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COMBINATORIAL CONVOLUTION SUMS DERIVED FROM
DIVISOR FUNCTIONS AND FAULHABER SUMS

BuMKkYU CHO, DAEYEOUL KiM AND HO PARK

Dongguk University-Seoul, National Institute for Mathematical Sciences,
South Korea

ABSTRACT. It is known that certain convolution sums using Liouville
identity can be expressed as a combination of divisor functions and
Bernoulli numbers. In this article we find seven combinatorial convolution
sums derived from divisor functions and Bernoulli numbers.

1. INTRODUCTION

The symbols N, Z, Q and C denote the set of natural numbers, the ring
of integers the field of rational numbers and the field of complex numbers,
respectively.

The Bernoulli polynomials By(x), which are usually defined by the
exponential generating function

te:ct e tk
et — 1 - ;Bk(z)ya

play an important role in different areas of mathematics including number
theory and the theory of finite differences. The Bernoulli polynomials satisfy
the following well-known identities :

N
% Brt1(N +1) — Bg1(0)
k k+1 k+1
= >1
; J k+1 ’ (k>1)
Jj=0
1 & k+1
=— (-1 BjN*1=J,
k+1]20( )< J ) J

The Bernoulli numbers By, are defined to be By, := By(0).
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Forn € N, k € Z>¢, and | € Q, we define some divisor functions:

:de, op(n) = Z AR
d|n

din
Hodd

Zd Gri(n —Uk(”)*lgk<g)v

d|n
2td

N):= ij, Hy.i(n) := Hy(n) — 1Hg(n/2).

It is clear that

ok0(n) = or(n), Gx1(n) =og(n) = or(n) —ok(n/2), G2 (n) =or(n)

and

k
> Hy(d) = %HZ(—U (kj1>B Grp1ja(n).

d|n j=0

The identity

for the basic convolution sum first appeared in a letter from Besge to
Liouville in 1862 (see [2]). For some of the history of the subject, and for
a selection of these articles, we mention [3,9,10], and especially [5,11]. The
study of convolution sums and their applications is classic and they play
an important role in number theory. In this paper we are trying to focus
on the combinatorial convolution sums. For positive integers k and n, the
combinatorial convolution sum

k-1

(1.1) Z (25 N 1) Z Gok—25-1,1(M)02541,1(n — M)

can be evaluated explicitly in terms of divisor functions and a sum of involving
Faulhaber sums. We are motivated by Ramanujan’s recursion formula for
sums of the product of two Eisenstein series [1, Entry 14, p. 332] and its
proof, and also the following propositions.
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PROPOSITION 1.1 ([11]). Let k,n be positive integers. Then

k-1

Z (25+1) Z 02k—25— 1 U2s+1(71—m)

M oot (n) + (ﬁ — n> o2k—1(n)

T4k 127 6
1 2k + 1
B
+2k+1jz:;( 2, ) 2j02k+1— 2J(n)

where B; is the j-th Bernoulli number.
PROPOSITION 1.2 ([4]). For any integers k > 1 and N > 3, we have

2k o [F7] n—1
Z(T) Z ZO-Qk_"'(m;iaN)Ur(n_m;i,N)
r=0 =1 m=1

= 0511 (1 N) — =nog,_y(n; N) Z — 2i)oox(n;4, N)
L+ (-1)N N 2n 2, 2n
— (%% WEQ V021 F;Q ;

where
(n;i, N) Z d" — )" Z d"

d|n
n=j(N) n=_j(N)
and
or(m;N)= > d"=0.(n) - or(n/N).
d|n
220(N)

The aim of this article is to study seven combinatorial convolution sums
of the analogous type (1.1). More precisely, we prove the following theorems

and corollaries.
THEOREM 1.3. Let k,n be positive integers, and let | be a rational number

Then

k—1 n—1
Sz: (25 i 1) Z O2k—25— 1z )025+1,z(n —m)
1. 1-1,
(1.2) = 502k+1,712+2l(n) ~ U2k,l(”)
n(2—1
_ ( )UQk ll ].*l ZHle

2
dn
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REMARK 1.4. In Theorem 1.3, [ = 0 and [ = 1 recover Proposition 1.1
and Proposition 2.2, respectively.

