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ON TRANSLATION INVARIANT MULTIRESOLUTION
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ABSTRACT. We give a characterization of the scaling functions and low
pass filters in a translation invariant multiresolution analysis on L2(R™).
Our conditions involve the notion of locally non-zero function. We write
our results in a general context where one considers a dilation given by
a fixed expansive linear map on R" preserving the integer lattice Z™.
Indeed, for any such a linear map we construct a scaling function where
the support of the Fourier transform is bounded and does not contain any
open neighborhood of the origin.

1. INTRODUCTION

Let A:R"™ — R™, n > 1, be an expansive linear map such that AZ™ C Z".
A linear map A is said to be expansive if all (complex) eigenvalues of A have
absolute value greater than 1. Here and further we use the same notation for
the linear map A and its corresponding matrix with respect to the canonical
base.

In this paper, we write a characterization of the orthonormal scaling
functions ¢ € L?(R™) such that |$| = xs, where g/i)\ means the Fourier
transform of ¢. Our starting point is the main result in [5]. Using the
notion of locally non-zero function, we achieve more understanding on the
behavior of (;As in a neighborhood of the origin. It is known the existence
of scaling functions in a multiresolution analysis defined in L?(R) and with
dyadic dilation such that the origin is not a continuity point for their Fourier
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transform. Sometimes, these are considered as pathological cases of scaling
functions. Here, our characterization let us construct a bounded measurable
set G C R™ such that G and R™ \ G do not contain any open neighborhood
of the origin and also the function # € L?*(R"™) defined by 6 = xc is an
orthonormal scaling function in a multiresolution analysis associated to the
dilation A. R

Moreover, if we have a scaling function ¢ € L?(R"™) such that |¢| =
Xs in a multiresolution analysis associated to the dilation A, we will see
that its associated low pass filter H is Z"-periodic and such that |H| = x&
for a measurable set £ C R"™. We characterize those low pass filters in a
multiresolution analysis associated to the dilation A. A first approach to
characterize those low pass filters in a multiresolution analysis with the dyadic
dilation and n = 1 was presented in the paper by E. Hernandez, X. Wang and
G. Weiss [15]. They assume that E contains a neighborhood of the origin.
Here we do not use any extra assumptions on the regularity at the origin of
XE-

A multiresolution analysis (MRA) is a general method introduced by
Mallat [21] and Meyer [22] for constructing wavelets. Afterwards, the concept
of MRA was considered on L2(R"™), n > 1, (see [11,20,28,30]) in a more general
context where instead of the dyadic dilation one considers the dilation given
by a fixed expansive linear map A preserving the integer lattice. Given such
a linear map A one defines an A-MRA as a sequence of closed subspaces V},
j € Z, of the Hilbert space L?(R") that satisfies the following conditions:

(i) for any j € Z, Vi C Viga;

(ii) for any j € Z, f(x) e V; & f(Ax) € Vj41;

(iii) UjezV; = LA(R");

(iv) There exists a function ¢ € Vp, that is called scaling function, such
that {¢(x — k) : k € Z"} is an orthonormal basis for V;.

One of the possible ways for constructing a multiresolution analysis is
to start with a scaling function ¢ € L?*(R"). Beginning from Mallat’s work
[21], several authors have studied properties of the scaling functions. Let us
suggest the paper by Soto-Bajo [27] where a survey on previous results of
characterizations of scaling functions appears.

A key tool to work with scaling functions is the Fourier transform. We
adopt the convention that the Fourier transform of a function f € L'(R") N
L?(R™) is defined by

fly)= | fx)e>™Vdx,
R™

where x - y means the inner product in R™ of x and y.
If ¢ is a scaling function of an A-MRA, then dzqu(A’lx) eV, CcWw
where d4 = |detA|. By the condition (iv) we express this function in terms
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of the orthonormal basis {¢p(x — k) : k € Z"} as
A" ¢(A7'x) = > axg(x — k),

kEZ"
where the convergence is in L?(R™) and Yy o5 lax|? < co. Taking the Fourier
transform we obtain

~

B(A*t) = H(t)p(t) a.e. on R,
where A* is the adjoint map of A and

H(t) _ Z ake—27rik~t
kezn
is a Z™-periodic function which is called low pass filter associated to the scaling
function ¢ in an A-MRA, or shortly low pass filter in an A-MRA. We will see
a discussion on previous results on low pass filters at the end of Section 3.
In this paper, we focus on the notion of translation invariant A-MRA. It
was introduced by W. R. Madych (]20]).

