) T(z) = Az + p(x)
for all x € R. By (17) we also have
0 = \a® 4 p(2")
for all € R. Therefore Az* € C, whence it follows that
(19) Ak ] = 0

for all z,y € R. Putting x1 = zo = ... = xx = c in the complete linearization
of the above relation gives [A,y] = 0 for all y € R, which implies that A €
Z(R). Now putting 1 = z and z2 = 3 = ... = 2} = c¢ in the complete
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linearization of the relation (19) leads to [Az,y] = 0. Left multiplication of
the last relation by z € R and considering A € Z(R) gives Az[z,y] = 0 for all
x,y,z € R. Since R is prime, it follows that A =0 or [z,y] = 0 for all z,y € R.
If A = 0 the relation (18) gives T'(z) = p(z) and therefore T'(x) € C for all
x € R. In case [z,y] = 0 it is obvious that [T'(z),y] = 0 for all z,y € R, which
means that T'(z) € Z(R). The proof of the theorem is therefore complete. 0O

We proceed with the following result.

THEOREM 5. Let n > 1 be some fixed integer and let R be a prime ring
with 2n < char(R) # 2. Suppose there exist additive mappings S, T : R — R
satisfying the relations
(20) S(2?") = S(x)x* ! + 2T (2)x* 2 + 228 (x)2*" 3 4 - + 22" 1T (2),

T(2*") = T(z)x* ' + 2S(2)2?" % + 22T (2)2®" > + -+ + 2271 5(2).
In this case S and T are of the form
25(x) = D(x) +((x),
2T (z) = D(x) = ¢(x)
for all x € R, where D : R — R is a deriwation and ¢ : R — C s an additive
mapping such that ((x**) =0 for all x € R.

PRrROOF. Combining relations (20) we obtain
D(z*™) = D(z)z® ' + &D(z)z®" "% + 22D (x)2*" 3 + - + 2" D(x),

where D stands for S +T. According to the above relation and Theorem 1,
D is a derivation. Subtracting relations (20) we obtain

(21) (@) = ((2)a™ ! = a((2)a™ 7% + 2?((2)2" 7P 4 - = 2?7 ((a),

where ¢ denotes S — T'. From (21) and Theorem 3 it follows that ¢ maps R
into C' and ¢(z*") = 0 for all x € R. We therefore have S + T = D and
S —T = (, whence it follows that 25(x) = D(x) + ((x), 2T (z) = D(z) — ((z)
for all x € R, which completes the proof of the theorem. O

Let us point out that in Theorem 3 we have not assumed that the ring
has an identity element. In case the ring has an identity element, the proof is
considerably simpler and one can prove the result below even in case R is an
arbitrary ring with some torsion restrictions.

THEOREM 6. Let n > 1 be some fized integer and let R be a 2n!-free
semiprime ring with the identity element. Suppose there exists an additive
mapping T : R — R satisfying
2n

(22) T(LBQn) _ Z(*l)iillﬂiilT(l‘)lenii
i=1

for all x € R. In this case T'(z) =0 for all x € R.
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PROOF. Let e be the identity element. Putting e for x in the relation
(22) gives

(23) T(e) = 0.

Let y be any element of Z(R). Linearization in the relation (22) leads to

2Zn (2;1)T(1,2n71yz) _ T(:L' + y)<2nz_1 (Qnil)l,iniyi>
i=0 i=0
2n—2
—(x+wT@H%D(§:(%[3ﬁ””‘@Q

=0

n—3
+ (2 + 22y + v T (z + 9) < Z ("13)x”32y1>
i=0

n—3

_ (Z (n1—3)xn31yz)T(x+y)(x2 + 2xy+y2)
i=0
2n—2

+( (%iaf”JﬂM)T@+yﬂw+w
2n—1

— ( (Qni—l)x2nlzyz>T(x + y)

Using (22) and rearranging the above relation in sense of collecting

together terms involving equal number of factors of y, we obtain

2n—1

Z fl(xvy) =0,
=1

where f;(z,y) stands for the expression of terms involving i factors of y.