For k = 1, we have the following corollary.

COROLLARY 1.5. For anyn € N and |l € Q, we have

1-1. 3n(l—2)+1-1.

n—1
. . 1,
Zalyl(m)ol,l(n - m): 1037_52_,_25(71) + ng’l(n) + le’l(n).
m=1

REMARK 1.6. In the preceding corollary, I = 2 recovers [7, (11)].

COROLLARY 1.7. Let k,n be positive integers. Then

k—1 ok n—1
Z Z o2k—2s—1(m/2)02511(n —m)
s=0 (28 + 1) m=1
1 1 n 1 A
== 2) — =09k — —09k_1.— - Hop .
20'2k+1(n/ ) 102k, 1(n) 1021, 2(n) + 5 dz|: 2k,—1(d)
COROLLARY 1.8. Let k,n be positive integers. Then
k—1 n—1
2k .
> (55 1) X ks s (m)oness (0= m)
s=0 m=1
1, 1., 3n . 1 .
= 502k+1(”) - Z%k(n) - ZU%—L%(”) T3 ZH%(d)-
d|n

THEOREM 1.9. Let k,n be positive integers and let | be a rational number.
Then

k-1 Qk n—1
Z (23 n 1) Z Gok—2s—1,1(2m)Fas+1.1(2n — 2m)
s=0 m=1
11, . A
(1.3) — 1 Gokt1,20-1(2n) — Gak,1(2n) — 2n(1 = 1)Gok—1,1/2(2n)

—+ 22]6711(0';]%’_1(”) - na;k—l(n)) + (]‘ - l) Z ﬁQk’l(d)

d|2n
and
k—1 ok n
Z Z (3'2;9,25,171(2771 — 1)(325+171(2n —2m + 1)
s=0 <25 + 1) m=1
1. (-1 .
(1_4) = 50'21@4_17[(271) + 5 02k+1(n) + n(l — 2)0%_1,1(271)
-1, N
+ Oort1,21-1(2n) = 2n(l — 1)Gap—1,1/2(2n)

4
= 227 (03 41 (n) — 1oy (n)).
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REMARK 1.10. In (1.3), I = 0 and [ = 1 recover Proposition 2.1 and
Proposition 2.2, respectively. And in (1.4), [ = 0 recovers [8, Lemma 6.2].

If we insert £ = 1 in the preceding theorem, one has the following

corollary.

COROLLARY 1.11. Forn € N and | € Q we have

Z 1(2m)61,1(2n — 2m)
m=1
1
=3 G3,21-1(2n) +

L 614(2n) + (o3 (n) — nof ()

1. .
0’371(271) — Tl(]. — l)o’1,l/2(2n)

+

and

Z G1.(2m —1)61,(2n —2m + 1)
m=1

_ i&“@”) PRIGERY . n(12— 2)

-1

61,1(271)

+ G3.21-1(2n) = n(l = 1)61,1/2(2n) — (03 (n) — noj(n)).

THEOREM 1.12. Let k,n be positive integers. Then
k—1

2% ) = 2h—25—1
Z Z 2 Ook—2s—1(M/4)02511(n —m)
s=0

2s+1 o

_ imﬁ(n/z) - i(a%(n) 92kt (1 /9) — 9% gy (n]4))

2 0k () + 2o s (n/ 1)) + Lo ()

2% 1 2k 2k+1
( )Bj02k+1—j(n/2)
=0

]

2

1 2k +1 s
Pamrn s () )BE e

J

S

S
[}

1 <2k+1
+

22k +1) 4 J

1 2k+1

- gv—t By (n).

2(2k +1) Z (u, v, w) v ()
utv+w=2k+1

)B ot (n)

<.
| |

2k+1) _ (2k+1)!

where (u,v,w ulvlw! *
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REMARK 1.13. In the preceding theorem, k = 1 recovers [11, Theorem

15.2].

