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The equivalence between Krasnoselskij, Mann,
Ishikawa, Noor and multistep iterations

STEFAN M. Sorruz*

Abstract. We prove that Krasnoselskij, Mann, Ishikawa, Noor
and multistep iterations are equivalent when applied to quasi-contractive
operators.
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1. Introduction

Let X be a real Banach space, D a nonempty, convex subset of X, and T a selfmap
of D, let g = up € D. The Mann iteration, (see [5]), is defined by

Un+1 = (1 - O‘n)un + OZnTUn, (1)
where {ay} C (0,1). The Krasnoselskij iteration, (see [4]), is defined by
L (1 - /\)xn + Mz, (2)

where A € (0,1).

Definition 1. [7] The operator T : X — X satisfies condition Z (or is a quasi-
contraction) if and only if there exist real numbers a, b, ¢ satisfying 0 < a <1, 0 <
b,c < 1/2 such that for each pair x,y in X, at least one condition is true

o (2) [T =Ty|| <a [x—yl,
o (22) [Tz =Tyl <b (|lz =Tl + ly = Tyl),
o (z3) [Tex =Tyl <c (o =Tyl + lly = T=l).

It is known, see Rhoades [8], that (z1), (22) and (z3) are independent conditions.
Note that a map satisfying condition Z is independent, see Rhoades [7], of the class
of strongly pseudocontractive maps.
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In [9, ?] the following conjecture was given: ”if the Mann iteration converges,
then so does the Ishikawa iteration”. In a series of papers [9], [10], [11], [12],
[13], Professor B. E. Rhoades and the author, we have given a positive answer to
this Conjecture, showing the equivalence between Mann and Ishikawa iterations for
strongly and uniformly pseudocontractive maps.

In [2], the following open question was given: ”are Krasnoselskij iteration and
Mann iteration equivalent (in the sense of [9]) for enough large classes of map-
pings?” We shall give a positive answer to this question: if Krasnoselskij iteration
converges, then Mann (and the corresponding Ishikawa iteration) also converges
and conversely, dealing with maps satisfying condition Z. Note that Professor B.
E. Rhoades and the author have already given a positive answer in [15] for the class
of pseudocontractive maps.

Lemma 1 [[18]]. Let {a,} be a nonnegative sequence which satisfies the fol-
lowing inequality

ant1 < (1= Ap)ay, + op, (3)

where A, € (0,1), Yn > ng, > oo Ay = 00, and o, = 0(\,). Then lim,, . ay, = 0.

2. Main results

Let F'(T') denote the fixed point set with respect to D for the map 7. Suppose that
x* € F(T).

Theorem 1. Let X be a normed space, D a nonempty, convex, closed subset
of X and T : D — D an operator satisfying condition Z. If ug = x9 € D, then the
following are true: if the Mann iteration (1) converges to x*, then the Krasnoselskij
iteration (2) converges to x*. Conversely, if the Krasnoselskij iteration (2) converges
to x*, then the Mann iteration (1) converges to x*, provided that a,, > A > 0,Vn €
N.

Proof. Consider x,y € D. Since T satisfies condition Z, at least one of the
conditions from (z1),(z2) and (z3) is satisfied. If (z2) holds, then

[Tz =Tyl < b (o =Tzl + [ly — Tyl|)
< b(lle =Tl + (ly — 2l + [l = Ta|| + [Tz = Tyl])),

thus
(1 =0 | Tz — Tyl <bllx —yl| +2b ||z — Tz| .

From 0 < b < 1 one obtains,

2b
1-5

[Te =Ty < Iz —yll + o —Ta||.

b
1-0
If (z3) holds, then one gets,

[Tz =Tyl < ¢ (o =Tyl + lly — Tz[])

<
< c(llz =Tzl + [Tz — Tyl + [lo — yll + |z = Tz},



THE EQUIVALENCE ... 59

hence,
(1—=0o)||Tz —Ty|| < cllz -yl +2¢c||lz — Tz i.e.
c 2c
Tx — Tyl < — — Tzl .
1Tz = Tyl < 5= llo — ol + T Jlz — Tz
Denote
b c
d:=max<a,——,——,
1-b"1-—c
to obtain
0<d< 1.
Finally, we get
[Tz —Ty|| <6z —yll + 26 |z — Tz|| Yo,y € D. (4)

Formula (4) was obtained as in [1].
We will prove the implication (i) = (i7) . Use (1) (2) and (4) with

T = Up,

Y = Yn,
to obtain

”un—O—l - xn+1|| = ”xn—O—l - un+1H
= ||zn — un — ATy + Ay, — Ay, + @y, + AT, — XUy + AT Uy — i Tug ||
< (1= A) lun = 2|l + [an = A |un — Tug|| + X || Tun — Ty

< (1 =N [Jun — zp|| + | = M lun — Tup|| + A0 [[un — 2o || + 200 [[un — Tuy||
(1 =XA(1=0))||un — 2|l + (|an = Al + 2X9) [Jun, — Tun | -

