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On some Gronwall type inequalities with iterated
integrals
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Abstract. The main objective of the present paper is to establish
some new Gronwall type inequalities involving iterated integrals.
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1. Introduction

Let u : [o, a+ h] — R be a continuous real-valued function satisfying the inequality
t
0 <u(t) < / la + bu(s)]ds, forall tea,a+h,

where a,b are nonnegative constants. Then u(t) < ahe®® for t € [, + h]. This
result was proved by T. H. Gronwall [8] in the year 1919, and it is a prototype for
the study of several integral inequalities of Volterra type, and also for obtaining
explicit bounds of the unknown function. Among the several publications on this
subject, the paper of Bellman [3] is very well known. It is clear that Bellman’s
result contains that of Gronwall. This is the reason why inequalities of this type
were called “Gronwall-Bellman inequalities” or “Inequalities of Gronwall type”.
The Gronwall type integral inequalities provide a necessary tool for the study of
the theory of differential equations, integral equations and inequalities of various
types (see Gronwall [8] and Guiliano [9]). Some applications of this result to the
study of stability of the solution of linear and nonlinear differential equations may
be found in Bellman [3]. Some applications to existence and uniqueness theory
of differential equations may be found in Nemyckii-Stepanov [13], Bihari [4], and
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Langenhop [10]. During the past few years several authors (see references below
and some of the references cited therein) have established several Gronwall type
integral inequalities in two or more independent real variables. Of course, such
results have application in the theory of partial differential equations and Volterra
integral equations.

Bainov and Simeonov [1, p. 101] proved the following interesting integral in-
equality involving iterated integrals:

Let u(t),a(t), and b(t) be nonnegative continuous functions in J = |a, 0], and
suppose that

t

u(t) < a(t) + b(t) |:/ k1 (t,tl)u(tl) dt1 + - --

+/(:</:1 (/:nlkn(t,tl,... ,tn)u(tn)dtn> ...)dt1:| (1.1)

for allt € J, where k;(t,t1,... ,t;) are nonnegative continuous functions in Ji41,1 =
1,2,...,n, which are nondecreasing in t € J for all fized (t1,...,t;) € Jii =
1,2,...,n. Then, for allt € J

u(t) < aft) + b(t) /a " Rlal(t,s) exp ( / " Rm ) dT) ds,

where, for all (t,s) € Ja,

R[w](t, s)) = k1 (t, s)w(s) + / ) ka(t, s, ta)w(ts)dts

n s ta ti—1
+Z/ (/ (/ ki(tasat27"‘ 7tl)w(tl)dtz)>dt27
i—3Ja o o

for each continuous function w(t) in J.

In this paper we consider simple inequalities involving iterated integrals in in-
equality (1.1) for functions when the function u on the right-hand side of inequality
(1.1) is replaced by the function uP for some p, We also provide some integral
inequalities involving iterated integrals.

2. The main results

In this section we state and prove some new nonlinear integral inequalities involving
iterated integrals. Throughout the paper all functions which appear in inequalities
are assumed to be real-valued.

Before considering our first integral inequality, we need the following lemmas,
which appeared in [1, p. 2, p. 38].

Lemma 2.1. Let b(t) and f(t) be continuous functions for t > a, let v(t) be a
differentiable function for t > «, and suppose

V() < bt)v(t) + f(t), t>a
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and v(a) < wvg. Then, for all t > a,

W(t) < v exp (/; b(s) ds) + /at £(s) exp (/t b(r) dT) ds.

Lemma 2.2. Let v(t) be a positive differential function satisfying the inequality
V() < b(t)v(t) + k()P (), ted=[np],

where functions b and k are continuous in J, and p > 0, p # 1, is a constant. Then

v(t) < exp (/: b(s) d5> {Uq(a) + q/: k(s) exp <—q /: b(T) dr> ds] &

for all t € [, B1), where By is chosen so that the expression between [...] is positive
in the subinterval [a, B1).

In the next theorems we consider some simple inequalities involving iterated
integrals.