DEFINITION 1.1. Let{V;};cz be an A-MRA. If for any f € Vo andu € R”
we have f(x+u) € Vy, then {V;},cz is called a translation invariant A-MRA.

A classical example of a scaling function in a translation invariant multire-
solution analysis defined on L?(R) with the dyadic dilation is the well known
Shannon scaling function.

The following characterization of the scaling functions in a translation
invariant A-MRA was proved by W. R. Madych ([20]).

THEOREM A. Let ¢ € L*(R™). Then the function ¢ generates a
translation invariant A-MRA if and only if |$| = xs where xs s the
characteristic function of the measurable set S C R™ which has the following
properties:

(A) S C A*S (except a null measurable set);
(B) S{S +k} =0 for any element k in Z™ \ {0};
(©)
U {S+k} ~R"
kez™
(D)
Jlggo [A*IQ[ Jar-iq
for every cube Q of finite diameter in R™ where A* is the adjoint of
A.

Xs(t)dt =1

In addition, the condition (D) can be replaced by any one of the following
properties was observed in [20]:
* Ujez L?(A*18) is dense in L?(R");



380 A. SAN ANTOLIN
° UjEZ(A*jS) ~ R™,

The scaling functions ¢ such that (E = xg are sometime called Minimally
Supported Frequency (MSF) scaling functions. A characterization of the
measurable sets S C R for which a function ¢ € L2(R) such that |¢| = xg
is a scaling function in a classical multiresolution analysis was proved by M.
Papadakis ([23]) independently of W. R. Madych’s work. Afterwards, M.
Papadakis, H. Siki¢ and G. Weiss ([24]) observed that one condition obtained
in [23] is redundant. Moreover, they construct examples of such bounded
measurable sets S. In the paper by M. Bownik, Z. Rzeszotnik and D. Speegle
([3]), other necessary and sufficient conditions on measurable sets S C R™ for
which a function ¢ € L?(R™) such that |$| = X is a scaling function of an
A-MRA have been proved. The same question for some subspaces of L?(R"™)
was addressed in a joint work with K. S. Kazarian ([17]). Furthermore, a
characterization of the functions ¢ € L*(R™) such that |$| is a characteristic
function and it generates a Parseval Frame A-MRA was proved by Bakié¢ and
Wilson ([1]). A set S C R™ as above was constructed by Q. Gu and D. Han
([12]) assuming d4 = 2, and afterward, by M. Bownik, Z. Rzeszotnik and D.
Speegle ([3]) without that additional hypothesis. An abstract relationship
between translation invariant MRA and Minimally Supported Frequency
wavelets is presented in L?(R) with dyadic dilation in the paper by Weber
(129)):

Let us introduce some notation and definitions before formulating the
results. T" = R"/Z™ and with some abuse of the notation we consider also
that T" is the unit cube [0,1)". If we write f € L*(T") we will understand
that f is defined on the whole space R" as a Z"-periodic function.

We will denote B, (y) = {x € R" : |x —y| < r} and will write B, if y is
the origin. For a set E C R™ we will denote E¢ = R™ \ E, the closure of the
set E by F and A(F) = {x € R" : x = At for t € E}. If x € R” then we will
write x + E = {x+y: for y € E}. Further, Exn = (E+Z")N[0,1)™.

We say that E C R" is a measurable set if it is Lebesgue measurable. Its
Lebesgue measure will be denoted by | E|,,. If we do not indicate the contrary,
the equalities and inclusions between measurable sets will be understood
except on a set of measure zero. Here and further, yg is the characteristic
function of a measurable set S C R".

We need the following definition.

DEFINITION 1.2. Let A : R™ — R"™ be an expansive linear map. A

measurable function f : R™ — C is said to be A-locally nonzero at a point
X9 € R™ if for any e,7 > 0 there exists j € N such that

(1.1) Hy € A77B, +x¢: f(y) =0}, < e|A™ B, .
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Given a measurable set £ C R”, if the function f = xg is A-locally
nonzero at a point xg € R” we will say that xg € R™ is a point of weak
A-density for the set E.