2. PROOFS OF THE THEOREMS AND COROLLARIES

To prove the theorems and corollaries, we need the following propositions.

PROPOSITION 2.1 ([8, Theorem 6.3]). Let k,n be positive integers. Then

k—1 ok n—1

z% <25 + 1> mz=:1 O2k—2s—1(2m) 02541 (2n — 2m)

s=

2k+3 1, k
=T 202k+1(2n) — 102k+1(2n) + (E — 2n>02k_1(2n)
1

k
2k +1
+ Z < >sz02k+12j (2n).

2k +1\ 2

PROPOSITION 2.2 ([6, Identity (10)]). Let k,n be positive integers. Then

Flogp it
Z <25 + 1> ng—2s—1(m)055+1(n — m)
0 m=1

s=

= £ Ohsa(n) — noy ().

PROPOSITION 2.3 ([11, p.172]). Letn be a positive integer. Let f : Z — C

be an even function. Then

> (f(2a—b) — f(2a+D))

(a,b,w,wii‘*
= SFO)o(n/2) — d(n/2) — d(n/9) + 3 dzlj (1+35)r@

d 2d
Y w@ Y (1)) - Y - X S 0.
dln/2 d|n/4 d|n 1213(12) din/4 1=1
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PrOOF OF THEOREM 1.3. Let k,n € N and [ € Q. Then the left hand
side is

k—1

; (25+1) Z Gok—2s—1,1(M)G2s1,1(n —m)
=5 (6250) & (st toman ()

s= m=1

(023+1(n —m) — loasi1 (n —2 m))

_ ( 2k ) z (24201 (m)sesr( — m)

o \2s+1
+ Poo—2s11 (%)U%’“ (n ; m))
(2.1) _ Z (25 N 1) Z (ng_2s—1(m)023+1 (” —2 m)

=1

m
+ O2k—25+1 (3)025+1(n - m))

k—1

- l; (232—]i€— 1> :Z: (02’“*25*1(7”) — O2k—2s—1 (%))

(U2s+1(” —m)— U2s+1(n _2 m))

k—1 n—1

2k
+(1-=1 Sz:;) (25 N 1) mzzjl (UQk—2s—1(m)023+1(n —m)
- 10%72571(%)0%“(71—2771)).

Now the first summation of the right side of (2.1) becomes

n—1

5 (,240) S (rcnstm) - s ()

(023+1(n —m) — 02541 (n —2 m))
k—1

n—1
2k . . "
-2 (23 + 1> > ka1 (Moo (5
s=0 m

=1
1

= 5(0’2"k+1(n) —noge_1(n))
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by Proposition 2.2. Consider the second summation of the right side of (2.1)
by the use of Proposition 1.1. It equals

k—1 n—1
SZ (25+1) Zgzk 25— 1 025+1(Tl*m)
72k+3 (n) + &771 (n)
= 4k+20'2k+1 6 02k—1
k
1 2k + 1
B
+2k+12( 2 ) 2502k+1-2; ()
(2.3) J=2
1 1
= §a2k+1(n) - §Uzk(n) —nogk-1(n)
2k
1 2k +1
B; _
+2k+1j_0< j > j2k41-5 ()
L oar(n) = 2aau(n) — noss(n) + S How(d)
= S0a1(n) = o2k (n) — nos-1(n) + Y Ha

Using Proposition 1.1, we observe that last summation of the right side of
(2.1) is

Al 2k iy m n—m
(3031) Z s (5o ("5

n] 1

k—1
n
;(23—1—1) Z O2k—2s— 1 025+1(2 m)
k—i— ( ) n
02k+1( ) 02k — 1( )
2
2k:—|—1 n
( >B2j02k+1 2;(2>
1 n 1 n n n
- 5%1(5) —50u(3) ~ 51 (3)
2k
1 2k +1 n
B ()
+2k+1§( j ) A

1 n 1 n n n d
— = B - som (o)~ o (2) + S H: (—)
202’““(2) 202’“(2) 9 72k 1(2>+d 23

(2.4)




