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The decomposition of the Hosoya Z matrix into the sum of ;Z ma-
trices, k=0, 1, 2, ..., is proposed. The ,Z matrix is based on the in-
dependent sets of & edges of the spanning subgraphs generated in
the construction of the Z matrix. The Hosoya hyperindex H and a
set of structurally related molecular indices ,Z defined as the sum
of all off-diagonal entries in the upper triangle of the Z matrix and
the corresponding ,Z matrices, respectively, are put forward and
studied analytically.

Key words: Hosoya hyperindex, decomposition of Hosoya Z matrix,
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INTRODUCTION

The representation of a molecule (or molecular graph) by a single num-
ber (molecular index) brings about a certain loss of information concerning
the molecular structure. Hence, to diminish the loss of information an inten-
sive search for novel molecular indices that would improve the graph-theo-
retical characterization of molecular structure has been undertaken in sev-
eral directions.! One direction of the search is the creation of novel graph

* Author to whom correspondence should be addressed.
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matrices whose selected invariants could be used as molecular indices. In
the framework of these efforts Randié¢? has recently put forward a novel graph
matrix, the Hosoya Z matrix, the construction of which is related to the con-
struction of the Hosoya Z index.? He derived two structurally related molec-
ular indices, the path numbers 'Z and 2Z, from the Z matrix and reported a
few empirical regularities for the Z matrix entries in case of n-alkanes.?
Plavsié et al. introduced the Z,, matrix being the generalization of the Z
matrix.* They also put forward the generalized path numbers and studied
them and their relationships to the Hosoya Z index analytically.*® The test-
ing of the path numbers on diverse sets of compounds revealed their usabil-
ity as predictor variables in QSPR (quantitative structure-property relation-
ship) modeling, in particular in the studies of isomeric series.24?

In this article we will examine a possibility to construct new molecular
indices from the Z matrix, in particular a set of novel structurally related
molecular indices.

DEFINITIONS
Z Index

Hosoya noticed the chemical significance of independent sets of edges of
a molecular graph?® G (a set of edges of G is independent if no two edges of
the set are adjacent in G).” He introduced the quantities a(G, k) as the num-
ber of independent sets of £ edges of G and put forward the graph-theoreti-
cal index Z.

The Z index, Z = Z(G), of a connected undirected graph G is defined as
the total number of independent sets of edges of G,?

[N/2]

Z=YaG,hb), (1)
k=0

where N is the number of vertices of G and the Gaussian brackets, [ ], repre-
sent the integer part of N/2. Since the empty set and all singleton (1-ele-
ment) sets are independent, a(G, 0) = 1, and a(G, 1) is equal to the number of

edges of G. If G is disconnected and consists of components G; i =1, 2, ..., r),
G=lJG,, (2)
i=1

the contributions of G; to Z(G) are multiplied,5

Z=2G=]]2G,) . (3)
i=1
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Hosoya Z Matrix

The Hosoya Z matrix, Z = Z(T), of a connected undirected acyclic graph
(tree) T with N vertices is the symmetric matrix of order N, whose entry in

the i-th row and j-th column, z;;, is defined by the expression,?

(4)

i

[Z(T-p,) for izj
] 0 for i=j,

where p;; stands for the path connecting vertices i and j in T and Z(T - p,)) is
the Z index of the spanning subgraph T —p;; of T. The spanning subgraph
T - p,; is obtained from T by erasing from it all edges of the path p,;, but
keeping all its vertices. Hence, T and T - p;; have an equal number of verti-
ces. One should notice that in case of the cycle-containing and edge-weighted
graphs the expression for z;;, Eq. (4), has to be modified.# The finding of the
elements of the Z matrix is illustrated for 2-methylbutane in Figure 1.
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Figure 1. Calculation of the elements of the Z matrix of the labeled hydrogen-sup-
pressed graph T; representing 2-methylbutane. The broken lines represent erased
edges.
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DECOMPOSITIONS OF HOSOYA Z MATRIX

First Decomposition

If one takes the lengths of the erased paths into account, then the
Hosoya Z matrix of a tree T can be decomposed into the sum of the sparse
Hosoya matrices,?

d(m

Z=) "7, (5)

where the summation goes over all path lengths in T, i.e., from the length 1
(of an edge) up to the diameter’ of T, d(T). The sparse Hosoya matrix "Z is
the symmetric matrix whose entry "z;; is given by the expression,

(6)

iy

, Z(T-p,;) if the lengthof p,; isn
0 otherwise.