Denote
ap, = |lun — 25|,
An = A (1 —=4) C(0,1),
on = (Jan — Al 4+ 2A9) |lun — Tup|| -
Since lim,, oo |Jun, — 2*|| = 0, T satisfies condition Z, and z* € F (T), from (4) one
has
0 < JJup — Tug||
< lun =¥ + |27 = Tun |
< (041) |up —z*|| = 0as n — oo.
Hence limy, o0 ||un, — T'uy|| = 0; that is o, = 0(Ay,). Lemma 1 leads to limy, oo ||un, — zp|| =
0. Use

0 < |lz" — znll < [Jun — 2" || + |20 — ua|
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to deduce
lim z, = z*.
n—oo

We will prove (i) = (i). That is, if Krasnoselskij iteration converges, then
Mann iteration does converge. Use (4) with

T = Xy,

to obtain

|41 — tna |

= ||zn — Un — Ty + Aty + anxy — ATy, + ATz — @ Tx + anTa, — apnTuy||
=|(1 = an) (Tn — up) + (@ — A) zp — (@, = A) 2n T2, + p (T, — T'uy) ||

< (A=) llzn —unll + o = Al lzn — Tan | + an [[Tan — Tun|

< (1= an) |zn = unll + lan = Al [#n = Tanll + and |2n — un || + 2006 [|2n — T2y ||
=(1—an(1=9))[|zn — unll + (Jan = A + 20,0) ||z, — Ty || -

Denote

ap, = ||Tn — unll,
)\n = an(l_a) C (Oal)a
on = (lan — A+ 2a9) ||xn — Tyl -

Since lim,, o ||z, — 2*|| = 0, T satisfies condition Z, and z* € F (T), from (4) one
has,

0 < ||zn — Ty
< lzn — 2™ + 2" = Tay||
<

(64 1) ||z —2™]] — 0as n — oo,

Hence lim,, .o ||@n, — Txp|| = 0, that is 0, = 0 (\,,) . Lemma 1 leads to lim, oo || 2n, — un|| =
0. Thus,
lz* — un| <||lzn — unll + ||zn —2*|| — 0 as n — oo.
O
The Ishikawa iteration is defined (see [3]) by
Tnt1 = (1 — an)xn + anTyn, (5)

Yn = (1 - ﬁn)xn + BnT'xy,

where {a,} C (0,1), {8} C[0,1).

The following result is from [17].

Theorem 2 [[17]]. Let X be a normed space, D a nonempty, convezx, closed
subset of X and T : D — D an operator satisfying condition Z. If ug = xg € D,
then the following are equivalent:

(i) the Mann iteration (1) converges to x*,
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(i) the Ishikawa iteration (5) converges to x*.

Theorems 1 and 2 lead to the following corollary.

Corollary 1. Let X be a normed space, D a nonempty, convex, closed subset
of X and T : D — D an operator satisfying condition Z. If ug = xg € D, av, > A >
0,Vn € N, then the following are equivalent:

(i) the Mann iteration (1) converges to x*,

(i) the Ishikawa iteration (5) converges to x*.

(111) the Krasnoselskij iteration (2) converges to x*.

3. Further results

For v; € D, Noor introduced in [6] the following three-step procedure,

tn = (1 - ’Yn)vn + T vn, (6)
(1 - ﬂn)UTH_'_ﬂnTtna
Unt1 = (1 — ap)vp + apTw,.

Wn,

The multi-step procedure of arbitrary fixed order p > 2, see [14], is defined by

yr = (1 - B2 Ya, + B° Ty, (7)
yh = (1= B)xn + BTy i=1,..,p— 2

Tp+1 = (1 - O/n)xn + anTy}u

where {a,} C (0,1), {8} C[0,1),1<i<p-—1.

We shall generalize the above Theorem 2, see also [17], by proving that (7) and
(1) are equivalent.

Theorem 3. Let X be a normed space, D a nonempty, convex, closed subset
of X and T : D — D an operator satisfying condition Z. If ug = xg € D, then the
following are equivalent:

(i) the Mann iteration (1) converges to x*,

(i) the iteration (7) converges to x*.

Proof. We shall use (4) :
[Tz =Tyl <6z -yl + 26 [l — Tzl|, Yo,y € D.

We will prove the implication (i) = (i¢). Suppose that lim,, ., u, = z*. Using
limy, oo ||Zn — un|| = 0, and 0 < ||2* — zp|| < ||un — 2*|| + ||Tn — un|| we get

lim =z, = z*.
n—oo

Using now (1) (7) and (4) with

T = Up,

U |
T yn?
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we have

|unt1 — Tyl < H(l —ap) (Un — ) + ap (Tun - TyrlL) H (8)
< (1= ap) ||un — za|| + an HTun - Ty,lLH
< (1= ap) |lun — xnl| + and Hun - y}LH +
+20,0 ||ty — Tup || -

Using (4) with z := up, y =y}, we have

||un_y’}7,|| < H(l_ﬂ’}],) (un—xn)+ﬁ}z (un_Txn)H 9)
< (1 - ﬂ’}],) [tn — zn| +ﬂ’}7, [tn, — Tn|
< (1 - ﬂ’}],) [tn — zn] +ﬂ’}7, [[wn — Tun || +
+ﬂ}7, [Tun — Tn ||
< (1 - ﬂrlt) Hun — Tp || + ﬂ}L Hun - TunH +
+ﬂ’}7,§ [n — 2l + 255711 l[un — Tun|
= (1 - ﬂrlL (1- 5)) [t — | +
485 lun — Tu || (1 + 26).