CONVOLUTION SUM 359

Using (2.2), (2.3) and (2.4), we get

k—1 n—
3 (25+ 1) S G144 — )

s=0 m=1

- %(ngﬂ(”) — nogi_1(n))

(1*1)( ookt1(n )*%021@( ) — noag—1( ZH% )

3)—57(5) ~ 5o (5 )+ZH%( )

Z(l—l)( 0'2k+1(2 B 5
:%ozkﬂ(n)* il UQ’““(Z) 171(0% (n) = 10%(%))
+n(12—2) (o2-1() =t (3 ) ) = 1= 1) Y Fawa ()
dln

. 1(1—-1 n 1-1
:Egzkﬂ,l(n)* ( B )0'2k+1(§) 5 Uzkl( )
n(2 -1
- (2 )U% 1i( 1_ZZH2kl

O

Therefore the proof is completed.

PROOF OF COROLLARY 1.7. We take [ = —1 in Theorem 1.3. Then the

left hand side of Theorem 1.3 is
—1 n—1

= z:: <25 n 1> ;1(U2k—23—1(m)02s+1(n —m)

+ ng_zs_1(m/2)02s+1((n —m)/2)

+ 02k72571(m)025+1((n —m)/2).

Observing that replacing m and s by n — m and k — s respectively in £

(25 + 1) § (02k—25-1(m/2)02541(n — M)

k

Z(2+1>Z 21 () 2041 ((n = m)/2),

s=0

k—1

{ngh
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we find

1
£= 2 (25 + 1) U2k—2$—1(m)a2s+1(n —m)

O2k—25— 1(m/2)02s+1((n* m)/2)

n—1

— ( 2k
+2 ; (23 n 1) n12210'2k72571(m/2)025+1(n _ m)

Consider the right hand side of Theorem 1.3. It it follows that

1. . 3n . A
§U2k+1,71(n) + oop+1(n/2) — Gak,—1(n) — 7021971,71(71) + 2ZH2k,71(d)

By Proposition 1.1 and Theorem 1.3, we deduce that

2 Z (25 n 1) :z::ll Ook—2s—1(m/2)025+1(n — m)

1, . 3n
= §U2k+1,—1(n) + oak+1(n/2) — Gak,—1(n) — 70%—1,—1(71)
k—1 2%k n—1
+ 2ZH2k,,1(d) — Z (23 N 1> Z (02p—2s—1(m)02541(n —m)
d|n 5=0 m=1
+ 02k-2s-1(m/2) 0251 ((n —m)/2)
1, . 3n
= 502k+1,71(n) + 02k41(n/2) — G2k, -1(n) — 7021971,71(71)
. 1 1
+2 " a1 (d) = (502001 (1) = 5020(n) = w1 (n) + Y Haw(d)

o (3) - Jou 3) - o (3) + ()

1, n . .
= ook+1(n/2) — 5021@,71(”) — 5021@71,72(”) + ZH%,A(d)
dn

This completes the proof.

PROOF OF COROLLARY 1.8. Let k,n € N. Then
k—1

Z (28+1> Z O3p—25—1(M)02541(n — m)

k—1 n—1
<25+1) Zgzk 25— 11 )025+1(n7m)

s§=



CONVOLUTION SUM

361
k—1
2 <252f_ 1> Z Ook—2s—1(m)oasi1(n —m)
k— n—1
Z (25 " 1) mz:; Ook—2s—1(m/2)02541(n —m).
Appealing to Corollary 1.7, we obtain
k-1 ne
Z (25+ 1) Z Oop—os—1(M)o2sq1(n —m)
s=0 1 1 ) )
- §0§k+1(n) - 1051@(”) - 5031671( n) — 102k~ 1( dzln:Hgk
O

