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ABSTRACT. In this paper, we discuss the existence of integrable
solutions for a nonlinear integral equation related to some epidemic models.
The analysis uses the techniques of measures of noncompactness and relies
on an improved version of the Krasnosel’skii fixed point theorem.

1. INTRODUCTION

In 1981, Gripenberg ([15]) studied the qualitative behavior of solutions of
the equation

1.1) a(t) =k {p(t)Jr/Ot A(ts):c(s)ds} x [q(t)Jr/OtB(ts):c(s)ds].

This equation arises in the study of the spread of an infectious disease that
does not induce permanent immunity (see, for example [5,9,14,25]). In
[15], the author studied the existence of a unique bounded continuous and
nonnegative solution of (1.1) under appropriate assumptions on A and B.
He also obtained sufficient conditions for the convergence of the solution as
t — oo. Pachpatte ([23]) provided a new integral inequality and studied
the boundedness, the asymptotic behavior and the growth of the solutions of
(1.1). Abdeldaim ([1]) and Li et al. ([19]) generalized Pachpatte’s inequality
and some integral inequalities to study the boundedness and the asymptotic
behavior of the continuous solutions of (1.1). Olaru ([22]) generalized (1.1)
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and studied the existence and the uniqueness of the continuous solution of
the following integral equation

HAI , t € [a,bl.

Here A;(z)(t) = gi(t) + fa K;(t,s,z(s))ds,t € |a,b]; where K; is Lipschitz for
1 =1,m.
In this paper, we consider the following nonlinear integral equation

z(t) = u(t, 2(t))+ {p(t) + /Ot ka(t, S)f1(8793(8))d5]

(1.2) )
x [q<t>+ |kt s>f2<s,x<s>>ds],

for t € I =10,1].

This equation includes many important integral and functional equations
that arise in nonlinear analysis and its applications, in particular the integral
equation (1.1).

In our considerations, we look for solutions to (1.2) in the Banach space of
real functions being integrable on I. The main tool used in our considerations
is the conjunction of the techniques of measures of noncompactness with an
improved version of the Krasnosel’skii fixed point theorem. An example is
presented to show the importance and the applicability of our results.

2. AUXILIARY FACTS AND RESULTS

In this section, we provide some notations, definitions and auxiliary facts
which will be needed for stating our results. Denote by L!(I) the set of all
Lebesgue integrable functions on I = [0, 1], endowed with the standard norm

] = / e (8))dt.

For later use, we recall the following definitions.

DEFINITION 2.1 ([16]). Let M be a subset of a Banach space X. A
continuous map A : M — X is said to be (ws)—compact if for any weakly
convergent sequence (Tn)nen i M the sequence (Axy)nen has a strongly
convergent subsequence in X.

Notice that the concept of ws-compact mappings arises naturally in the
study of integral and partial differential equations (see [2,10,12,13,17,18]).

DEFINITION 2.2 ([20]). Let (X,d) be a metric space. We say that B :
X — X is a separate contraction if there exist two functions p,v : Ry —
R, satisfying

(1) ¥(0) =0, ¥ is strictly increasing,
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(2) d(Bz, By) < p(d(z,y)),
(3) ¥(r)+ o(r) <r forr >0.

Consider a function f : I x R — R (I is a bounded or unbounded
interval). We say that f satisfies the Carathéodory conditions if it is
measurable in ¢ for any z € R and continuous in x for almost all ¢ € 1.
Then to every measurable function z(t) on I we may assign the function
(Fz)(t) = f(t,z(t)),t € I. The operator F defined in such a way is called the
superposition operator generated by the function f.

We recall the following result due to Appell and Zabrejko ([4]).

THEOREM 2.3. The superposition operator F generated by the function
f(t,z) maps continuously the space L*(I) into itself (I is an interval) if and
only if | f(t,x)] < a(t) +blz| for allt € I and x € R, where a(t) is a function
from LY(I) and b is a nonnegative constant.

