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The perturbation bound for the solution of the
Lyapunov equation”®

NINOSLAV TRUHART

Abstract. We present the first order error bound for the Lyapunov
equation AX + X A* = —GG*, where A is perturbed to A+ 0A. We use

m
the structure of the solution of the Lyapunov equation X = > WiW},

where Wy, s the k-th matriz obtained by the Low Rank Cholkeslzy Factor
ADI (LRCF-ADI) algorithm using the set of ADI parameters equal to
exact eigenvalues of A, that is with ADI parameters {p1,... ,pm} =
o(A). Our bound depends on the structure of the right-hand side G
of the Lyapunov equation, and sometimes it can be sharper than the
classical error bounds.
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1. Introduction

Throughout this paper we will consider the following continuous-time Lyapunov
equation
AX + XA* = -GG™, (1.1)

perturbed to
(A+AA)X + X(A+ AA)* = -GG™, (1.2)

where A and A + AA € C™ ™ are assumed to be stable and G € C™** with
rank(G) = s < n.
The main aim of this paper is to give answers to the following questions:
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How good one can bound | X — X||, where X and X are the solutions of the
Lyapunov equations (1.1) and (1.2), respectively? Can we derive a bound which
depends on the structure of the right-hand side G of the Lyapunov equation?

As the illustration and motivation one can consider the following simple example:

Example 1. How sensitive is the solution of the following Lyapunov equation

A f112}

o (1.3)

AX + XA* = —GG*, where A = [

under the perturbation of the matriz A, such that

A\ill %12

A=A+ AA=
0 A22

)

with O'(All) n O'(AQQ) = @ and U(gll) N U(AVQQ) = @9
One of the possible answers to the posed question asserts (see for example [1])

IX — X||

<2|A-A|-||H], (1.4)
X

where H is the solution of the following Lyapunov equation AH + HA* = —1 .
One can easily see that sometimes the bound (1.4) is too pessimistic. This is the
case, for instance, if the right-hand side in (1.8) has the following form

. 1 o
GG_[O 0},

where the blocks of the matriz GG* correspond with the blocks of A. Now it is
obvious that the solution X as well as its perturbation X depends only on the (1,1)-

block, that is N
o X110 "’_ X110
X = [ 0 O} ’ X = { 0 0|’

where X11 and Xll are the solutions of
Ann X+ X147, = -1, and EHXH + Xnﬁ){l =1, (1.5)

respectively.

The problem of the influence of the right-hand side on the solution of linear
equations has been considered in [2]. Recently in [10] it has been shown that
sometimes the structure of the right-hand side B of the Lyapunov equation AX +
X A* = B can greatly influence the eigenvalue decay rate of the solution.

Under the influence of this result we will show that the first order perturbation
bound for the solution of Lyapunov equation (1.1) perturbed as in (1.2) can depend
on the structure of the right-hand side.

Throughout the paper we assume that the unperturbed and the perturbed quan-
tities are of the same order, and || - || denotes the spectral matrix norm.

The rest of the paper is organized as follows. In the first part of Section 2. we
describe some properties of the Low Rank Cholesky Factor ADI (LRCF-ADI) for
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solving the Lyapunov equation. The first subsection of Section 2. contains the first
order perturbation bound which considers the influence of the perturbation of the
etgenvalues while in the second subsection we present the first order perturbation
bound which considers the influence of the perturbation of eigenvectors. The last
theorem in Section 2. contains our main result and it is a combination of the above
two perturbation bounds.

Finally, Section 3. contains an example which illustrates the usage of our main
result, that is which shows that sometimes our bound can be better than exist-
ing ones which depends on the structure of the right-hand side of the Lyapunov
equation.