REMARK 2.4. Using Corollary 1.7, Corollary 1.8 and Proposition 2.2, we
deduce

k-1

Z<25+1> ZU% 25—1(M)03, 41 (n—m)

for n odd.
ProOOF OF THEOREM 1.9. Let k,n € N and [ € Q. The left hand side of
Theorem 1.9 is equal to
E=1 o n—1
; (25 N 1) mz::l Gok—2s—1,1(2m)as11,1(2n — 2m)

k—1 n—1

i: (25 I 1) Z (0ok—2s—1(2m)oasi1(2n — 2m)

s=0
+1? 0—2k72571(m)0—2s+1(n —m))
n—1

B Z (25 " 1) 3 (02261 (2m)T2ea(n — m)

m=1
+ 02k—2s—1(m)02s41(n —m))

k—1 n—1

=(1-1) z_g <252j7_ 1) Z (02k—25—1(2m) 02541 (20 — 2m)

m=1
—logk—2s—1(m)o2s41(n —m))
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n—1

+ZZ <2 N 1) Z(Uzk&sfl(?m) — 09p—25-1(m))

(U2s+1(2n - 2m) — 02541(n —m))

k—1 ok n—1
= (1 — Z) (0‘2 _28_1(27’71)0'23 1(271 — 2m)
; (25 + 1) D (on *

m=1
—logk—2s—1(m)o2st1(n —m))
k— n—1

Zo (28+ 1) Z Ook—26-1(2m)03, 41 (2n — 2m).

We can divide it into three parts:

k—1 2%k n—1

(2 5) <2 + 1> 02k725,1(2m)025+1(2n — 2m),
5=0 5 m=1
k—1 ok n—1

(2.6) Z <25 N 1> Z O2k—2s—1(M)o2s41(n — m),
s=0 m=1
k—1 ok n—1 . )

(2.7) 25+ 1 O3k—25-1(2M)03,11(2n — 2m).
s=0 m=1

By making use of Proposition 2.1, (2.5) can be written as

k—1 el
; (25 + 1) Zl O2k—2s—1(2m) o241 (2n — 2m)

2k +3 1, k
= s n 202k+1(2n) — 102k+1(2n) + (6 — 2n)0‘2k_1(2n)

k
1 % +1
- B _,2
+2k+1jz=;( 2 ) 2j02k+1-2;(2n)

1 1 1
= §agk+1(2n) - Zang(Zn) - 50%(271) — 2nog—1(2n) + C%: Har(d)
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Also, by Proposition 1.1, (2.6) equals

k—1 n—
Z ZU% 25— 1 025+1(n*m)
pord (25 + 1)

2k+3 k
:éﬂc——|—202k+1(n)+ gfn 0'2]@71(77/)

2% +1
( )B2j02k+1—2j (n)
L
27

1
= 502k+1( n) — 5o2k(n )—W2k—1(n)+§:H2k(d)
By Proposition 2.2, (2.7) is
k—1 n—1
2k * *
(25 1 Z O3k—2s—1(2M)03,11(2n — 2m)
s=0 m=1
k—1 n—1
= 9%k (23 N 1> Z O3k—2s—1(M)05s41(n —m)
a:O m=1
=227 (034 11 (n) — nog,_y (n)).
Therefore, we obtain
k—1 ok n—1
Z Z Oak—25-1,1(2m)G2s41,1(2n — 2m)
s=0 <25 + 1> m=1
1, 1
= (1= 1)( G021 (20) — {0341 (20) — Some(2m)
~ 2no3-1(2n) + Y Hai(d))
d|2n
1
— (1 z)( 01 (n) = 5021 (n) = nowe—i(n) + Y Ha(d) )
d|n

+ 227 (03441 (n) — noge_y ()
11 1-

=7 Gokt1,21—1(2n) —

+ 22k_1l(03k+1(n) _ nagkil(n)) + (1 — l)(z Hgk(d) — ZZH2k(d)).

d|2n d|n

L. X
0'2;6’1(271) — 2n(1 — Z)U2k—1,l/2(2n)

This proves (1.3) of Theorem 1.9.
Using (1.2) and (1.3), we get (1.4). Therefore, the proof is completed.
O
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PROOF OF THEOREM 1.12. Following the technique used in [11], we take
f(x) = 22! in Proposition 2.3. Then the left hand side of Proposition 2.3 is

3 ((2a — )% — (2a+ b)%)

(a,b,z,y)EN4
4dax+by=n

> Z(%)( 1" (20— (20)70°)