The paper is structured as follows. In Section 2 we will write necessary
and sufficient conditions on the scaling functions in a translation invariant
A-MRA (Theorem 1). Moreover, we will construct a scaling function ¢
in a translation invariant A-MRA with the property that the support of
q? is bounded and does not contain any open neighborhood of the origin
(Theorem 2). Section 3 will be devoted to characterization of low pass
filters associated to a scaling function in a translation invariant A-MRA
(Theorem 3). The proofs of Theorem 1, Theorem 2 and Theorem 3 are given
in Sections 4, 5 and 6, respectively.

2. SCALING FUNCTIONS

According to Theorem A, in order to study the scaling functions in a
translation invariant A-MRA one must study the scaling functions ¢ such
that |¢| = s where S C R" is a measurable set.

We prove the following.

THEOREM 2.1. Let A : R™ — R" be an expansive linear map such that
AZ™ C Z". Let ¢ € L2(R") such that |¢| = xs where S C R" is a measurable
set. Then ¢ is a scaling function of an A-MRA if and only if the following
conditions hold:

1) the origin is a point of weak A*-density for the set S,
2) |S|n =1 and S’]]‘n = [0, 1)”,
3) (A")~1scs.

Condition 1) in Theorem 2.1 explains the behavior of the Fourier
transform of a scaling function in a neighborhood of the origin. Evidently,
if a measurable set contains an open neighborhood of the origin, then the
condition 1) in Theorem 2.1 holds. It is well known that there exist measurable
sets S C R which do not contain any open neighborhood of the origin
and the function ¢ € L2(R) such that (E = Xs is a scaling function in a
translation invariant multiresolution analysis defined on L?(R) and with the
dyadic dilation.

The following example was given by W. R. Madych ([20]). The function
¢ € L2(R) such that ¢ = yg where

> 1
— —j=1yg—i=1 _g—j-1 -
s=(Ur-a-27"277 27 ) uo, 5]

j=1

o ( G[(l —(L=27 2 (-2 )
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is a scaling function of a multiresolution analysis.
We prove the following.

THEOREM 2.2. Let A : R™ — R"™ be an expansive linear map such that
AZ™ C Z". There exists a bounded measurable set S C R™ such that for
any open neighborhood of the origin U, there exists an open set included in
S¢NU. The function ¢ € L*(R™) defined by q@ = xs 1$ a scaling function in
an A-MRA.

3. LOW PASS FILTERS

In this section we characterize the measurable functions H € L?(T") to
be a low pass filter in a translation invariant A-MRA.

It is well known that for a scaling function in an A-MRA there exists an
unique low pass filter associated. So, in the proof of Theorem A (see [20]) it
is showed that if H is a low pass filter associated to a scaling function ¢ such
that || = xs, then |H| = yg, where E C R" is a measurable set.

On the other hand, observe that the inverse implication is also true due
to if H € L?(T™) such that |H| = xg is a low pass filter associated to a scaling
function ¢ in an A-MRA, then |$| = xs a.e. on R" where S = ﬂ;‘;l(A*)jE.
This is a consequence of the fact that if H € L?(T") is a low pass filter
associated to a scaling function ¢ in an A-MRA, then (see [25])

(3.1) 6(t)] = [Tl 70l ae R

Let us introduce more notation that we will need in this section.
For a given ¢ € L2(R"), set

(3.2) Bo6) = 3 [t + k)P
kezn

If A:R"™ — R" is an expansive linear map such that AZ"™ C Z", then
the quotient group Z"/AZ" is well defined. We will denote by Ay C Z" a
full collection of representatives of the cosets of Z"/AZ". Recall that there
are exactly da cosets (see [11] and [30, p. 109]). Let us fix Aa- = {p;}é45*
where pg = 0.

Given H € L>®(T") the continuous linear operator P : L'(T") — L'(T")
defined by

da—1

(3.3) Pf(t) = Z [H((A") 7 (6 +pa))PF((A") 7 (t + pa)

is well defined. This operator was first introduced by M. Bownik [2] as a
generalization of the analogous operator introduced by W. Lawton [18] for
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dyadic dilations. In the particular case when |H| = xg, where E C R™ is a
measurable set, such an operator will be denoted by P.

In order not to repeat conditions let us introduce the following class of
functions:

4 ={f e LYT") : f=xr where F C R" is a measurable set
and the origin is a point of weak A*-density for the set F'}.