Replacing « by z + 2y,  + 3y, ...,  + (2n — 1)y in turn in the relation
(22) and expressing the resulting system of 2n — 1 homogeneous equations of
variables f;(x,y), i =1,2,...,2n—1, we see that the coeflicient matrix of the

system is a van der Monde matrix
2 22 N 22n—1

2n—1 (2n—-1)2 ... (2n-—1)>!
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Since the determinant of this matrix is different from zero, it follows that
the system has only a trivial solution. In particular,

fan-1(z,€) = = (5,21) T (x)
+T(x)+ (375)T(e)x
—T(z)—2T(e) — (gz:g)T(e)m
+ T(x)+ 22T (e) + @Z:Z)T(e)x

~T(x) - (5:73)aT(e) - 2T(e)x
+T(z)+ (2'22)aT(e) + T(e)x
—T(x) = (5n-2)aT(e).

The relation (23) reduces the above relation to

2nT(z) =0

and since R is 2n!-torsion free, we obtain T'(z) = 0 for all x € R. The proof
of the theorem is therefore complete. O

Kosi-Ulbl and Vukman ([19]) have proved the following result.

THEOREM 7. Let n > 1 be some fized integer and let R be a n!-torsion
free semiprime ring with the identity element. Suppose there exists an additive
mapping D : R — R satisfying the relation

D(z") = inle(x)m"*i
i=1
for all x € R. In this case D is a derivation.

Applying Theorem 6 and Theorem 7 we obtain the result below.

THEOREM 8. Let n > 1 be some fized integer and let R be a 2n!-torsion
free semiprime ring with the identity element. Suppose there exist additive
mappings S, T : R — R satisfying the relations

S(x?) = S(x)z? ! + 2T (x)2* 2 + 228 (x)x® 3 + - + 22717 (2),
T(x*) = T(2)x* + 28(x)2®" 2 4+ 2T (x)2*" 3 4 - + 2*" 1 S(x)
for all x € R. In this case S and T are derivations and S =T.

Staché and Zalar ([22,23]) investigated bicircular projections on C*—alge-
bra £(H), where H is a complex Hilbert space. According to [22, Proposition
3.4] every bicircular projection P : L(H) — L(H) satisfies the functional
equation

(24) P(ABA) = P(A)BA — AP(B*)*A + ABP(A)
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for all pairs A,B € L(H), where B* stands for the adjoint operator of
B € L(H). Fosner and Iligevié ([11]) investigated the above functional
equation on 2-torsion free semiprime *-ring. They expressed the solution
of the equation (24) in terms of derivation and so-called double centralizers.
Bicircular projections and related functional equations have been extensively
investigated during the last few years (see [5,6,9-14,16-18,20,24]). M. Fosner
and Vukman ([13]) investigated the following system of functional equations
on prime *-rings with char(R) # 2.

P(2?) = P(z)2® + 2Q(z*)*z + 2> P(z),
Q(z°) = Q(2)2” + 2P(z")*z + 2°Q(x).

Recently, in [14] they considered the following much more general situation
P(2*") = P(2)2® + 2Q(z*)*2* ! + 22 P(x)2®" + - - - + 2*" P(x),
Q™) = Q)™ + wP() e+ 22Q)" + -+ 22 QL)

In this paper we prove the following theorem.