(a,b,z,y)eNt s=0
daz+by=n

B T (e

s=0 (a,b,z,y)eNd
4dax+by=n
k—1
_ 2k—2s—1 2541
3 () Ser v
m=14a|m bln—m
k—1 n—1
- 2k—25—1
= -2 Sz: (28 n 1) Zl 2 s ng_gs_l(m/4)0'25+1(n - m)

The right hand side of Proposition 2.3 is

1 2 1 2 1 1 2
5;(1+n/d)dk—§ >t +3 > (1 +n/d)(2d)*

d|n/2 d|n/4
d 2d
_szmc_ZZIQk.
dn ==t din/4x=1

z=d(2)
Set

S1= 5 SO0+ nfd)a — 5 S 4 2 ST (14 md)(2d)

d|n dln/2 dln/4

ZZ%

djn z= 4(2)

Sy Y
dlnjax=1

By the definition of divisor functions, we see that

S = — —oors1(n/2) + %(0219(”) + 2% a1 (n/4))
(2.8)

oSN =

—+ (0'2].3,1(7?,) + 22’60'2]6,1(7?,/4)).
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Next, we consider

d /2 d+1
D I SLELED D) WS,
dn Z3e) ae o o o=l
d+1
_ Z 22% 2k+zzz2k 2%2 Z 22
din/2z=1 Z\*s z=1 Z\*s =1
2k
(2.9) = 213+1Z (%j 1)3 oorr1—;(n/2) + 2% oor(n/2)
s

1 2k +1 "
+2k+1z< >B‘72k+1 ;(n) +03;(n)

J
2k3+1 d—+ 1\2k+1-j
S () m (Y
dln j=0
2td
and
22k 2k+1 d+ 1\ 2k+1—j
e (M) ()
2)(d
2k
21—1 9k +1 ,
=S g () ma e
(2.10) e 77
2k 2k+1—j

sy gi;j:l <2k + 1> <2k +i1 - j) By

dln j=0 =0 J
2td

1 2k+1
= gv—1 B.o™
T (u,v,w) vory ()
utvtw=2k+1

Similarly, from (2.9) and (2.10), we obtain

92k 2K <2k+ 1
2k+1 = j

2k
1 2k + 1
(2.11) + 2k—+1§ :( ; )Bjagiﬂj(n) + 02 (n)
=0

1 2k + 1
gv—1 B,o¥(n).
2k +1 Z (u, v, w) i ()
utvt+w=2k+1

SQ = )B O2k+1— ](n/2)+2 O’Qk(n/2)
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Finally, the equation S5 is equivalent to

2d—1

S3 = Z Z z?* 4 Z (2d)%

din/4 z=1 din/4

(2.12) ok
1 2k +1 .
E ( . )Bj22k+1 302k+1_j(n/4) +22k02k(n/4).

2k+1j=0 7

Hence, by (2.8), (2.11) and (2.12), we obtain

— o1 (1/2) + 5 (021 (n) + 2% (n/4))
+ 5 (7201 (n) + 2% 0251 (n/1))

22k 2R ok 11
e 2 () By (/2) - w2
=0

2k

1 2k +1

2k—+12< i >Bj0§i+1_j(n)0§;(n)
j=0

1 2k+1
2’[}—1 B #
i 1 +v+§2k+1 (u, v, “’) v ()

2k
1 2k +1 i
P Z < X >Bj22k+1 JO’QkJrl,j (n/4) — 22k02k(n/4)

J
= *10'2k+1 (n/2) —+ %(O’Qk(n) — 22k+102k(n/2) - 22’“0%(71/4))
(02k—1(n) + 2% oo_1(n/4)) — 03, (n)

92k 2k ok 11
( i )Bj02k+1—j(n/2)

1 2k +1 .
< J >Bj22k+1 Togk1-5(n/4)

k
1 2k +1
( j )BjU;ZHj (n)

2k + 1
gv—1 B,o¥(n).
+ 2k+1 Z (u,v,w) ou ()
utv+w=2k+1
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