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The main purpose of this paper is to prove that if X = {X,, pu, A} is an approxi-
mate inverse system of locally compact topologically complete (|A|) - compact) spaces
and perfect bonding mappings, then the projections are perfect. An example which shows
that the local compactness cannot be omiltted is also given.
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Introduction

A space means a Tychonotf space and a mapping means a continuous (not necessar-
ily surjective) mapping. The cardinality of a set X will be denoted by |X].

Cov(X) is the set of all normal coverings of a topological space X. For other details
see [1].

In this paper we study the approximate inverse system in the sense of S. Mardesi¢
[6].

DEFINITION 1.1. An approximate inverse system is a collection X = {X,, pob A}
where (A,<) is a directd preordered set, X,, acA, isa to pological space and pop Xy, X,
a <b, are mappings such that p,, = id and 1 the following condition (A2) is satisfied:

(A2) For each acA and each normal cover U € Cov(X,) there is an index b>a such
that (pupcalad) < U, whenever a< b< c< d.

Other basic notions, including approximate mapping, the limit of an approximate
inverse system and approximate resolution are defined as in [6] and [7].
The inverse systems in the sens [3, p. 135.] we call a usual inverse systems.
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The main theorem

A ropological space (X,t) is said to be topologicaily complete (od Dieudonné com-
plete [3, p. 568.] iff there is a uniformity U such that (X,%) is complete and topology t
is the U-uniform topology. A topological space X is topologically complete iff X is a
Tychonoff space and the universal unlformlty Cov(X) [3, pp. 536, 568] on the spece X
is complete. Each paracompact space is topologically complete. Topological complet-
ness is hereditary with respect to closed subsets and is multiplicative. The limit limX of
an approximate system X of topologically complete spaces is topologically complete
[7, Theorem (1.17)].

A space X is called m-compact [10, p. 177.] (where m is a infinite cardinal number)
provided either of the following conditions holds: (1) for every filter-base F on X, if|F|
<m, then ad F =N {CIF:Fe F} # @,or (ii) every open cover ,|U| <m, has a finite
subcover. Ng-compact space are called countably compact. It is obvious that each m-
compact space is countably compact.

A continuous mapping f : X = Y is perfect if X is a Hausdorff space, f is a closed
mapping and all fibers {-1(y) are compact subsets of X [3, p. 236].

Let X be alocally compact space. By aX the Alexandroff compactification [3, p.222]
of X is denoted. The remainder aX\X by w, is denoted. Thus, X = XU {w,}.

Let X and Y be locally compact spaces: If f : X — Y is a surjective perfect mapping,
then there exists and extension af: aX — aY of f such that af(@,) = @, [2, p. 160].

Let f,g:X — Y be mappings between Tychonoff spaces. If cX and % are arbitrary
Tychonoff extensions of X and Y such that cf and cg exist, and if f and g are V|Y-near,
then cf and cg are U- -near, where U, ve Cov(Y), stv<U (Lemma 2.8 [4]). If X =
{XypapyA} is an approximate inverse system of Tychonoff spaces X, such that cp,,
exist, then cX= {cX_,cp,,,A} is an approximate inverse system. The proof is the same
as the proof of Lemma 2.9 of [4]. Let X = {X,, p.», A} be an approximate inverse
system of locally compact noncompact spaces and surjective perfect mappings p,p. If
aX, is the Alexandroff compactification of X, with one-point remainder @,, then for
each, a,be A there is the extension ap,, of p,;, such that ap,, (@) = @,. Thus, we have an
approximate inverse system oX= {aX,,0p,A}.

In the sequel the projections of limX into X, by p, are denoted. Similarly, the pro-
jections of limaX into aX, by P, are denoted.

The following theorem is the main theorem of this section.

THEOREM 2.1 Let X = {X,pu, A} be an approximate inverse system of non- -empty

locally compact noncomapct topologically complete (|A| - compact) speces and surjective
perfect bonding mappings. Then the projections pa : X — X, a€A, are surjective and

perfect and X = limX is a non-empty topologically complete (|A| - compact) locally com-
pact space. Moreover, alimX is bomeomorpbzc to limaX.