Let a < 3, and set

Ji={(ti,ta,... . t) ER :a<t; <--- <t <Pl i=1,---,n.

Theorem 2.1. Let u(t),a(t) and b(t) be nonnegative continuous functions in

J = [a, ] and let p > 1 be a constant. Suppose that % s nondecreasing in J and

U(t) < a(t) + b(t) |:/t k1 (t,tl)up(tl) dt;1 +---

+/: (/: (/:_1 o (£, 1, -+ ,tn)up(tn)dtn) -.->dt1] (2.1)

for any t € J, where k;(t,t1,...,t;) are nonnegative continuous functions in J;11
fori=1,2--- n, which are nondecreasing in t € J for all fized (t1,--- ,t;) € J;,
i=1,2,---,n. Then, for any t € [a, Bp)

u(t) < alt) [1 —(p—1) /at (%)le[bP](u 5) ds} o (2.2)
where, for any (t,s) € Ja,

tla(s)\P !
Bp =sup{t e J:(p— 1)/ (%) R[bP|(¢,s)ds < 1},

and

R[w](t,s) = k1(t, s)w(s) + /S ka(t, s, ta)w(t)dts

n

+§/:</;2~-~ </;_1ki(t,s,t2,-.. ati)w(ti)dti> ~-~>dt2,
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for each continuous function w(t) in J.
Proof. For a fixed T € (o, 3] and a <t < T we have

u(t) < a(t) + b(t)v(t), (2.3)

where

u(t) = /t ki (T, t)uP (t1) dtg + - - -

+/;(/;1-~-</:n_lkn(T,t1,--~ ,tn)up(tn)dtn>-.-)dt1.

Since %(T,tl,... ,t;))=0fori=1,... ,n and t € [o,T], we have

V(1) = RIP)(T. 1) < (RIP)(T, 1)) (% n v<t>) ,
that is,
(1) < QT )[a(T)/b(T) + (1)), (2.4)

where Q(T,t) = (R[b?|(T,t))[a(t)/b(t) + v(t)]P~t. Lemma 2.1 and (2.4) imply

u(t) + a(;g <

b( Zgi eXp(/;Q(Tw)dS) a<t<T.

Hence, for t =T,

o(t) + 28 o @exp</;Q(T,s) ds). (2.5)

From (2.5), we successively obtain

[v<t> " %] < [ﬁ] exp( / - 1DQTs) ds),

(
QT 1) < (RIP)(T, 1)) [ﬂ} ([ - 1QTs) is).

Z(T,) < (p— V(RWI(T 1)) [%} exp ( / - Do ds),

where Z(T',t) = (p — 1)Q(T, t). Consequently, we have

Z(T, s) exp (- /a Z(T, s) ds) < (p— 1)RIPP)(T, 5) {%rl

or
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Integrating this from « to ¢ yields

1—exp<— /;Z(T, 5 ds) <(p- 1)Lt<%>p_13[bp](T, s)ds,

from which we conclude that

exp(/atQ(T, 5 ds) < [1 . 1)[(%)]9_13[1)?](7’, 5 ds} "

This, together with (2.3) and (2.5), implies

u(t) < a(t) [1 Cp-1) /;(%)p_lmbp](ﬂ 5 ds} .

In particular, for T' = ¢ we find (2.2). This completes the proof. O
Theorem 2.2. Let u(t) and b(t) be nonnegative continuous functions in J =
[, 8], and suppose that

U(t) < b(t) [a(t) + /t k1 (t, tl)up(tl) dty + - -

+/at</;1 (/:H ken (.11, ... ,tn)up(tn)dtn) ...)dtl]

fort € J, where p >0, p# 1 be a constant, a(t) > 0 is a nondecreasing continuous
function in t € J, and ki(t,t1,...,t;) are nonnegative continuous functions in
Jit1, 1 = 1,2,...,n, which are nondecreasing in t € J for all fixed (t1,...,t;) €
Ji,i=1,2,... ,n. Then

uwsmwkw+g[wawwrm (26)

for anyt € [o, B1), where ¢ =1 —p and (31 is chosen so that the expression between
[...] is positive in the subinterval (o, B1).
Proof. For a fixed T € (o, 8] and o <t < T we have

u(t) < bt)v(t
= ( )[a(T / kil T tl)up(tl)dtl + -

< P ko (Tt ,tn)up(tn)dtn> ...)dtl}.