In the sequel we will utilize the following theorem of Scorza Dragoni ([24]).

THEOREM 2.4. Let I be a bounded interval and let f : I X R — R be a
function satisfying Carathéodory conditions. Then, for each € > 0 there exists
a closed subset D, of the interval I such that meas(I\ D.) < € and f|p, xR is
continuous.

Recall also the following well known result in L' spaces.

THEOREM 2.5 ([7, Theorem IV.9, page 58]). Let Q be a measurable set of
R™ and (f,) a sequence in L'(Q). Suppose that f, — f in L*(Q). Then,
there exist a subsequence (fn,) of (fn) and h € LY(Q) such that
(1) fn, — f a.e. in Q,
(i) |fn,(@)] < |h(x)] for all k > 1 and a.e in Q.

3. MEASURE OF WEAK NONCOMPACTNESS

In this section, we assume that X is a Banach space. Let B(X) denote
the family of all nonempty bounded subsets of X and W(X) the subset of
B(X) consisting of all relatively weakly compact subsets of X. Finally, let B,
denote the closed ball centered at 0 with radius r.

Recall the following definition of the concept of the axiomatic measure of weak
noncompactness.

DEFINITION 3.1 ([6]). A function p : B(X) — Ry is said to be a measure
of weak noncompactness if it satisfies the following conditions:
1. the family ker(u) = {M € B(X) : p(M) = 0} is nonempty and
ker(p) C W(X),
2. My C My = ,U/(Ml) < M(Mg),
w(co(M)) = u(M), where co(M) is the convex hull of M,
4 p(AM; + (1 - \)Ms) < Au(Mi) + (1~ Nu(Ms) for A € [0,1],

@
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5. if (My)n>1 1s a sequence of nonempty, weakly closed subsets of X with
M bounded and My 2 My D +-+ 2 M, D --- such that lim p(M,) =
n—oo

0, then Mo := (o, M, is nonempty.

The first important example of measure of weak noncompactness has been
defined by De Blasi (see [8]). In the space L'(I), there is a convenient and
workable formula for the function u which was given by Appel and De Pascale
[3] as follows: For a nonempty and bounded subset M of the space L(I)

(3.1) p(M) = lig(l){jgﬁ{sup[/jj |z(t)|dt : D C I,meas(D) < ¢€|}}.

We will use the following criterion for relatively weakly compact sets in L (T).

THEOREM 3.2 ([11]). A bounded set S is relatively weakly compact in
LY(I) if and only if for any e > 0 there exists 6 > 0 such that if meas(D) < §
then [, |x(t)| < € for all z € S.

4. MAIN RESULT

Equation (1.2) will be studied under the following assumptions.

(i) The functions p,q : I — R are such that p € L>°(I) and ¢ € L([).
Let ||p|| be the supremum norm of p on I and ||g|| be the norm of ¢ in
LY(I).

(ii) The function u : I x R — R satisfies the Carathéodory conditions
and is Lipschitzian with respect to the second variable with a Lipschitz
constant «, that is, |u(t,z) — u(t,y)| < alz —y| for all ¢t € I and all
x,y € R. Let B(t) = |u(t,0)| € L1(I).

(i) The functions f; : I x R — R (i = 1,2) satisfy Carathéodory
conditions and there exist constants b; and functions a; € L*(I) such
that |fi(¢,z)| < a;(t) + b;|z| for all t € I and all € R.

(iv) The function k; : I x I — R is measurable and the linear Volterra
operator

Kiz(t) = /Ot k1 (t,s)x(s)ds, t € I

maps continuously L!(I) into L>°(I). Let ||K1| be the norm of this
bounded linear operator.