Proof. The proof is broken into several steps.

Step 1. We consider the approximate system aX = {aX,ap. A}. The bonding
mappings ap,, : aX;, — aX, are onto mappings such that ap,, (@)= @,. This means
that the projections P, : limaX — aX, are onto [7, Corollary 4.5.].

Step 2. The projections p,,, acA, are onto. Let x, be any point of X,. By virtue of Step
1. there exists a point xeY = limaX such that P,(x) = x,. From the definition of the
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thread it follows that there exists a b>a such that for ¢ b ap, P.(x) is in X, since X, is
open in aX,. We infer that P.(x) X, since ap,. (@) =a, Let C = {c:c=b}. ThenCis
cofinal in A and {P.(x) : ceC} is a thread in the approximate inverse system {X,,p.s,
C}. If the spaces X, be A, are topologically complete, then by virtue of Theorem 1.19
of [7] the thread {P (x) : ceC} induces a thread in X = {X_,p,;, A}. If the spaces X?,
beA, are |A| - compact, then for each be A, A= {py(P.(x)) : ceC} is a Cauchy net in
X, [7, p. 597]. There exists a cluster point x, € X,, of the net 4 since X, is |A| - compact.
On the other hand, 4 is convergent in aXj,. It follows that 4 converges to x,. In both
cases we infer that x is a thread in X = {X,,p,;, A}. Since this is true for each x with
P,(x) = x,, we infer that P,” (x,) is a compact non-empty subset of X. Clearly, P;’
(x,) = p,’ (x,)- This means that p,, acA, are surjective.

Step 3. The projections p,, acA, are perfect. From Step 2. it follows that P,7 (X,) =
X = limX is non-empty. Since p,=P,[limX and P, is closed, it follows from [3], Propo-
sition 2.1.4] that p, is closed and, consequently, perfect.

Step 4. Local compactness of limX follows from Theorem 3.7.24 of [3]. From [7,
Theorem (1.17)] it follows that limX is topologically complete. Similarly, by a straight-

forward modification of the proof of Theorem 3.7.2 [3] we obtain that imX is |A| -
compact.

Step 5. Let us prove that adimX is homeomorphic to limaX. Tt is clear that limaX is a
compactification of limX since the projections p, are onto. Let us prove that the re-
mainder Z = limaX\limX is non-empty and contains a single point. By virtue of p,, (@)
= @, it follows that @ = (@, : acA) is a point of Z, i.e., Z is non-empty. Suppose that
there exists a point ze Z\{ @} . There exists an a€ A such that p,(z) # p,(®) = @,. We
infer that p,(z) is in X,. This is imposible since P’ (X,) = limX (see Step 2). It is
known that alimX is the smallest element of the family C (limX) of all compactifica-
tions of limX [3, p. 222, Theorem 3.5.11]. This means that there is a continuous map-
ping f: limoX — alimX such that f(@) =Q and f(x) = x for each xelimX [3, p. 222],
where Q is the remainder alimXlim\limX. It is clear that f is a homeomorphism. The
proof is completed.

If X= { XaoPaiA} is a usual inverse system of T5-spaces and perfect bonding map-

pings, then the projections are perfect [9, Theorem 7]. The following example shows
that the local compactness cannot be omitted in Theorem 2.1.

EXAMPLE 2.2. Let RR? be the Euclidean plane endowed with the ordinary rectan-
gular coordinate system Oxy. We define the space X as the union of the subsets
I,I5.....]y ... L, such that, for eachnelN, n 21,

1= {(x,] —i) =gt i,x is a rational number}
n n

and

L, = {(0,1)}.
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It is clear that X is not locally compact. For each ne N we define the homeomor-
phism h,, : X—>X as follows. If (x,y)el,,; U..ul,, thenh, (x,y) =(x,y). For (x,y)=
(x,1-1/m)€el,,, 1<m<n,leth,(xy) = (2,1-1/(m-1)) €l,,_; such that the point (0,1,
(x,1-1/m) and (z, 1 - 1(m - 1)) are collinear. This means that

or

Thus

) {’”(’" If)xl—l/@m)].