2. The main result

As we have mentioned in the introduction, in this paper we will consider Lyapunov
equations (1.1) and (1.2), with additional assumption that A and the corresponding
perturbed matrix A + AA are diagonalizable, that is, we have

A=S8AS™YH SecC™™ A =diag{\,... ,\n}
A=SAS™Y Sec™™, A=dag{h, ..., Am}, (2.1)

where the eigenvalue decomposition of the matrix A and A+AA, respectively. Here
the eigenvalues are ordered in such a way that ¢ < j implies [A;| < [Aj], [Xi] < |Aj].
Before we continue, let us briefly review some auxiliary results which are the
basis for our calculations.
First, we will use the following decomposition of the solution X of the Lyapunov
equation (1.1) (for more details see [1] or [8]):

X => Wy, (2.2)
k=1

where Wy, is the k-th matrix obtained by the Low Rank Cholesky Factor ADI
(LRCF-ADI) algorithm using the set of ADI parameters equal to exact eigenvalues
of A, that is with ADI parameters {p1,... ,pm} = d(A).

The LRCF-ADI was proposed in [5] (see also [6]) and implemented in [7]. For
the purpose of completeness, we will present the basic code for the LRCF-ADI taken
from [7]:

Algorithm 1 (Low rank Cholesky factor ADI (LRCF-ADI))

INPUT: A, G, {p1,02,--- s Pin,ar }
OUTPUT: V =V, . € C™*simas guch that VV* ~ X.
1. Wy =+/—2Re(pm) (A—l—pﬂm)*lG
2. =W
FOR: i=2,3,...,imaz
3. W; = /Re(p;)/Re(pi-1) (Wi—l — (pi +pi_1)(A +piIm)_1Wi—1)
4. Vi =[Viei Wy
END
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Here p’ denotes the conjugation of p.
The second result which we are going to use is taken from [10]. It can be shown
that Wy, from the (2.2) can be written as

Wy = SDkS_1G7 (2.3)
where
Dy = +/—2Re(\;) - diag(o(k,1),0(k,2),... ,0(k,m)), (2.4)
and o(k, ) are defined as
1 R VDY
k1l)= ——, k. j) = tf i>1. (25
ok D)= o*d) /\k+>\1t1;[1/\k+)\t+1 o (2:5)

Indeed, from Algorithm 1 (for more details see the proof of [10, Theorem 2.1]),
it follows that

Wj = —2 Re(/\J) S - (I — (/\j + A;_l)(A + )\jIm)il)
X (I = (N1 + N o) (A + Aj1 L) ™)
X oo x (I = (A + M)A+ XoLiy) ™) - (A+ M 1y) 'ST'G,

which together with fact that in the above equality we have a (j—1)-diagonal matrix
of the form

i — N,
_ / -1\ _ 3; ? k—1
(I (/\k =+ )‘k—l)(A + )\kfm) ) dlag <7)\i W )z

i=1,...,m, k=2,...,7, gives (2.3).
Now, we can continue with our considerations. Let

f AT
k=1

be the solution of the Lyapunov equation,

AX + XA* = —GG*, where A=SAS™!,

~ ~ ~

obtained by LRCF-ADI algorithm with ADI parameters p = 0(A4) = {\1,..., A}
Similarly, let

K=Y Wi
k=1

be the solution of the Lyapunov equation

AX + XA* = ~GG*, where ~ A=SAS7!,
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obtained by LRCF-ADI algorithm with ADI parameters p = o(A4 ) = {)\1, e ,Xm}
Similarly as in (2.4) we can write:

Wi = SDiS™'G, Dy = \/—2Re(\) - diag(o(k,1),... ,0(k,m)),
Wy, = SDpS™'G, Dy =1\/—2Re(\) - diag(G(k,1),...,5(k,m)), (2.6)
Wi = SD,S™'G.
Thus we have
Wy =Wy, — Wi =S (f)k - Dk> s-1a. (2.7)
If we assume that ||Eg| < 1, then
Wi =Wy, — Wy, = S (Esﬁk - kaES) S71G + O(|| Es|f?) . (2.8)
where
S-S =1+Es. (2.9)

From the inequality

[X =X < X - X[+ X = X[, (2.10)
follows
X = X[ <2 Wil 16Well +2 > Wl [[5Wel| (2.11)
k=1 k=1

+Z( (ZARER(IAR)E

Note that from (2.11) it follows that we have to bound H(Sﬁ/\kﬂ which depends on
eigenvalue perturbation and ||§Wj|| which depends on perturbation of eigenvectors
of the matrix A.