Since v(a) = a(T"), v(t) is nondecreasing and continuous in J and ak (Tt ... 1)
Ofori=1,...,nand ¢t € [, T], we have

v'(t) = R[uP)(T,t) < R[VPVP|(T\,t)
< (RIP)(t)vP (T, 1). (2.7)
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Lemma 2.2 and (2.7) imply

v(t) < [aq(T) + q/atR[bp](T, s) ds,]l/q
from which we obtain
oty <80 ) g [ mcr sy as]

for « < ¢ < T. In particular, for T =t we find (2.6). This completes the proof. O
Theorem 2.3. Let u(t), a(t) and b(t) be nonnegative continuous functions in
J = |a, B]. Suppose that

u(t) < a(t) + b(t) |:/ k1 (t7t1)up(t1) dt1 +---

+/:</(:1... (/:_1 b (b 1, . ,tn)up(tn)dtn) ...)dtl]

for all t € J, where 0 < p < 1 be a constant, Z((f)) > 1 is nondecreasing in J and

ki(t,t1,... ,t;) are nonnegative continuous functions in Jiy1,i=1,2,... n, which
are nondecreasing in t € J for all fixed (t1,... ,t;) € J;, i =1,2,... ,n. Then
t
u(t) < a(t) exp< / RIPP)(t, 7) dT) (2.8)

for allt € (o, B].
Proof. For a fixed T € (o, 3] and a <t < T, we have

u(t) < a(t) + b(t)w(t)

=a |:/ letluptl)dtl—f—

+/‘:</a (/(: (Tt ,tn)up(tn)dtn)..)dtl]

Since w(a) = 0, w(t) is nondecreasing and continuous in J and ‘% (T, t1,...,t;) =0
fori=1,...,n and t € [a, T], we have
w(6) = R YT ) < RV (50 + o)
< R[V|(T,¢) (% + w(t)). (2.9)

Lemma 2.1 and (2.9) imply

1 < /:R[bp](T, @(%) exp (/:R[bp](T, 7 dT) ds,



ON SOME GRONWALL TYPE INEQUALITIES 69

from which we obtain

u(t) < a(t) +b(t) /at R[bP)(T, s) <%> exp (/St RIBP|(T, T) dT) ds. (2.10)

Indeed, (2.10) implies that

u(t) < alt) [1 + /a "RII(T, 5) exp ( / " RE(T, ) dT) ds}
— a(t) exp ( /a " RW(T ) m)

for o« <t <T. In particular, for T' =t we find (2.8). This completes the proof. O
Theorem 2.4. Let u, f1,...,fn be nonnegative continuous functions in J =
[, 8], and suppose that

(t) < a+/ fl tq Up(tl)dtl—F

/fl (t1) ( fg(tg)--~(/:nlfn(tn)up(tn)dtn)-~->dt1 (2.11)

for allt € J, where a > 1 and 0 < p <1 are constants. Then

u(t) < aRy(t), teJ, (2.12)

t)zexp(/:fn(s)ds>, teJ,
—1+/ Fil)Riva( exp(/ filr dT)

forallte Jandi=n—1,-
Proof. We set

where

and

ui(t) = a+ LafuPl(t),  ujpa(t) = wj + Lja[u’](D)

forallte€ Jand j=1,--- ,n— 1, where

Lk[up / fk tr up(tk) dty + -

/fktk(/fkmm (/f dt) )m

forallt e Jand k=1,--- ,n. Now, (2.11) implies

u(t) < wuq(t). (2.13)
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Taking into account that

up(t) < upqa(t),
(Lp[uf])” = fe(uP(t) + L [w?]), k=1,--- ,n—1,

and
(Lnlu?])" = fa(t)uP (D).