If H € L*(T") such that |H| = xg is a low pass filter in an A-MRA
associated to a scaling function ¢ such that |¢| = xs, then E = E + Z" and
X(as)-15(t) = xm(t)xs(t) a.e. on R".

Further, according to the condition 1) in Theorem 2.1 the origin is a point of
weak A*-density for the set S, then the origin is a point of weak A*-density
for the set (A*)~1S. Moreover, by the condition 3) in Theorem 2.1, we have
(A*)7H((A*)71S) C (A*)~1S. Therefore, if we call G = (A*)~1S, we conclude
that there exists a measurable set G C E such that (A*)"'G C G and the

origin is a point of weak A*-density for the set G.
We prove the following result.

THEOREM 3.1. Let A : R" — R" be an expansive linear map such that
AZ" Cc Z". Let EC R", E = E + Z", be a measurable set and there exists
a measurable set G C E such that (A*)"1G C G and the origin is a point of
weak A*-density for the set G. The following conditions are equivalents.

(I) A function H € L*(T") such that |H(t)| = xg(t) a.e. on R™ is a low
pass filter in an A-MRA.
(1) (a) 1= Xt + (A7) 'p;) ae. onR".
(b) There exists a measurable set K C R™ such that |K|, =1 and
(A TKC E,Vj>1.
(III) The only function f € g invariant under the linear operator P
associated to E is the function f = 1.

Remark 1. The condition (b) can be replaced by any one of the following
conditions:
(b1) There exists a measurable set K C R™ such that Km» = [0,1)" and
(AT K C E,Vj>1.
(be) |4 (A"VE, = 1.
(bs) (MjZ1 (A7) E)pn = [0,1)".
The first step for the study of a function H € L°(T") which is a low
pass filter in an A-MRA is to assume conditions on the regularity of H at the
origin in order to have that the infinite product

(3-4) H | H((A) ) |
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converges almost everywhere on R". Assuming regularity at the origin on H,
previous results on low pass filters can be found in [2,6,7,9,11,16,18-20,24].
A first approach to characterize the low pass filters in a translation invariant
multiresolution analysis with the dyadic dilation and n = 1 was presented
in [15]. Furthermore, assuming that the infinite product (3.4) converges a.e.,
characterizations of low pass filters are proved in [10,13,24,25] (see also [26]
in a more general context of frame multiresolution analysis).

The condition (I17) in Theorem 3.1 follows the strategy by Lawton and
looks like the conditions in the main results in [25] and in [26]. Here, the
main differences are: first, that the set where we look for the fix point for
the operator P defined in (3.3) is not considered previously, in addition, we
present a new sufficient condition on H in order to have that the infinite
product (3.4) converges a.e.. Such a condition does not involve regularity
at the origin on H. Finally, the condition (I7) in Theorem 3.1 is of different
nature and recalls the conditions given by Cohen for trigonometric polynomial
low pass filters.

4. PROOF OF THEOREM 2.1

The proof of Theorem 2.1 that we present here is a consequence of the
following theorem proved in [5].

THEOREM B. Let ¢ € L*(R"™). The following conditions are equivalent:
(A) the function ¢ is a scaling function of an A-MRA;

(B) () the function ¢ is A*-locally nonzero at the origin;
(8)

Z lo(t + k)|> =1 a.e. on R™;
kezn

(v) there exists a function H € L*°(T™) such that
b(t) = HA 't)p(A*'t) a.e. on R

PROOF OF THEOREM 2.1. If a function ¢ € L?(R™) such that |($| = Xs
is a scaling function of an A-MRA then the condition (B) in Theorem B holds.
Thus, the conditions 1), 2) and 3) in Theorem 2.1 follow from the condition
(a), (B) and () respectively.

For a proof of the another implication, we assume that S C R" is a
measurable set such that the conditions 1)-3) hold. If we set any function
¢ € L2(R™) such that |¢| = yg then the conditions () and () in Theorem B
follow from 1) and 2) respectively. Let us check that the condition () holds.
Since )y czn Xs(t +k) =1 a.e. on R”, then 3F C R", |F|, = 0, such that
> kezn Xs(t+k) =1if t € R"\ F. Thus the function

Ho(t) = ¢(A"t)(4(t) ™" on S\ F
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and the function H defined on the entire space R™ as a Z"-periodic extension
of Hy and 0 otherwise are well defined.
It is clear that

o~

H(A*t) = H(t)p(t) ae. on S.