2.1. Influence of the eigenvalue perturbation
In this section we will derive the bound for the H(Sﬁ/\kﬂ
The matrix Dy, from (2.6) has the following form
Dy, = \/—2Re(\) - diag(5(k,1),5(k, 2),... ,5(k,m)) (2.12)
where 7 (k, i) are defined by

j—1

1 R S PRV
(k1) = (k) = [ : (2.13)
/\k + )\1 /\k + /\1 i—1 )\k + /\t+1

forj>1.
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Since 6W\k = S(f)k — Dy)S71@ , it follows that we have to bound terms

(Di)ii — (Di)si = \/ —2Re(N;) - (k. i) — v/—2Re(N;) - o(k, i) (2.14)
Let eigenvalue _

be i-th eigenvalue of the matrix A + AA. If we assume that all eigenvalues of A
and A + AA are simple, then for 6\; from (2.15) we have the following bound (see
3] or [9]) *

on] < EAsk _ (2.16)

7Sk
where s and ty are right and left eigenvectors belonging to A\ normalized so that
[skll = lItell = 1 and [t7sk| = tisk.
Note that from the fact that
|Re(§)\k)| < |0 Ak]

it follows that for €5 small enough we can write

\/ —2 Re(xk) < v/—2Re(Ag) - < |Re€(§k)|) (2.17)

Further, from (2.13) and (2.5) it follows

OAE + 0\
5k, 1) — o(k, 1) - % .
LA
Similarly one can write
0N + 0N
1 1 B 1 Ak + A
Xk‘FXj - )‘k+/\j B _)‘k+)‘j . 14+ 5Ak+5}‘] '
A+ )\j
Note that in the both of the above equalities the term which determines a magnitude
of perturbation can be bound with

. Ok + 0N,
k,j) = !
n(k,j) Ay

€k T €; Ekj
T A+ T A+ A

for  j<k, (218)

where ei; = 2 max{ey, ¢;}.
Now, for n(k,t) small enough we can write

~ n(k,1)
< . — | = 1) (1 1
50k, 1) < ok 1) (1+1+n(k71)) ok, ) (14 (k. 1)
~ 1 iy B VR { n(k,t+1)
k)| < 1 1+—7——
ok Dl < =] ( +1+77k 1) 1;[ e+ Mr1 ( +1+n(k,t+1))

)\k —
A + /\t+1

~ Lk 1) ﬁ (1+n(k,t+1)) forj>1
|/\k+)\1 iy
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Now, the first order approximation of the right-hand sides of the above inequal-
ities gives

1 sl I W V)
k A 1+ (k,t)
| ( ])| |Ak+A1‘ tl_[ Ak+)\t+1 < Zn )
R I VY
— . . 1_|_ (k ,
|)\k+)\l‘ tl;[ )‘k+)\t+1 ( TIJ( ))

where 7; (k) = Z n(k; t).
Finally, usmg (2 15) we obtain

1 e I VR VA 5 VR 5
k t L (1 +mn:(k)) .
ok, )] ~ Ak + A1) 751_[1 A+ A1 A+ A (1 +n; (k)

Now, all above imply

1 =N =N A=\
lo(k, )| = 77— H ! ! !
t=

| Ak + A1 AR+ A A+ A A+ A i

which gives

)\k + A1 O — 0N

j—1
k =~ |o(k
0 (k,5)| = |o(k,7)| H Ao — Ay Ak A

=1

+ nj(k)‘ . (2.19)

If we write o(k,j) = o(k,j) + do(k,j) then as the first order approximation
bound for |do(k, j)| we have

j—1
. . Ak + A1 ‘(S)\k_(”\t )
ook, )| < lo(k,7)|- +n;(k
oot ) 5 It - 32 (| 525 ] 0
A+ A .
<ok} (mgx P2 0506+ G- )
b A — A
where
S I P S R,
—~ e+ Mgt = e+ a7

