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Original scientific paper
In this paper the influence of the bimoment induced by external axial loads on the elastic torsional buckling of thin-walled beams with open cross-section
is studied. The governing differential equations of a deformed thin-walled beam consistent with Vlasov’s classical assumptions are derived applying the
principle of virtual displacements. It is shown that in the cross sections with lack of symmetry the bimoment can considerably affect the torsional buckling
load. The obtained results are verified using ANSY'S finite element software.
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Utjecaj bimomenta na uvojno izvijanje tankostjenih Stapova pod aksijalnim optere¢enjem

Izvorni znanstveni ¢lanak
U ¢lanku je prouden utjecaj bimomenta na stabilnost tankostjenog Stapa s otvorenim popreénim presjekom uslijed vanjskog aksijalnog opterecenja.
Primjenom principa virtualnih pomjeranja izvedene su diferencijalne jednadzbe deformiranog tankostjenog elementa u skladu s klasi¢nim pretpostavkama
Vlasova. Pokazano je da kod poprecnih presjeka koji nemaju os simetrije bimomenat moze znacajno utjecati na uvojnu kriticnu silu. Dobiveni rezultati su
provjereni primjenom programa ANSYS.

Kljucne rijeci: bimoment; tankostjeni Stapovi; uvojno izvijanje

1 Introduction has the effect which is not negligible, so the critical force
is increased or decreased with respect to the traditional
approach of stability analysis with the force resultant and

without bimoment.

Thin-walled beams of open cross-section are widely
used in structural engineering due to high bearing strength
when compared to self weight. The assessment of elastic

stability of thin-walled beams is one of the most
important issues in the analysis of thin-walled structures.
For hot rolled sections which in the most cases, according
to Eurocode 3 [1] belong to classes 1 or 2, the web-
thickness and flange-thickness rations satisfy the
requirements for preventing local buckling and distortion
of the cross-section. The global stability of centrically or
eccentrically compressed members is in the most cases
the result of flexural buckling around minor axis. The
analysis of pure torsional buckling may be of interest in
sections with low torsional rigidity and/or in the cases
when external supports decrease flexural but not torsional
buckling lengths. The analysis of these elements is mainly
covered by the assumptions of the classical Vlasov’s
theory [2]. In plated girders the longitudinal stiffeners are
added to prevent local buckling while distortion is
restrained by cross-frames and diaphragms. The cold form
steel elements have very small slenderness and they
belong to the cross-section class 4, so the consideration of
distortional and local buckling effect is of great
importance. The finite element method [3] or the finite
strip method [4] as well as the models based on one
dimensional generalized beam theory (GBT) [5] can be
applied for the analysis of these elements.

In this paper, starting from the assumptions of the
classical Vlasov’s theory, the stability of axially
compressed members is studied in the specific case of
asymmetric cross-sections when the loading point of the
external axial force has a non zero value of warping
function. According to our knowledge there is a lack of
detailed investigation in this area. Focussing on the pure
torsional buckling of a beam with Z cross-section, it is
demonstrated that the bimoment produced by axial forces

2 Kinematics of deformation

The assumptions of classical (Vlasov’s) theory for
thin-walled beams with open cross-sections are used:
cross-section is assumed to be perfectly rigid in its own
plane; shear deformation in the middle surface of each
thin-walled plate is neglected; there is no shear
deformation of thin-walled plates in the plane (z-n)
perpendicular to the middle surface.

| YW |

W

A 4

W
Figure 1 Cross-section geometry

According to the adopted assumptions in a straight
thin-walled beam with longitudinal axis z the
displacement components (&, v, w) of an arbitrary point of
a thin-walled beam (Fig. 1), in the directions x, y and z,
are given with
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u=up—(y=yp)p,
v=vp +(x=xp)@, M
w=w,—u'px—Vphy—¢ o

Note that x, y coincide with the principal axes in the plane
of the cross-section before deformation. In Eq. (1) up(z),
vp(z) are displacements of the shear centre D, w)(z) is the
translation of the cross-section along z, ¢@(z) is the
infinitesimal angle of twist around shear centre, while
a(x,y) is the normalized warping function. Primes denote
the total derivative with respect to z.

The components of finite strain tensor referring to the
axis z are given with

a=e,s,z 2)

where r is the position vector of an arbitrary point after
deformation

r={x+u, v+, Z+W}T, 3)

J., i1s Kronecker delta symbol, while s and e are the
coordinates along the middle line of the cross-section and
perpendicular to the middle surface. The virtual strains
are obtained from the variations of strain components

e =5 0l +rlen,) @

The virtual displacement along axes x and y are

du = duup, —(y+v=yp)op, )
OV =ovp +(x+u—xp)op.