According to condition 3), it remains to prove that

~

0= H(t)p(t) a.e. on R™\ S.

This is a consequence of the condition 2) which means that Uz (S+k) = R”
and |[SN(S + k)|, =0 for k € Z™ \ {0}. Therefore the proof is finished. 0O

5. PROOF OF THEOREM 2.2

We here prove Theorem 2.2 in a constructive way. We first need the
following.

LEMMA 5.1. Let A : R™ — R"™ be a linear invertible map such that AZ™ C
Z" and let G,J C R™ be two sets such that Grn = Jpn. Then (AG)pn =
(AJ)rn.

PrOOF. By the symmetry in the notation we only prove (AG)r» C
(AT)n.

Let y € (AG)1n, then there exists ky, € Z" such that y +k, € AG. Thus,
A7ty + A7k, € G. Since Grn = Jrn, JK'y € Z" such that

Ay + Ak, + Ky €T

and so y + ky, + Ak’ € A(J).
Finally, by the hypothesis AZ™ C Z" we know that k, + Ak’y, € Z" and
hence we conclude that y € (AJ)pn. O

PRrROOF OF THEOREM 2.2. We construct a bounded measurable set S C
R™ which satisfies the conditions 1)-3) in Theorem 2.1 and also for any open
neighborhood of the origin, U, there exists an open set included in S° N U.
We make a construction in several steps.

Step 1. Since A* is expansive, 3R > 0 such that U;’;O(A*)_jBR C
[—5,3)" Let G := ;2 (A*) "7 B and observe that the set G can be written
by G =L, (A*) ™ Bg where jo € N is such that if j > jo then (A*)™/Bg C
Bpg. Further, the set G\ (A*)~!(G) is an open measurable set because the
set G is an open measurable set and A* is a continuous map. Moreover,
|G\ (A*)"1(G)|, > 0. We know that d, is a natural number greater than 1,
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then we have

Jo+1
(A @)ln = | | (A") 7 Brla < ZdA |BRln
j=1 j=1
1
= dA — 1|BR|n < |BR|n < |G|n

Now, let G; = (A*)7!G \ (4")7171G, 1 € {0,1,2,...}. Observe that the
measurable sets G are disjoint. Moreover, G\ {0} = J,2, G;. If x € G\ {0},
then x € (A*)"/Bg for some j € {0,1,2,...}. Let j; the biggest number
in {0,1,2,...} such that x € (A*)~71 Bg. This j; exists because A* is an
expansive linear map. Thus x € G, = (A*)7'G \ (A*)"'~1G.

Furthermore, dyg € R™ and 3Ir > 0 such that B, + yo C Gg because
G\ (A")71G C Gy and G\ (A*)71G is an open measurable set of positive
measure.

Step 2. Let

(5.1) So = |J (G5 \ (A") 7 (Ba-sr + ¥0))-
7=0

The bounded measurable set Sy satisfies the following properties:
) |SO|n > 0;

i4) S0l = (S0}

iii) (A*)71Sy C So;

1v) the origin is a point of weak A*-density for the set Sp;
v) the set Sy has a nonempty interior.

The properties i) and v) hold because (A4*)77(B, + yo) C G;. The
property i) follows from Sy C [75 5) The property #ii) is satisfied because

oo
(A") 7o ([ J(G\ (A") 7 (Ba-i, + y0)) C So.
j=1
Let us see that the property iv) holds. Given [ € N,

[(A)IGNS0) ] U2 Gi) NUGZ0(G5 \ (A*) 7 (Ba-sr +¥0)))CIn

[(A*)~Gl, [(A*)~1Gl,
_NUZA) T (Bair +50)ln
|(A*) 1G],
_ ||BGT||7L21n Z(QndA)*j’

where the second and third equalities are true because the sets G; are disjoint
and (A*) ™7 (By-s,+¥o) C Gj. Observe that 372 ((2"d) ™7 converges because
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da > 1. Thus, we have
*\—1 c
AT GN(S0)
l—00 |A71G|n
So, the origin is a point of weak A*-density for the set Sy follows.
Step 3. We construct a bounded meaiurable set S; € R™ from the set
So. We take the bounded measurable set F' = A*Sj \ Ukezn (So + k). Given
k € Z"™ we denote by Qx = [0,1)" + k and also let us fix Q : N — Z™ an one
by one and onto application such that if j; < jo then || Q(j1) ||<|| Q(3j2) |-
For every j € N we take the following measurable sets

Fj = (ﬁﬂQQ(j)) - Q(j) and Fj = (ﬁ] \ Ull?j]:—;l) + Q(])

=0.