This decomposition of the Z matrix is illustrated for the Z(T;) matrix
shown in Figure 1,

054 2 3 050 00 0040 3 000260
5 06 3 5 50 6 05 000360 000O0OO
4 6 0 4 4/=/06 0 4 0{+|/4 00 O0 4|+/0 0O0O00O
23 4 0 2 00400 03 000 2000 2
354 20 050 00 30400 000260

Second Decomposition

If one replaces every non-zero number appearing in the Z(T;) matrix by
the corresponding addition shown in Figure 1,

054 2 3 0 1+3+1 1+2+1 1+1 1+2
5 06 3 5 1+3+1 0 1+3+2 1+2 1+3+1
4 6 0 4 4|=|1+2+1 1+3+2 0 1+3 1+2+1
2 3 4 0 2 1+1 1+2 1+3 0 1+1
354 20 1+2 1+3+1 1+2+1 1+1 0

then the Z(T;) matrix can be decomposed as follows:
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054 2 3 01111 03212 01100
50 6 3 5 10111 303 2 3 10201
4 6 04 4/=/11011{+|/23032[+/12001
23 4 0 2 11101 12301 00O0O0OO
354 20 11110 23210 01100

In general, the Hosoya Z matrix of a tree T with N vertices in respect of
the cardinal numbers, %k, of independent sets of edges of the spanning
subgraphs T — p can be decomposed into the sum of matrices,

k=m

z-> ,Z, 7

k=0

where ;,Z is the symmetric matrix of order N, whose entry ,z;; is defined as

a(T-p,, k) if i#j]

22T . l.)lj . J (8)
0 if i=j.

The summation in Eq. (7) runs from the cardinal number 0 (of the empty
set) up to the cardinal number m of the largest independent set of edges
possible in T—p,, (r=1,2, .., N-1 & r <s<N).

NEW MOLECULAR INDICES DERIVED FROM HOSOYA Z MATRIX

Molecular Indices Based on Second Decomposition
of Hosoya Z Matrix

The first decomposition of the Z matrix inspired Randié¢? to introduce
the path numbers. The path number "Z of a tree T, "Z = "Z(T), is defined by
the expression,

"Z :Z "Zii» 9)
i<j

where the summation goes over all off-diagonal entries "z;; in the upper tri-
angle of the "Z matrix of T. The path numbers are important because they
give one an opportunity to form a basis of structurally related molecular in-
dices. Such a basis may offer a simpler interpretation of the regression equa-
tions, in comparison with a basis of ad hoc indices, in topology-property/ac-

tivity studies.®
The question arises whether it is possible to create another set of struc-
turally related molecular indices from the Z matrix. The answer is affirma-
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tive since the second decomposition of the Z matrix offers us directly a pos-
sibility to construct such a set. We propose a series of new molecular indices
+Z, k=0, 1, ..., m, based on the ,Z matrices. The ,Z index of a tree T,
#»Z = 1,Z(T), is defined by the formula,

vz ZZ ®2ij > (10)
Py
where the summation goes over all off-diagonal entries ,z;; in the upper tri-
angle of the ,Z matrix of T.

We have derived analytical expressions for the first few ,Z's of a tree en-
abling us to calculate the ,Z's directly from structural characteristics (like
number of vertices and paths, valencies of vertices, etc.) of the tree. The der-
ivations of these explicit formulae shall be stated.

From the definition of the (Z matrix, Eq. (8), follows that V (z;; (i =)
equals 1 and hence the (Z index of a tree with N vertices can be expressed

by means of N only,
N
Z = . 11
0 [zj an

The molecular index ;Z, Eq. (10) (k=1), of a tree T with N vertices equals
the total number of edges of the spanning subgraphs T -p,, (r=1, 2, ...,
N—-1&r<s<N)ofT, and consequently ;Z can be expressed by means of N
and the number of paths of length n, "p, in T,

n<N-2

Z= Y (N-1-n)"p. (12)
n=1

The number of paths of a given length n in T can be calculated by means
of the analytical expression,’

n—2+,

8 —
=3 M —r=1 Yo, + (—1)"*1[”21 S+ N - 1], (13)
r=1 d(i,j)=r
i<j

i

where v; is the valency of the vertex i and d(i, j) stands for the distance be-
tween vertices i and j in T. The parameters g and /4 take the following values

1 for n=1
= 14
g {O for n>2 (14)

and
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(15)
0 for n=even.

h:{l for n =odd
It is worthwhile to mention that "p (n > 3) can also be calculated recur-
sively. ?