Note that d¢ denotes the virtual rotation around the
initial longitudinal axes. Virtual displacements along the
beam z axis are derived taking into account the
assumption that there is no shear deformation in the
middle surface s-z and in the plane z-e, i.e. for e=0, de.=0
and Je,,=0, which yields

ow=0wy, —ou'p (x+u)—ov'y (y+v)—

6
_5¢”[w+”D(y_yD)_VD(x_XD)]~ ©

Finally, from Eq. (4) the virtual shear strain de,; and the
virtual strain de,, along the beam axis are

Se,, =0p'e
%

de,, =Ow,, +0u,, u,, +ov,, v,,

where in the second equation the higher order term
w_ow_ is neglected. The remaining virtual strains

components are zero.

3 Equations of equilibrium

The equilibrium conditions of the deformed element
could be derived using the principle of virtual work,
applying variation of displacements of infinitesimal
element between the cross-sections z and z+dz. The
virtual work 6Wg of external forces per unit length is

Wy = ot au+ o-Té'u,Z)dAﬁ-LﬁTé'u ds, 8)
A

where u'={u, v, w} denotes the displacement vector,
o'T:{tXZ, t. t.} is the stress vector with the components
resolved along the initial unit basis and p’ = {ﬁx, ﬁy,ﬁz}
are the surface forces applied along the middle surface.
The components t,, 7., and z.. are obtained from the true

stress components o,, o, and o, by the transformation
due to infinitesimal rotations around axes x, y and z

Loy 1 —¢ U, O
Lyr=| @ L v, |yoo, )
- U, TV 1 O

The work of internal forces per unit length is

Wy == (0.0, +20 e, )dd. (10)
A

In Eq. (10) the normal and shear stress are found
from deformation, Eq. (2), retaining only linear terms

’ ” " ”
o,, = E(wy —upx—vpy —¢'o),

o, =2Gg'e,, (b

where £ = Young’s modulus and G = shear modulus.
Using the total virtual work oWy +oW; =0 and by
neglecting the second powers of the displacement
gradients, the following equations of equilibrium
according to the second order theory are obtained

N'=(Q.uy + Qv + Tpp) +p. =0

0L +[ N (uy +yp0 )~ M,0' =00 | +p, =0

) +[N(vh —xp0 )+ M,p'+0,0] +p, =0

M =0, +m —p (M, -0, +m))+
+(N'+p: )(up + ypp) =0

M, =0, +my +o (Mi = Oy +my)+
+(N'+p.)(vp —xpp) =0

M, =T, +m, +uy (M, -0, —m,)-

—vp(M; -0, —m,) -

_(N’+pz)(uDyD _VDxD)z 0

(12)
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TIS +|:Qy”D -0vp —ub (My _NyD)}'—’_
+[v{3 (M, _NxD)],"‘
+[(p'(Nl'12) +2M B +2M B, + M“"Bm)] +

+mp + pyup — Pyvp —pmp =0

(12)

In Egs. (12) N, M,, M,, M, denote the axial force,
bending moments and bimoment; Q., O,, Tp are shear
forces and torsional moment around shear centre; p,, p,, p-
are distributed forces; m,, m,, mp denote distributed
moments while m,, is the external distributed bimoment.
Neglecting the contribution of shear stresses to the
equilibrium in z direction, the underlined term in Eq.
(12.1) can be omitted. In addition, it is assumed that in
products of static and deformation variables the static
values are found from the first order theory. The result of
this assumption is that the underlined terms in Egs. (12.4-
6) are equal to zero. Finally, considering Egs. (11) and the
definition of sectional forces (see Appendix), the
following differential equations are obtained

Edwy == p.
ELu <[ N(upy +yp0")] +(M,0) +(m,0) =
=p,+my
Elyyvl[)V _[N(VJ,D _xD(P’)], _(MX(D)” _(qu)), =
=p,+m, (13)

Ely9" ~GKg"~| ¢ (Nip +2M,B, +2M B, +

+M,B, )] — yp (Nupy ) +xp, (N, ) +up M, -

—vpM, +u1')my —Vpm, + @y =mp +m,

The Egs. (13.2) to (13.4) define the coupled bending
and torsion according to the linearized second order
theory. The underlined term in Eq. (13.4) represents the
influence of bimoment due to second order effect which is
important only in the cross sections with lack of
symmetry, i.e. 5,#0. In many classical books referring to
stability of thin-walled beams (e.g. [6 + 9]) the influence
of M,, is ignored. It is recognized by Vlasov [2] and by
some authors (e.g. [10 + 12]) and in [13] where the
influence of the bimoment on lateral buckling, caused by
the transverse force, is considered. In this paper, as we
underlined in the introduction, the influence of the
bimoment on torisonal stability of axially loaded thin-
walled beams is studied.