(v) The function ks : I x I — R is measurable and the linear Volterra
operator

Kox(t) = /Ot ko(t, s)x(s)ds, t € I

maps continuously L'(I) into itself. Let ||Kz|| be the norm of this
bounded linear operator.
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(vi)
a+([lpll + [ K [llas DI E2[1b2 + (gl + [12][laz]) | K1]l6:
+2v/ [ K1 [ Kallonba 1811 + lpll + [ K1 [llas D (Nlall + 1 K2]llaz])] < 1.

REMARK 4.1. It is easy to check that, if the function k; is bounded on
the set A = {(t,s) € I x ;0 < s <t < 1}, then the linear operator K;
transforms the space L*(I) into L>°(I) and the norm || K| of this operator
is majorized by [|k1|[Le(a)-

The following result gives a sufficient condition that the operator Ks
transforms the space L'(I) into itself.

PROPOSITION 4.2. Assume that

1
ess sup / |ka(t, s)|dt < oo.
0<s<1Js

Then the operator Ko maps the space L*(I) into itself and the norm ||Ks|| of
this operator is magjorized by the number ess sup fsl |k2(t, s)|dt.
0<s<1

PROOF. Let k9 be a measurable function on I x I such that

1
esssup/ |ka(t, s)|dt < oc.

0<s<1

Then for all z € L*(I) we have

el = [ 1 / ho(t, 8)(s)ds
</ 1 / ot )lla(s)deds

1
< esssup/ |ko(t, s)|dt [|x]].
S

0<s<1

dt

This implies that Ky transforms L!(I) into itself and ||K»]| is majorized by
1
esssup/ |ka(t, s)|dt.
OSSSI S
o

The following fixed point theorem is crucial for our purposes. For a proof we
refer the reader to [21].

THEOREM 4.3. Let M be a nonempty bounded closed convexr subset of a
Banach space X. Suppose that A: M — X and B : M — X wverify:

(i) A is (ws)—compact,
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(i) there exists v € [0,1) such that u(AS + BS) < yu(S) for all S C M;
here p is an arbitrary measure of weak noncompactness on X,
(iil) B is a separation contraction,

(iv) AM+ BM C M.
Then there exists © € M such that Ax + Bx = x.

Now we are in a position to state our main result.

THEOREM 4.4. Under the assumptions above the nonlinear integral
equation (1.2) has at least one solution z € L*(I).

PROOF. Solving (1.2) is equivalent to finding a fixed point of the operator
A+ B, where Ax(t) = [p(t) + fg k1(t, s)fi(s,x(s))ds]
x [q(t) + fot ka(t, s) f2(s,x(s))ds] and Bx(t) = u(t,x(t)). We will show that
A and B satisfy the conditions of Theorem 4.3. The proof is split into four
steps.

STEP 1. We first show that there exists B,,, from L*(I) such that A(B,., )+
B(By;,) C By,. To see this, let x,y € B,. Then

M0+Akﬂt$hwﬁ@nﬁ

1 1
[+ Byl < [ futeu®)lde+ [
0 0
t

X dt

q@+AkN@h@Mw%

< 18I+ edlyll + (Ul + [ (laa|F + b fz(]))
X (llgll + 1K= [ (lazll + b2ll])))
< 18I+ (el + [ laa [DClglh + K2 laz])

o+ (lpll + 17 Hlas DK + (gl + I Kzlllaz ]l K 1o
B o b1 bar.

We define the function
Fe)y = 18I+ el + [ Kl ) Nl + 1 K2l laz]l) — &+ [ K|l Ka[brbar?, > 0

where { =1 —a — (||p|| + || K1 [[[lar [ [ K2[[b2 — (lg]| + [| K2 [|az]]) || K1 [[b1. Note
that

A = &2 — 4| Ky [[[| K loaba (181 + (llpll + (1K HllaslD (Nlall + 1] [laz]]))

is nonnegative from assumption (vi) and for ro = m we have the
desired result.