Here symbol < stands for upper bound on approximate value, that is if a ~ b and
b < c we write a < c.
The above gives
. . 9, (k) .
So(k, )| Slok, )| - | —2~2—=+( -1 k:) 2.20
o) £ loth ) (s + G = (b (2:20)
Ak — Al

where rg(Ae, A mlni
Bk, A) = Ak + Ay
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From (2.14), (2.17) it follows that we have the following first order bound

|(5k)ii — (Di)ii] < v/—2Re(Ag) <|§a(k,z’)| + %) . (2.21)

Now from (2.7), (2.14) and (2.21) one can write

[ lo(k, )|}~ ]
|50’(k’ 1)|+€1 |R ( 1)| g1
2\ -~
_ ok, 2)|+E2| olk.2)1) 5,
§Wi, ~ /—2Re(\) S [Re(A2)] (2.22)
k, ~
(ool + < fEEL) 5
where R
gi1 gi2 --- gis g1
~ _1 921 922 --- G2s 92
G=S'Gc|". . . . |=]. (2.23)
gm1 9m2 - -+ Gms /g\m

Now we can state our first result. B

Theorem 1. Let S be the eigenvector matriz and A be the eigenvalue matriz
of matrices A and A = A+ AA, respectively defined in (2.1). Let X be the solution
of the Lyapunov equation

AX + XA* = -GG*, A=SAS! (2.24)

obtained by Algorithm 1 with the set of ADI parameters which correspond to the
spectrum of the matriz A. Then the following first order bound holds:

1/2
a(i:k) [ s o
X-X[|< 2 Wil \/—2 ) :
[ IS IISIIZH | Re(X ( o(j, k) + ek Re() (Al ,
(2.25)
where
ok, )| < lo(k, )| - [ —2E (G —1 vk:),
ot )| £ loth - (s + = D4
—1
Ak = Al Ex + &t
rg( Ak, A mmi and  9;(
Bk Ae) = t A+ Al Z|)\k+/\t+1|

and where n;(k) = Z n(k,t) and n(k,t) is defined in (2.18), €, is defined in (2.16)

and gy, is defined in (2 23).
Proof. The proof follows from the considerations given above. O
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2.2. Influence of the eigenvectors’ perturbation

We continue with deriving the bound for ||§W]|.
From (2.7) it follows that

16Will < 151 (11 Es DaGl + | DxEsGl ) - (2.26)

Note that the right-hand side of the above expression obviously depends on the
structure of the matrix G = S71G. R
Without loss of generality, we will assume that G has the following structure,

e
o= [3]

and

Eq Erg = (D) 0
Eg = . Dy = - , 2.27

o [Em E22} b [ 0 (Di)a2 ( )
where E;; and (ﬁk)ii7 1,7 = 1,2, correspond with the structure of G.

From the equality o
SAS™I—SAST!=—AA

follows that
AEg — EsA ~ A — ST'AAS . (2.28)

If write T* = S~1, then Eg = T*S — I.

Note that from (2.7) it follows that we only need to bound F1; and FEsq, which
can be done according to (2.28). It is easy to see that for off diagonal entries of the
matrix Fq; the following bounds holds

[t AAS;|
‘Einlki—Ajl (Pn)ig where 7€ 8n (2.29)
]

[(En1)ij| <
for ¢ # j where A1; is a diagonal matrix with the same dimension as the block Gi.
For i = j we can assume that (Eg);; = 0, since assumption that ||Es|| has the
modest magnitude is equivalent to the assumption that sin Z(¢;,;) is small. This
further implies ¢3; ~ 1, that is £75; = 1 + O(sin Z(t;, 5;)%).
The bound for |(Ea1);;| is simpler to obtain, indeed we have

trAAS;
] (¥2);; where \; € A1, Aj € Ao (2.30)