4  Stability analysis — axial loading

The stability of thin walled-beam is defined with the
homogenous part of Eqgs. (13). In the case of a
concentrated compressive axial force P with eccentricities
ey, e, the thin-walled beam is stressed with N=-P,
constant bending moments M,=-Pe,, M,=—Pe, and the
variable bimoment M ,(z)=A(z)M where M =—P ) is
the bimoment at the end cross-sections, @p, is the
warping function of the loading point, while A(z) is the

pre-buckling bimoment distribution function. The Egs.
(13.2-4) reduce to

EI up) + Puy, +P(yD —ey)go” =0
Vi " "
El, vy +Pvy —P(xp—e,)p" =0
EL,¢" —[GK—P i2 +2exﬁx+2eyﬂy)}o”+ (14)
+Pop) B, (Ae") +
+P(yD —ey)ug —P(xp—e, )vp =0

Note that in Eqgs. (14) up, vp and ¢ denote
displacements due to buckling while the pre-buckling
deformations are neglected.

The pre-buckling bimoment distribution function A(z)
is calculated from the well known differential equation of
warping torsion in undeformed configuration (e.g. see
[7]). At the beam ends A=1,0 while 0<A(z) <1,0 for 0< z
<L, where L is the beam length.

In order to obtain closed form solution of the
buckling load from Egs. (14), the variable distribution of
bimoment is approximated with its average value
M (2)=AnuM 9, Where A, is the mean value of A(z) in the
range 0<z<L. For a simply supported beam the end
conditions are

=vp=¢=0
“p =YD =9 } forz=0andz =1L, (15)
uHD — V”D — (DN: 0

while the parameter 4,, is given with

mzzcosh.(kL)—ljk: GK . (16)
kL sinh (kL) EI

ww

The boundary conditions (i.e. Eqs. (15)), are satisfied
with the following buckling displacement field

uD Un
vp b=17, sin%. (17)
@ D,

Following the well-known procedure [6] and
substituting Egs. (17) into Egs. (14) yields (for each n =1,
2...) the buckling equation

2,2
n T
P—-EI 7 0 P(yp —ey)
}’127'52
0 P—E[WT —P(xp—e,) =0, (18)
P(yD_ey) _P(xD_ex) Pd;_dl*

where
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2_2

nr +GK,
I* (19)

* 2
dy =ip+2e.f, +2e,[, + A, L,0p).-

d =EI,,

In the general case of flexural-torsional buckling, the
Eq. (18) is in the form polynomial of the third order.
If the axial load is applied at the shear centre the pure

torsional critical load is P, =d /d; which for the point-

symmetrical cross-sections (C=D) has the following
lowest (n=1) value

2
El,, ’L‘—Z +GK
p=—>~L (20)
i+ AnBuop)

The second term in the denominator of Eq. (20)
represents the influence of the bimoment. Depending on
the sign of the warping function in the loading point the
buckling force is increased or decreased with respect to
the critical force obtained by the classical approach [6]
when the presence of the bimoment is ignored.

5 Numerical examples

A straight simply supported thin-walled beam with Z
cross-section (Fig. 2a) is analyzed in order to investigate
the effect of the bimoment on the elastic torsional
buckling. The following elastic constants are used:
Young’s modulus £=210 GPa and Poisson's ratio v=0,3.
The geometrical properties of the cross section of the
beams, in the succeeding examples, were calculated using
the computer program given in the [14]. The two load
cases are considered: the uniformly distributed axial load
p=P/h along the web (load case 1 — LC1) and load case
with two concentrated axial forces P/2 (load case 2 —
LC2) acting at the flange tips — points A and B (Fig. 2a).
In both cases, besides the axial force N=—P the bimoment
exist, where at the beam ends M ,=—2P;@p);. For the LC1
M =—Payp) while for the LC2 M, =—P/2(mat @)
=—Paya, - see Fig. 2b for the warping function.

The results for LC1 and LC2 are given in Table 1 and
in Fig. 3. In Table 1 the span L is varied from 2,0 m to 6,0
m, the web height and flange width are kept constant

h=0,30 m and 5=0,12 m while in Fig. 3 the following
parameters are varied: #=0,12 m; 0,18 m; 0,24 m the span
is in the range L=2 m to 6 m, while »=0,12 m. In both
cases the thickness is =0,01 m.

a) /y b)

0,004
B -0,014
t
|~
C.D \
X
A
0,004
% -0,014

Figure 2 a) The geometry of Z cross section
b) Warping function @ (m?) for #=0,30 m, =0,12 m, =0,01 m

The buckling loads for the first torsional modes are
calculated and compared with the results found by
ANSYS finite element model using thin shell 4-node
SHELL181 elements. The distortion of the cross section
in the finite element model is suppressed by providing the
transverse diaphragms infinitely rigid in the plane of the
cross-section and zero out of plane stiffness. As an
illustration, the first torsional buckling mode for 4#=0,30
m, b=0,12m ~=0,01m, L=5,0m obtained by ANSYS is
presented in Fig. 4.