STEP 2. We illustrate that there exists v € [0, 1) such that u(AS+BS) <
~yu(S) for all subset S of B,,. To see this, take an arbitrary number € > 0
€.

and a nonempty subset D of I such that D is measurable and meas(D) <
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Then for any x,y € S we have

N

/DI(AZJrBy)(t)Idt < 1Bl (py + allyllLr (o)

+ (Ipll + Kl ([ax | + bl £1 1))

x (lgllzr(py + 1 K2llr 0y ([lazll LDy + ba2llzl[L1(D)))
18Il L1(py + allyllipy + (lpll + [[K1[[(la1]] + b17o))
x (llgllrpy + 1Kzl ([azllL1(py + ballz|lL1(Dy))-

IN

Now using (3.1) we get
W(AS + BS) < u(9),

where v = a+ [||p|l + || K1|[(la1|| + bi7o)]|| K2||b2. Notice that by assumption
(vi) we have v € [0, 1).
STEP 3. We prove that the operator H : B,, — L'(I) defined by

Ha(t) = q(t) + / at, 5) fa(s, 2(s))ds

is (ws)—compact. The continuity of H follows from assumptions (iii) and (v)
on the basis of Theorem 2.3. Now, let (y,) be a weakly convergent sequence
in B,,, then the set S = {y,,n € N} is relatively weakly compact. Take an
arbitrary number ¢ > 0. In view of Theorem 3.2 there exists §(e) > 0 such
that whenever J C I and meas(J) < d6(¢), we have

€ €

as(s)ds < ———— and/ n(s)|lds < ———— for alln € N.
/J 2(9)ds < T oy 2 ), s < T e

Now, in view of Theorem 2.4, we can find a closed subset D. C I such
that meas(I \ D.) < §(e) and the function ¢|p, is continuous and ko|p.x s
is uniformly continuous. Accordingly, for all n € N

€ €

4.1 / asds<—and/ Un(s)|ds < ——F7———.
WD J b, 29 < i rey ™ o, O < T )
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Now, take t1,t2 € D, such that t; < t3. Then, for an arbitrary n € N, we
have

Hon(t2) — Ha(t)] = | [ a1 a6
- [ttt o
<| [ haten oo
| [ hattn ) vl

t1

= | Rt ) ol un()ds|

IN

/ k(2. 8)l[a2(s) + balyn(s)]]ds

t1

+ / ka(ta, ) — K(ta, 8)l[as(s) + balyn (s)]]ds
0

IN

to
lkall oo / [az(s) + balyn (s)|]ds

t1

ol |t — ta)) / aa(s) + balyn(s)[1ds

ta
< ||k2||L°°(D5><I)/ as(s)ds

ty
to
ko (o b2 / [yn(s)ds
ty
+w(ke, [t1 — ta|)(|az]| + b2r0),

where w(kz,.) denotes the modulus of continuity of the function k2 on the set
D, x I. Now, in virtue of Theorem 3.2 we have the terms j;tlz |yn (s)|ds and

j;tlz |a1(s)|ds are arbitrarily small provided that the number ¢, — ¢; is small
enough. This means that (Hy,) is a sequence of equicontinuous functions on
D.. Moreover, for an arbitrary ¢t € D, and for n € N, we have

(Hy(1)] = \g(t) = [ (e (s, (o)

< Iq(?f)IJr/0 k2 (t, 5)[[az(s) + balyn(s)]))ds

< llglle=(p.) + k2|l L (D, x 1) ([|az]| + baro).
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This means that the sequence (Hys,,) is uniformly bounded in C'(D.). Hence
the Arzela-Ascoli theorem guarantees that {Hy,,n € N} is a relatively
compact subset of C(D.). This implies the existence of a convergent
subsequence (Hyp,) of (Hy,) in C(D¢). This subsequence is a Cauchy
sequence in C(D,.). Thus, for a given € > 0, there exists ko such that for
all m, k > ko we have

(4.2) [Hyn,, (t) = Hyn, (t)

€
P —
= 2meas(D,)

for any t € D..