En)ijl < —~—17 =
(Bl = S =

0.
The bound (2.30) is a point-wise bound for the entries of the matrix Ea;, which
means that we will be able to bound only ||Es1||r (where ||.||F stands for the Frobe-
nius norm).
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Note that
IDxEsGl| < |[(Di)11E11Ghl| + [|(Di)22 a1 G| - (2.31)

Now we can state our second result.
Theorem 2. Let X be the solution of the Lyapunov equation

AX + XA* = -GG*, A=GS5AS"! (2.32)

obtained by Algorithm 1 with the set of ADI parameters which correspond to the
spectrum of the matriz A + AA. Then the following first order bound holds:

I - 2208110 (10 BpuCalle + 12 (By)uGale
Jj=1

2SI IWl (1Bl 191Galle + 1Byl [22Gllr ) (2:33)

j=1

Proof. The bound (2.33) follows from (2.26), (2.29), (2.30), (2.31) and the fact
that

HEil(ﬁk)lléln < ||\I’i(5k)llélHF for i =1,2,
I(D)iEaGrll < (Dw)illlEnGillr < (Dr)iill[|: Gallp for i=1,2.

Now we will state our main result.
Theorem 3. Let X and X be the solutions of the Lyapunov equations

AX + XA* = —GG*  and (A+AAX +X(A+AA) = —GG*, (2.34)

respectively, where A and A+ AA € C™*"™ are assumed to be stable and diago-
nalizable, and G € C™** with rank(G) = s. Then the following first order bound
holds:

9 1/2
€ ~
X — XH<2||5||ZHW||\/—2Re ( o (j, k +Re(’;k)’ '9k||2>

L2ASIS T (102 BBl + [92(BuGills)  @35)

j=1

2SI I (1Dl 191Gl + (D)2l 192Gl )
j=1

where 00 (j, k) are defined by (2.19), G by (2.23) and G = [G; 0]*.

The quality of the above bound depends on the numbers ¢, defined in (2.16)
and U;, i = 1,2 defined in (2.29) and (2.30) whose magnitude strongly depends
on the structure of the matrix A and its perturbation AA. The bound (2.35) also
depends on the structure of the right-hand side of the Lyapunov equation (due to
the existence of CAv‘l in the bound). The following section contains one possible case
when the above bound can be better than the existing ones.
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3. Application of a new bound

As it has been already pointed out, the application of our bound strongly depends
on the structure of matrices 4, AA and G involved in Lyapunov equations (1.1)
and (1.2). As an illustration of the possible case when the bound (2.35) can be
better than existing ones we will con51der again Example 1 from Introduction.

Thus, let A = SAS~! and A = SAS~! be eigenvalue decompositions of

Apr Aro 7 A Avp
A= , d A= ~ 3.36
|: 0 A22:| an 0 A22 ( )
respectively. Note that S and S are upper block diagonal.
We consider the following Lyapunov equation:
AX + XA = -GG*, where G = [é] (3.37)

is decomposed according to A and A. Now, using the structure of A and A it is
obvious that Es = S~1S — I is upper block diagonal, that is Eo; = 0 (where E»; is
defined in (2.27)).

Also note that N

G=5"'G= [%1] . (3.38)

Let s be the rank of the matrix @1. Note that for A of the form given above
we have Wy = 0, for k = s+ 1,... ,m where W}, are generated by Algorithm
1. This follows from the fact that o(i,7) = 0, for 5 > i, and similar holds for
perturbed quantities, that is Wk =0, for k = s+1,...,m. Note also that all
entries of matrices Wy, Wy, and then of 51, (where 6Wk is deﬁned in (2.22)), from
the s 4+ 1-th row up to the m-th row have zero entries.

All this together implies that we have the following first order bound

9 1/2
€ ~
Ix - XH<2||5||ZHW||\/—2Re ( 0 ) + s -||gk||2)

2SI ST (192 (Bl + 1B o[ 9:Ga )

Jj=1

Also, we see that the above bound depends only on the structure of the matrices
Ajq1 and the corresponding perturbed one Aq;.
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