We successively find

uy(t) = (Li[u?)(t)) = filuP (t) + La[u”]]

< filur(t) + La[uP]] = fius,
we(t) < (fi+- -+ foD)ur(t) + frue®), k=2,...,n—1, (2.14)
wl (1) < (fr+ -+ fu)un(t).

Since ug(a) = a, k =1,... ,n, (2.14) gives, by successive application of Lemma 2.1,
tk—1
uk(t)SaRk(t)exp< ij(s)ds>, k=nn—1,...,1.
For k =1 this and (2.13) imply (2.12). O

Remark 2.1. In the case when a > 0,p = 1, the inequality given in (2.11)
reduces to the inequality established earlier by Rab in [16] (see also [1, Theorem
11.6, p. 102)).

Corollary 2.1. Let u, f,g be nonnegative continuous functions in J = [a, ],
ug > 1 and suppose that

u(t) < o + / ) [up<s> + / o) dr} ds

for allt € J, where 0 < p <1 is a constant. Then

) < w1+ [ f(s)exp ([ o) +atmar) as

forallt e J.
Theorem 2.5. Let u, f;;i = 1,--- ,n be nonnegative continuous functions in
J = o, 0], and suppose that

u(t) < alt)+ [ fileeren) ds 4o

/ fi(t) ( ~(/atn_lfn(tn)up(tn)dtn)-~->dt1 (2.15)
>

for all t € J, where a(t)
constant. Then

1 is a continuous function in J and 0 < p <1 is a

/ fi(s)[a(s) + va(s)] ds, (2.16)
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where

un(t) = /at(fl(S) + o+ fu(s))als) exp (/:(fl (7) 4+ 4 fu(7)) dT) ds

and

/[(ij ))ale) + ulshunias ]exp(/:gfmm)ds

forallte Jandk=n—-1,...,2.
Proof. Let Ly [uP](t) be defined as in Theorem 2.4 and put

v1(t) = La[uP](t),  vks1(t) = vk + Lpga[u”](2)
forallt e Jand k=1,---,n — 1. Then (2.15) implies
u(t) < a(t) +vi(t) (2.17)
and we successively find

v (t) = (La[u’](#)) = filu”(t) + La[u]

< fila(t) +vi(t) + L2[u”]] = fila(t) + va(t)],
() < (fi 4+ fem)oe(@®) + (fr + - + fo)a+ froesa (1), (2.18)
k=2 n—1,

vy (1) < (fr+ -+ fa)oa(t) + (fr + -+ fu)a(t).

Since vi(a) = 0, k = 1,... ,n, solving the system (2.18) ‘backward’ and applying
Lemma 2.1, we arrive at

/ fi(s s) + va(s )] ds, (2.19)

where

0= L[S ) stomeco ol [ E )

forallte J,k=n—1,...,2, and

un(t) = /‘:(fl(s) + o4 fu(s))als) exp (/:(ﬁ(T) +o 4 fulT)) dT) ds.

The inequalities (2.17) and (2.19) imply (2.16). This completes the proof. O

Remark 2.2. In the case when a(t) > 0,p = 1, the inequality given in (2.15)
reduces to the inequality established earlier by Young in [18] (see also [1, Theorem
11.7, p. 105]).
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Corollary 2.2. Letu, f, g, h be nonnegative continuous functions in J = [«, [].
Suppose that

t

) < wot [ () +ntsas+ [ (s) ( [ st dr) s

for allt € J, where ug + f; h(s)ds > 1 is a continuous function in J and 0 <p <1
is a constant. Then

t

u(t) < ug —|—/ h(s)ds

[0

+/: f(s) [uo + /: h(T) dr] eXp(/:(f(T) + g(7) 7-) ds.

Proof. Indeed, the proof follows from Theorem 2.5 with fi = f, fo = g and
a(t) = ug + f; h(s) ds. a
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