By the analysis of the results in Tab. 1 and Fig. 3 it
can be seen the significant influence of the bimoment on
the buckling load. If A=0 in LC1 the underestimated
values of the buckling force are obtained. On the other
hand the buckling load for LC2 calculated with the
presence of bimoment is considerably decreased from the
critical force obtained with A=0. The comparison with
ANSYS values justifies the approach with mean value of
bimoment for the global torsional stability analysis. The
analysis with the exact distribution of A is of interest for
longer spans and higher values of parameter £.

Table 1 Torsional buckling forces for Z section (4=0,30 m, 5=0,12 m, #=0,01 m) calculated by ANSYS and theoretically (A=A
bimoment considered, /=0 bimoment not considered). Diff.=(Theory-Ansys)/Ansys x100

Load case 1 Load case 2
L (m) Ansys ’1; ’Bm Diff. | Ansys ’1; ’Bm Diff.
a ) a (1)
(MN) (MN) % (MN) MN) %
10,033 +5,0 2,809 +0,6
2,0 9,551 6,385 -33,1 2,793 6,385 +128.6
4,902 -7,3 1,572 +4,9
3,0 3,287 3,333 -37,0 1,498 3,333 +122,6
3,132 -84 1,150 +9.4
4.0 3,420 2,265 -33,8 1,031 2,265 +115,5
2,326 -8,7 0,965 +11,3
3,0 2,547 1,771 -30,5 0.867 1,771 +104,3
1,894 -8,6 0,871 +13,7
6,0 2,073 1,502 -27.5 0,766 1,502 +96,1
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Figure 3 Torsional buckling forces (MN) for Load case 1 (left) and Load case 2 (right).
A=An bimoment considered, /=0 bimoment not considered
(=0,12 m, +=0,01 m)
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Figure 4 First torsional buckling mode Load case 1
h=0,30 m, 5#=0,12 m, +=0,01 m, L=5,0 m

0,12 0,14 0,16 0,18 0,20
b(m)

Figure 5 Influence o flange width b on torsional buckling force (MN)
h=0,30m, =0,01m

In the next example the thin-walled beam with Z
section is subjected to axial load uniformly distributed at
the end cross-sections (load case LCO). In this case no
bimoment is produced (4=0). In Fig. 5 this load case is
compared with the load case LC1 in order to demonstrate
the influence of flange width and span length on the
buckling load. Note that influence of the flange width is
more pronounced in the presence of bimoment.

6 Conclusions

The influence of the bimoment on the torsional
bifurcation stability of thin-walled beams with open

cross-section subjected to axial loads is presented. The
governing equations are based on the classical (Vlasov’s)
theory. The torsional stability of simply supported beam
with Z cross-section due to different axial load
distributions at beam ends is studied and the analytically
calculated critical loads are compared with the results
obtained by the finite element model. Obtained results
clearly demonstrate the significant influence of the
bimoment induced by axial loads on the global elastic
torsional critical load. For other cross-sections with lack
of symmetry and the compressed beams with other
boundary conditions, the contribution of the bimoment to
the stability analysis has to be investigated.
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Appendix
Geometric properties of the cross section

A = cross-sectional area
t = plate element thickness

Lo =[x*da, 1, =[y’dd4, I, = [w’d4,
A

XX
A

_1rs
K—g!t dS
I +1
i%:(%ﬂlf +yD2j

Ix(xz + yz)dA
-4 00000

ﬂx 21)0( xD
J.y (x2 + yz)dA
B, = AT ~ Vb
J.a) (x2 + yz)dA
B, =4
10)(0

Internal forces
N=[o.dd, 0,=[o,dd, O, =0, d4,
4 4 4
M, = Iszsza M, :Ixozsz, M, :IwGZZdA,
4 4 4
Tp = [((x=xp) o, (= yp)o,)dA
4

Ty = [2e0,dd, T, =Ty ~Tgy
A

External loads

pe=[Pds, p,=[P,ds, p.=[p.ds,
m, :Sjﬁzxds, m, :}ﬁzyds, n, - [Pods.
mp =} [ﬁy<x—xD>iﬁx<y—yD)}d;,

N

sty = [[ Pe(x=xp) = P, (v = yp) Jds.

N
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