Then F' = UjenF) is a bounded measurable set. It satisfies
(5.2) Frn = (A*So)n \ (So)1n
and
(5.3) [(F+ki)N(F+ks),=0 if ki,ko €Z", ki # ks.
Now, we take the bounded measurable set S; = F'U Sy. Observe that if
|A*SO \ (SO + Zn)|n = 0, then S; = Sp.
The set S; satisfies the following properties:
il) (Sl)’[n = (A*SO)T‘VL,
ii1) |S1|n = |(S1)1n
iiiy) (A*)71S; C Sy;
iv1) the origin is a point of weak A*-density for the set S;.

mny

By (5.2) and the condition #ii) in Step 2, we have
(5.4) (S1)1 = (F U So)rn = (F)rn U (So)1n

= ((A*So)1=~ \ (So)Tn) U (So)1n = (A*So)Tn.

Thus, the property 1) holds.

We see that the set S; satisfies the property ii1). By the definition of the
set S1,

|Slln = |FU SO|n = |F|n + |SO|na
where the last equality holds because F' and Sy are disjoint measurable sets.
By the condition (5.3) we have |F|, = |(F)r=|n, and also, we know that
|SO|n = |(SO)’]I‘n|n Thus
1S1ln = [(E)rnln + [(So)eln = [(F)rn U (So)1n |
= |(F U S0}t b = (S22

where the second equality is true because |(F)r» [)(So)1=
According to the condition #i¢) in Step 2, we have

(A*)*lSl C (A*)il[(A*So \ So) U Sp] C Sy C Sy,

n=0.
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that it is the property iii).

The set 57 satisfies the condition v ) because the origin is a point of weak
A*-density for the set Sy and Sy C 5.

Step 4. Iterating the procedure in Step 3, for every N € {1, 2, ...} we build
a bounded measurable set Sy C R™ which satisfies the following properties:

in) (Sn)rn = ((A*)V So)rn;
iin) |Snln = [(SN)1n |n
’LZ’LN) (A*)_ISN C SN;
ivy) the origin is a point of weak A*-density for the set Sy.

In order to see that the set Sy satisfies conditions iy), iiy), iiiy) and
vy ), we proceed by induction with respect to N.

We have just proved that the sets S; satisfies the conditions 1), ii1),
ti11) and iv1) in Step 3. Let N > 1 and we assume that Sy satisfies all the
conditions iy ), #iy), tiiy) and ivy).

Using the hypothesis of induction iiy), #iin) and ivy), the conditions
1iN+1), 19in+1) and dvy11) can be proved in a similar way as the proof done
in Step 3 where we have proved that the set S; satisfies the conditions iiy),
tii1) and dvy).

We show that Sy satisfies in41). From the hypothesis of induction
itiy) and in a similar way as (5.4) we get

(Snt1)Te = (A"SN) 10

According to the hypothesis of induction iy) and Lemma 5.1, we conclude
that

(Sn+1)mm = ((A")N+1S0) .

Step 5. Let B C Sy be an open ball. This open ball exists according
to the condition v) in Step 2. Then there exists Ny € {1,2,...} such that
((A*)NoB)n = [0,1)" because A* is an expansive linear map.

We denote by S the corresponding bounded measurable set Sy,. First of
all, we assert that the set S satisfies the conditions 1)-3) in Theorem 2.1. The
set S satisfies those conditions 1) and 3) according to the conditions ivy, ) and
iiin,) in Step 4 respectively. Furthermore, by the condition iy, ) in Step 4 we
have

Sto = ((A") Y0 Sp)pn > (AN B)pn = [0,1)",

and also, by the condition #iy,) in Step 4,
|S]n = |(Sng)m |n = 1.

Therefore, the set S satisfies the condition 2).