THEOREM 9. Letn > 1 be some fized integer and let R be a prime *-ring
with 2n < char(R) # 2. Suppose there exist additive mappings P,Q : R — R
satisfying the relations

(25) P(I’Qn) _ P(I’)l‘2n_1 + ZQ(x*)*ZQn_Q N I’Qn_lQ(l‘*)*,
(26) Q($2n) — Q(I)$2n_1 4 xP(x*)*acQ”_Q 4t $2n_1P(I*)*
for all x € R. In this case P and Q are of the form
4P(x) = D(x) + G(x) 4+ {(z) + 0(x),
4Q(z) = D(z) — G(z) + ((z) — O(x)
for all x € R, where D,G: R — R are derivations with properties D(z*)* =
D(z), G(z*)* = —G(x) and ¢,0 : R — C are additive mappings with
properties ((z*)* = —((z), 0(z*)* = 0(z), ((z*") = 0(z*") =0 for all x € R.
PROOF. The proof goes through in three steps.
FIRST STEP. Let us first assume that (Q = P. In this case, we have the
relation
(27) P($2n) _ P(x)IQn_l 4 xp(x*)*x2n—2 Lt $2n—1P(x*)*
for all z € R. It is our aim to prove that P is of the form
2P(x) = D(x) + ((#)

for all x € R, where D : R — R is a derivation and ¢ : R — C is an additive
mapping such that ¢(z?") = 0 for all z € R. Besides, D(z*)* = D(z) and
C(x*)* = —((z) for all z € R. Let us introduce mappings D,( : R — R by

(28) D(z) = P(x) + P(z")",
(29) ((x) = P(z) — P(z")"
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for all x € R. We therefore have D(z*)* = (P(z*) + P(x)*)* = P(x) +
P(z*)* = D(z). Hence,
D(z*)* = D(x)

for all x € R and similarly we obtain

((z")" = =((x)

for all z € R. From (27) one can easily obtain that

(30) D(2®") = inle(x)mQ”*i
and

2n ) . )
(31) (™) =Y (=1t ()

i=1
for all x € R. Now it follows from (30) and Theorem 1 that D is a derivation.

On the other hand, one can conclude from (31) and Theorem 3 that ¢ maps
R into C and

(@) =0

for all x € R. Combining (28) and (29) gives
2P(z) = D(z) + ((x)
for all x € R, which completes the proof of the first step.
SECOND STEP. Let us now assume that Q = —P, which according to (25)

and (26) gives
(32) Q($2n):Q($) 2n—1 $Q( *)* 2n— 2+ "—$2n_1Q($*)*
for all x € R. In this case, @ is of the form

2Q(x) = G(x) + 0(x)
for all x € R, where G : R — R is a derivation and 0 : R — C' is an additive
mapping such that §(z?") = 0 for all z € R. Besides, G(z*)* = —G(x) and
O(z*)* = 6(x) for all x € R. The proof of the second step goes through by
using the same arguments as in the first step and will therefore be omitted.
THIRD STEP. We are now in the position to prove the theorem in its full
generality. We have the relations

P(z*) = P(2)a® ! + 2Q(@*) 22 + - + 22" 1Q(z*)*,
Q) = Q(x)2? ! + zP(z*) a? 2 4 - 4 22 1P (z*)*

for all x € R. Adding (subtracting) the above relations gives, respectively,
F(a®") = F(z)2®" !+ aF (") 2™ 7% 4+ 27 R ()",
H(z*) = H(z)a? ! — oH(z*) 22 4 -+ —a2 L H ()"
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for all x € R, where F denotes P+ (@ and H stands for P— Q. Now according
to the results regarding (27) and (32) in first and second step, we obtain from
the above relations that

2P(x) + 2Q(x) = D(z) + ¢(=),
2P(z) —2Q(z) = G(z) + 6(=)

for all * € R, where D,G : R — R are derivations with properties
D(z*)* = D(z), G(z*)* = —G(z) and (,0 : R — C are additive mappings
with properties ((z*)* = —((x), 0(z*)* = 0(z), ((2®") = 0(z*) = 0 for all
z € R. The last two relations imply

4P(z) = D(z) + G(z) + ((x) + 0(x),
4Q(z) = D(z) — G(z) + ((z) — O(x)
for all x € R, which completes the proof of the theorem. O
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