Now, we prove that the subsequence (Hyy, ) is convergent in L!(I). Since
LY(I) is a complete metric space, it suffices to prove that the subsequence
(Hyn, ) is a Cauchy sequence. From (4.1) and (4.2), it follows that for all
m, k > kg we have

1
/ | Hoygn, (1) — Hyn, (1)]dt = / Hyn, (1) — Hyn, (8)|dt
0 D,

+ / Hyn, (1) — Hyn, (8)|dt
I\D,

IN
oD

+ / (o (far () — ol ) (0]
I\D

€

IN
™o

5 T I1Ka|

fa(t, yn,, (8) — f2(t, Y, (D)l 21 (1\D.)

< 5 + 1Kz |[2a2(s) + b2lyn,, ()] + balyn, ()l 11\ 0.

LY(I\D.)

A

c€ €
<3 + 5 =6
which implies that (Hy,,) is a Cauchy sequence in L'(I). Finally, the
operator H is (ws)—compact.
STEP 4. We show that A : B,, — L'(I) is (ws)—compact. To see this,
notice that Az = (Gx)(Hz), where G is defined by

Gz(t) = p(t) —l—/o k1(t, s)f1(s,x(s))ds.

The reasoning in Step & shows that H and (similarly) G are (ws)-compact.
Now, let (y,) be a weakly convergent sequence in B,,. Then, up to a
subsequence, we may assume that there exists a subsequence (y,,, ) such that
(Hyp, ) and (Gyy, ) converge strongly to h € L'(I) and g € L(I) respectively.
Thanks to Theorem 2.5, we deduce that there exists a subsequence (wy) of
(yn,) such that (Gwy) converges to g a.e in I. Keeping in mind that (Gwy)
is bounded by ||p|| + || K1]|(||a1]| + b170) we infer that

gel>) and  |lglL=u) < lpll + (1K ][([larll + brro).
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Now, we prove that A(wy) converges in L!(I) to gh. Notice for all k € N we
have

(4.3)
/|Awk(t)—gh(t)|dt§/ |Gy (1) | Huwy () — h(t)|dt
0 0
+ / ()]G (£) — g(t)]dt
<(lpll+ 1l (o + brr) [ [Hun(t) = )
0

+ / ()] |G (£) — () dr.

By Applying the Lebesgue dominated convergence theorem, we get

1
lim / Ih(0)||Guwe (t) — g(8)[dt = 0.
k—o00 0
Hence by (4.3), we deduce that
1
lim / |Awy (t) — gh(t)|dt = 0.
0

k—o0

Consequently, A is (ws)—compact.
Now, Theorem 4.3 guarantees the existence of a fixed point in B,, to
A+ B, where Bx = u(.,z) and hence an integrable solution to (1.2). O

5. EXAMPLE

Consider the following integral equation

(5.1)
0= ta (1 + [ s+ atnas) [ maaoa
=t"+= — in n
x 5L 1T Os s)(s” + x(s))ds v x=(s))ds,
where t € [0,1] and ) is a positive number. Set
1 1 .
u(t,r) = t* + gx,p(t) =157 ki (t,s) = sin(ts), f1(t,x) = t* +
and
1
q(t) = 0, ka(t,s) = mvh(t,fﬂ) = In(1 +a?).

Using the notations of Theorem 4.4, we can easily show that

1 1
ﬂ(t) = tQ,OL = ga ”Kl” <1, HKQH < X?al(t) = t27b1 = ]-aaQ(t) = 07b2 =1
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Therefore, the inequality (vi) takes the form

1 4 /1 4 2 4 65 + 51/105
—+ —F+ 2 =<1l -+ —=VA< A<= A > —.
5+3)\+ 3\ 3+\/§\/_ 5 24

Then, by Theorem 4.4 we conclude that the integral equation (5.1) has a
solution @ € L'(I) whenever \ > 85+3v105 o~ 4 8],
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