Finally, that given U C R™ an open neighborhood of the origin there exists
an open set included in S¢NU is a consequence of the facts that S ¢ A*NoS,
and the set Sy can be written by So = (U2, (G))\ (U;2¢(A*) 7/ (Ba-i,+¥0))
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because the sets G, j = 0,1,2, ..., are disjoint and (A*) ™7 (Ba-s, +yo) C G;.
This finishes the proof. O

6. PROOF OF THEOREM 3.1

In the proof of Theorem 3.1 we need the following properties and auxiliary
results on low pass filters and locally nonzero measurable functions.

Different versions of the following proposition appear in several publica-
tions (cf. [2,9,16,21,22]).

PROPOSITION A. Let H be a low pass filter associated to a scaling function
of an A-MRA. Then
da—1
(6.1) > H(E+ (A p) =1 a.e. on R™.
i=0

PROPOSITION B. Let H € L*°(T") be a function such that (6.1) holds.
If the infinite product H]Oil |H((A*)77t)| converges almost everywhere on R™
then

a) the function 6(t) := H]Oil |H((A*)77t)| belongs to L*(R"™) and ||
0 lL2em< 1,

b) ®p(t) <1 a.e. on R™,

c) Py is a fized point for the operator P,
where the function 0 is defined by 6(t) = [12, [H((A")77t)].

In the above proposition, the condition a) was proved by M. Bownik ([2],
see also [9,16]), the condition b) was proved in the proof of main result in [25]
and the condition c) was also proved in [2].

The following lemma was proved in [5]. Note that the equality (i7) does
not appear in the original result but it is a direct consequence of the proof of
the condition (4).

LEMMA A. Let g € L3(T"), let A : R"™ — R" be a linear invertible map

such that AZ™ C Z"™ and let A : T" — T" be the induced endomorphism.
Then

() [ g(AL)dE = [ g()dt.
. _ da—1 _ _
(11) ‘[[O,l]n g(t)dt = dAl f[071]n Ziio Q(A t+ A lqi)dt,
where {qi}f;“l_l C Z"™ is a full collection of representatives of Z" | AZ" .
In [25] the following remark was proved.

REMARK A. A Z"-periodic measurable function H is a low pass filter of
an A-MRA if and only if |H| is a low pass filter of some A-MRA.

The following proposition on locally nonzero functions was proved in [25].
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ProroSITION C. Let A: R" — R" be an expansive linear invertible map.
Let f : R" — C be a measurable function that is A-locally nonzero at the
origin. Then, there exists {ji}7>, C N, jrt1 > ji, such that for a.e. x in R"
there is ko € N such that if k > ko, then f(A77:x) # 0.

We present a condition in order to the infinity product H;il xe((A%)77t)
converges a.e.

LEMMA 6.1. Let A:R"™ — R" be an expansive linear map. Let E C R,
E = E+7", be a measurable set such that xg satisfies (6.1). Moreover, there
exists a measurable set G C E such that (A*)™1G C G and the origin is a point
of weak A*-density for the set G. Then the infinite product H(;il xe((A%)77t)
converges a.e. to the function xs where S = M52, (A*)/ E. In addition, |S|, <
1 and the origin is a point of weak A*-density for the set S.

PROOF. First of all, we prove that the infinite product [[;2, xz((A*)~7t)
converges a.e. on R". According to Proposition C there exists a strictly
increasing sequence {jx}72,; C N such that for almost every point t € R"
there exists kg € N such that (A*) 7%t € G. Since (A*)"'G C G C E,
it L > ji, then HJL:J% XE((A*)77t) = 1 a.e. Letting L — oo, we obtain
H;’;jko xe((A*)77t) = 1 a.e. Therefore, [[}2, xp((A*)77t) converges a.e.
on R". Furthermore, we show that []72, xe((A*)77t) converges a.e. to
xs. For almost every point t € S, we have [[[Z, xp((4*)77t) = 1.
If t € R"\ S, then there exists jo € N such that t ¢ (A*)°FE, thus
(A7) T2 xe((47)778) = 0.

That |S|, Sjljgollows from the condition a) in Proposition B.

Finally, since the set G C F satisfies that (A*)~'G C G, then G C S.
Moreover, since the origin is a point of weak A*-density for the set G, we
conclude that the origin is a point of weak A*-density for the set S. Therefore,
the proof is finished. O

PrOOF OF THEOREM 3.1. Let us begin with the proof of the implication
(I) = (III). That f =1 is invariant under P is an immediate consequence
of Proposition A.