The oZ index, Eq. (10) (£ = 2), of a tree T with N vertices can be expres-
sed in the form

2ZZ ZG(T _p12)> (16)

peP(T)

where a(T — p, 2) is the number of independent sets of 2 edges of the span-
ning subgraph T — p of T, P(T) denotes the set of all paths in T whose lengths
are >1, and the summation runs over all elements of P(T). It is easy to see
that a(T —p, 2) can be expressed as

-1
a(T-p,2)=a(T,2)= Y A+ [”2 ] , (17)
eep

where A, is the number of independent sets of 2 edges of T that contain the
edge e, and n is the length of the path p. The summation in the second term
on the right-hand side of Eq. (17) goes over all edges making up the path p.
Combining Egs. (16) and (17) and by noting that the following expressions
hold?>10

N) 1
T2) = —=Y 2 18
a(T.2) (2j Ly (18)
and
Y YA =Y nen; A, (19)
peP(T) eep e;j

where n,(e;;) and nje;;) = N —n;(e;;) denote the numbers of vertices of the two

components of T —e;;, one obtains

n<N-1 _ 1
2Z = (]Zj{(z;]j—ézvf}—znl (eij)nj (eij )Ael._, + Z (nz j np . (20)

n=3
Since the following relations hold:

A, =N-@; +v,), (21)

EU
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va=2(vi+vj), (22)

where v; and v; are the valences of vertices i and J in T joined by the edge e
and

7

n<N-1

Yone,)n;le,)= Y n"p, (23)
e;; n=1
the sought after explicit formula for calculation of ,Z of T reads as follows

N 2 n<N-1 n_l . 1 N
zZ:(ZJ 2 K 9 J—Nn} p+§{ni(eij)n,~(e,-j)—2[2ﬂ(vi+vj)_ (24)

Paths

A special case of a tree is a path graph (tree with minimum number of
terminals, 2). The explicit expressions for the calculation of ;Z and ,Z, Eqgs.
(12) and (24), respectively, in case of the path graph with N vertices, Py,
take rather simple forms:

NN -DIN -2

Z(Py) = 3 (25)
and
LZ(P,) = N -DIN -2)(N -3)@BN -8 ’ (26)
24
respectively.

Hosoya Hyperindex H

From the definitions of the Z matrix, Eq. (4), the path numbers "Z, Eq.
(9), and the molecular indices ,Z, Eq. (10), follows

d(T) m
ZZU:Z Z”Zzﬁz Zkzij . (27)
o nel o k=0 i<y

The quantity represented by Eq. (27) is also an invariant of a tree graph.
We name it the Hosoya hyperindex H.

It is possible to derive explicit analytical expressions for the calculation
of the Hosoya hyperindex but only for some special classes of compounds
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(graphs). We have derived an explicit formula for the calculation of the
Hosoya hyperindex of Py, H(Py). Its derivation shall be stated.

If one labels the vertices of Py in the increasing order starting with 1 at
a terminal vertex, then the entry z;; (i <)) of Z(Py) (see Egs. (2)—(4) and re-
call that Z(K; = P;) = 1) is given by the relation

2, =ZP)Z [Py, ;). (28)
Combining Eqgs. (27) and (28) one obtains
N-1 N 1 N-r
H(PN)=Z ZZ(Pi)Z(PNﬂ,j):Z ZZ(P,)Z(PS) ) (29)

=1 j=it r 5=

where the first double summation runs over rows and the second double
summation goes over columns of the off-diagonal entries in the upper trian-
gle of the Z(Py) matrix. By noting that

N-r
ZZ(PS)ZZ(PMZ_r)—Z , (30)

s=1

Eq. (29) can be written in the form

N-1
H®Py)=> ZP)ZPy,, ,)-2). (31)

Since the N-th Fibonacci number, Fy, equals Z(Py), (the initial condi-
tions for the Fibonacci recursion, Fiy=Fy_+ Fy_o, are Fy=F;=1), Z(P,)
and Z(Py,, ,) can be expressed by the Binét formula,'! and the sought after
explicit analytical expression for H of Py reads as follows

H(PN):Nl{[[1+ \/ngq _(1_\/5]7#1 ][(1+ \/EJMSr _(1—\/5]1\”3r _2]}‘ a2,
) 2 2 2 2

This formula enables one to calculate the Hosoya hyperindex directly
from Py, namely from the knowledge of the number of vertices in Py, only.
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SAZETAK

O Hosoyinu hiperindeksu i molekulskim indeksima temeljenim
na novom rastavu Hosoyine matrice Z

Vicente Garcia Espeso, José Javier Molins Vara, Beatriz Roy Ldzaro,
Felix Riera Parcerisas i Dejan Plavs$ié

Predlozen je rastav Hosoyine matrice Z u sumu matrica xZ (=0, 1, 2, ...). Ma-

trica rZ temelji se na skupovima % nezavisnih bridova u razapinjuéim podgrafovima
koji se razmatraju pri konstrukciji matrice Z. Predlozeni su i analiti¢ki prouéeni
Hosoyin hiperindeks H i niz strukturno povezanih molekulskih indeksa Z definira-
nih kao suma elemenata iznad glavne dijagonale matrice Z odnosno odgovarajuéih
matrica rZ .