Relations (8) and (9) lead to

lun1 — Tpga| < (1— O‘n) Hun - an + (10)
+and (1= 84 (1= 06)) [|up — zn || +
00 BL0 [ty — T || (1 + 26) +
+and ”un - ynH
= (1—an(1=6(1=84(1-0)))) lun — znll +
+and [[un, — Tun || (By (14 26) +26) .

Denote by
an = |lun — @[,
A=y, (1=6(1=pL(1=96))) C(0,1),
On = and lun — Tuy | (8L (1 +26) + 26).
Since lim,, o0 ||un, — 2*|| = 0, T satisfies condition Z, and z* € F' (T), from (4) we
obtain
0 < JJup — Tug||
< lun — ™[ + [|l27 = Tua|
< (041) |up —z*|| = 0as n — oo.
Hence lim,, o0 ||, — Tup|| = 0; that is o, = 0(Ay,) . Lemma 1 leads to lim,, o ||ty — 24| =

0.
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We will prove now that if multistep iteration converges then Mann iteration
does. Using (4) with

T =y,
Y = Up,
we obtain
[Znt1 — tny | < ”(1 —ap) (Tn — Un) + ap (Ty}z - Tun) H (11)

< (1= an) lzn — tnll + on || Ty, — Tua|
< (1 —an) | — un| + and Hy}z - un” +
205 [y — Tyl

The following relation holds

||y71L_Un|| < H(l_ﬂi) (7n _un)+ﬁrlL (Txn—un)H (12)
< (1 - ﬂrlL) Hxn - un” +ﬂ’}L HTxn - unH
< (1 - ﬂrlL) Hxn - un” +ﬂ’}L HTxn - InH =+
+ﬂ’}L [E T
< ”In - un” +ﬂ’}7, HTIn - an .

Substituting (12) in (11), we obtain

[Zn41 — Uptr || £ (1= an) l2n — uall + (13)
+and (Hxn - unH + 671L | T2, — $n||) +
+2a,0 Hy}L — Ty}LH
< (1= (1 =0)an) 2n — unll + anfy8 | Ty — 24 +
+200,0 Hy}L — Ty}LH .

Denote by

Ay 1= Hﬂﬁn - un” s
Ao = oy (1—6) € (0,1),
o0 = B8 | Ty — xal + 2006 ||yt — Tyl |-

Since lim,, . ||z, — *|| = 0, T satisfies condition Z, and «* € F (T), from (4) we
obtain

0 < ||lzpn — Tay|
Sl =¥ + |27 = T |
< (041)||xy —z*|| = 0as n — oo.
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Note that 8, € [0,1),¥n >1,1<i<p—1, and use (4) to obtain

0 < [lyn = Ta|

< Jlvm a

< (641 ||yn —a*| <6 +1) [(1=8)) llen — 2™ + B || Ty — 2*][]

<(+1) [||9cn—x*H+5Hyi * ]

< (0+1) [lln =2 + [lyn — =]

< (0+41) [llan =2+ (1= 57) llzn — 2™ + B [| Ty — 7]

< (O0+1) [llon — 2l + llon — 2| + || Typ — 2]

<(6+1) [2||xn—x||+§|‘yn ]

<(©O+1) [2]n ulies

<©O+1) [(p=2)llzn — 27| + [Jyh ™" = 27|]

<O+1) [(p=2)llzn — 2"+ (1= B2 o — 2™ + 857 [ T2y — 27]]]

<O+ [(p=1) lon — 2| + I T2n — 2]

< (@0+1) [(p=1) lzn — 27| + 6 [lzn — 2]

=(+1) |len — 2| [(p—1)+ 0] — 0as n — oo,

Hence limy, .o |2 — T2p|| = 0 and lim, .o ||y — Typ|| = 0 that is 05, = 0 (An)-
Lemma 1 and (13) lead to lim, o |#n — un|| = 0. Thus, we get ||2* — u,|| <
[0 = wnll + [lzn — 27| — 0. .

Theorem 3 and Corollary 1 lead to the following result.

Corollary 2. Let X be a normed space, D a nonempty, convex, closed subset
of X and T : D — D an operator satisfying condition Z. If the initial point is the
same for all iterations, a, > A > 0,Vn € N, then the following are equivalent:

(i) the Mann iteration (1) converges to x*;

(1) the Ishikawa iteration (5) converges to x*;

(i) the iteration (7) converges to x*.

(i) the Noor iteration (6) converges to x*,

(iv) the Krasnoselskij iteration (2) converges to x*.
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