Suppose that f € [14 is a fixed point of the operator P. We will show
that

/ Ft)dt > 1.
[071]71,

This condition together with f € I14 will show that f(t) =1 a.e. on R™.
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Using the equality Pf = f, we obtain

t)dt = P t)dt
/[O’Wf( ) /H ()(t)

da—1

/[01 S xs((A) 7 (6 + pa) (A7) (b + po))dt

=0
—di [ e®f©d=di [ xe©f©d,
[0,1]" (=53]
where the third equality follows from the condition (i) of Lemma A.
Putting A*t = v, we obtain

[, S0 = [ A 0 g g (A

MlH
MlH

i (A7) t)dt,

M\»—A

= [ () POA) My,
since Pf = f.

Iterating the above computations and using the condition A*Z"™ C Z",
we obtain

/ dt / XE 1* ]t (( 4*)7Nt)X[_%7%]n(( *)7Nt)dt.
[0,1]" N II A
Let

2(A)7NE),  for N e N.

[N

1
2

N
I f(t H V(AT N o)y

Since f € Il4, according to Proposition C there exists a strictly increasing
sequence of natural numbers {Iy}%¥_,; C N, such that for a.e. t in R™ there
exists No € N such that if N > No, then xj_y 1y ((A*)~ INg)f((A*)~Ivt) = 1.

In addition, according to Lemma 6.1 the 1nﬁn1te product H;il xe((A*)77t)
converges a.e. on R". Hence

(6.2) hm I ft H a.e. on R™.
By Fatou’s lemma and (6.2)

/ f(t)dt = lim Fle(t)dtz/ lim T, f(t)dt
[0 1]” — 00

N—oo Jpn n

_ /R [T s((an) eyt = 1.
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where the last equality holds according to the condition (I) and the equality
(3.1).

Let us prove (I11) = (II). The condition (a) in (IT) follows immediately

from the condition (I1I). To prove the condition (b) in (II), let K =
22 (A*)/E. Thus it remains to verify that |K|, = 1.

According to Lemma 6.1, |K|, < 1. Thus there exists § € L?(R") a
measurable function defined by = Xxx- The condition ¢) in Proposition B
tells us that the Z"-periodic measurable function ®4(t) = >, sn Xk (t + k)
is a fixed point for the operator P.

If we prove that ®p € II4, by the condition (IIT) we will have that
Dp(t) =1 a.e. on T™.

By the condition b) in Proposition B

Dy(t) = Z xx(t+k) <1 a.e. on R™.
kezZ™

Hence ®y € L'(T") and also ®p = xr a.e. on R™ where FF C R" is a
measurable set. In addition, according to Lemma 6.1 the function &y is A*-
locally nonzero at the origin and therefore ®y € I14.

Further,
(6.3)
|K]| :/ Xk (t)dt = / XK(t)dt:/ Xk (t + k)dt,
" R Z [0,1)"—k [0,1) kgzj"

kezZ™

and thus we conclude that | K|, =1 due to ®yp(t) =1 a.e. on R™.
We prove (IT) = (I). Let 6 be a function such that

f(t) = 122, xB((A") 77t) = xs

where S = N32,(A*)’E. Observe that the function # is a well defined
measurable function in L*(R"™) due to Lemma 6.1. If we prove that the set S
satisfies the conditions 1)-3) in Theorem 2.1, then the function 6 is a scaling
function in an A-MRA. So by the definition of 5, the function xg is the low
pass filter associated to the scaling function 6.

By Lemma 6.1, the set S satisfies the condition 1). Now, we check that
the set S satisfies the condition 2) in Theorem 2.1. By Lemma 6.1, then
|S]n < 1. Further, as the set K in the condition (b) in (IT) is included in S
and | K|, = 1, we have that |S|,, = 1. Moreover, with analogous computations
of (6.3) with S instead of the set K and having in mind that |S|,, = 1 and the
property b) in Proposition B, we obtain that Zkezn Xxs(t+k) =1 a.e. Hence,
Stn = [0,1)™. Obviously the set S satisfies the condition 3) in Theorem 2.1.

We have just prove that the function x g is the low pass filter associated
to the scaling function 6 in an A-MRA. Finally, according to Remark A we
finish the proof. O
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