Finally, let h,, (x,0) = ((n - 1)x/n, 1 - 1/n), for (x, 0)el,.

Let X = {X,,p,m»IN} be an approximate inverse sequence such that X,, = X for each
nelN. The bonding mapping p,,,,: X,,— X, is defined by p,,,((x,y)) = (x,y) for each
m>n > 1and n = m = 1. The mappings p;,, neIN, n>1, are defined such that p;,(x,
y)= h,(x,y) for each (x,y)eX,.

Let us prove that X satisfies (A2). It suffices to prove that (A2) is satisfied for each
normal cover U of X;. Let U be a member of ¢4 which contains the point (0,1). There
exists a £- ball B ((0,1), &) about the point (0,1) such that B((0,1), &) ¢ U. The follow-
ing claim is obvious.

Claim. There exists a ny € IN such that I, = B ((0,1), &) for each n=ny,

Nov, we prove that (A2) is satisfied for U. We consider the following cases.

1. Let (x,0)el, c X,, and let ng <m <n. Then p;,(x,0) € I, and P,,,,(x,0) = (x,0)€X,,.
Hence p1,upmn (x,.0) = p1pn (x,0) €I We infer that pln(x,O) and py,Ppn(%,0) are in
B((0,1), &) < U since I, and I, are subsets of B((0,1), &) for m, n > ng (see Claim).
Thus, p;,(x,0) and py,,p,, (%,0) are in some member of 7.

m(m—-2)

2. Let (x,1-1/k) beapoint of I}, 1< k<m. Now, py,, (x,1-1/k) = =x,1-1/
(m=1)
(k-1)) and piuPmn (%1 - 1/k) = p1a(x,1 - 1/k) = W 1-1/(k-1)) =
" —

P12(x,1 - 1/k). Each member of ¥ which contains py,,p,.,(x,1-1/k) contains py, (x,1
- 1/k).

3. If (x,1-1/k) €Iy, m <k <n, then py,, (x,1 - 1/k) = (h,(x),1-1/(k - 1)) and py,,Pym»
(x,1-1/k) = py,, (x,1 - 1/k) = (hm(x),1- 1/k). This means that p,, (x,1- 1/k)e I,
< B ((0,1), &) and pyppm, (x,1 - 1/k) € I = B((0,1), &), i.e., the points py,(x,1 - 1/k)
and py,,pyum (%1 1/k) are in Ue 4.

4. If (x1 - 1/k) € I}, k > n, then py, (x,1 - 1/k) = (x,1 - 1/k) and pypppn (%1 - 1/k) =
(x,1 - 1/k). Thus, p1upyn (x,1 - 1/k) = py, (%,1 - 1/k).
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5. Finally, if (x,1) €Ieo then we have again that py,, p,., (x,1) = p1a(x,1).

All these imply that (A2) is satisfied for 2.

The limit of the sequence X is the space X. This follows from the fact that the se-
quence X has the subsequence {X,, p,,»» 1<n < m< o} which is a usual inverse se-
quence with limit homeomorphic to X. Now, applying [7, Theorem (1.19)] we con-
clude that limX is homeomorphic to X. This means that for each point z = (z,) elimX
we have z, = (x,y), n > 1, where (x,y) is some point of X. Moreover, p,,,(z,) = z,, for
m,n >1. This means that only z; = lim{p,,(z,) :n >1}. This is true iff z = (x,0) elim X.
One can readilly see that if 0 < x <1, then {2z, : n >1} converges to (0,1) eX;. We infer
that p;! (0,1) = {(0,1)} U{(x,0) : 0 <x <1, x is a rational number}. This means that
p;' (0,1) is not compact since {(x,0) : 0 < x < 1} contains only the rational numbers,
Thus, p; is not perfect.

QUESTION. Is it true that topological completeness (JA| - compactness) cannot
be omitted in Theorem 2.1?

LEMMA 2.3. Let X = {X,, pu, A} be an approximate inverse system as in Theorem
2.1. Then for each pair FG of disjoint compact subsets of X = limX there exists an acA
such that p, (F) N ps(G) = 0 for each b> a.

Proof. Consider the approximate inverse system oX = {aX,, ap,, A}. The sets F
and G are closed in limaX = alimX. By virtue of [4, Lemma 2.17] there exists an a€A

such that P,(F) N P,(G) = 0, bza. It follows that p,(F) N p,(G) = 0. The proof is
completed.

We close this section by the following theorem.

THEOREM 2.4 Let X= {X,, P, IN} be an approximate inverse sequence of separa-
ble locally compact metric spaces with surjective perfect bonding mapping. Then there ex-
1st:

a) a cofinal subset M = {n;.1eIN} of IN,

b) an usual inverse sequence Z = {Z,, q;, M} such that Z; = X,, and q; =
Punis Pryony P n, for each i,j € IN,

c) a homeomorphism b : imX —lim Z.

Proof. Now, X = {aX,, ap,,,, IN} is an approximate inverse sequence of compact
metric spaces since w(aX,) = w(X,) [3, p.222, Theorem 3.5.11). By virtue of Theorem
2.11 [5] there exists:

A) a cofinal subset M = {n;.ieIN} of IN,

B) an usual inverse sequence Y = {aY;, Q;, M} such that Y; = X,, and Q, =
O, Ol AP, n, for each 1,j € IN,
C) a homeomorphism H : limaX —»limY.
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such that if x = (x,) elimoX, then H(x) = (¥, ) elimY with ¥, = lim {Qy Pn, (¥):
kelN} . Ifx = (@,), then ¥, =lim {QuPs, (@, ): kelN} =lim @, :kelN}= @,
since Qi p,, (@n,) = @-. Thus H: limaX — limY is the homeomorphism which
maps the remainder of alimX on the remainder of alimY. Let h = H{limX. Then h:

limX —limZ is a homeomorphism. The proof is completed.

Applications

We start with the following lemma.
LEMMA 3.1. Let X = {X, pus, A} be an approximate inverse system of normal spaces

with limit X. Let F be a closed subset of X,

Then there exists :

and let U be any open neighbourhood of F,

0

a) a normal cover Uy of X,, such that st U; < Uy = {U, X \F},
b) a set C of the pairs (a, V) where veCov(X,,) and st2v<U,,
c) a family w = {W,: ceC} of subset of X which is divected by inclusion such that
d) 72! (F) = N{W,: ceCl.
Proof. It is clear that U, is a normal cover of X,; since it is a finite cover of the
normal space X4 [3, p. 379]. It follows that U, exists. We define C as the set of all pairs

C = (a, V), where Vv € Cov(X,g) st2 V<, and a satisfies the equation

(Pagar> Patap Pagay) <V fora; > a; >a. (1)

We define Z, by
Ze= Cllp;L(st(F,ev))]e x,,
and W_by

We = p. " (Z)).

Now, we shall prove that the family w = {Wc : ceC} is directed by inclusion, i.e.
that for each finite family {W,, 1 = 1, ..., n} of the members of W, where ¢; = (a;, V),
there exists a member W, € W suchthat W, S W ,,i=1,..,n.Letv= A{v;:1 =1,
..., n} be the intersection cover [1, p. 13], i.e. the family of all V| ( ... NV, where V,
€V;,1=1,..,n. Let V'be a normal cover of X,;such that st vV’ < v. Consider the set D
of all pairs d = (2’, V')eC. We claim that p,(Wg) & Z,. Let x be any point
of p2! ( pt.(st(F, stv’))). This means that p, (x) pi% (st(F, stv’)). We infer that there
exists a V' estV’such that p,g,p,(x) €V’ and F(1V’ £ 0. Since st V' < v, foreachi =1,
..., n, we infere that there exist a Vli eV,i1=1,..,n,such that VVE Vli =
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Hence, p,o,po(x)e v, FN V) #6,i=1,..,nItisclear that V, = Vo NIV
a member of V. Since a’>a, it folows from (1) that there exists a V, eV such that
PagaPa(X)s Paga;Paja’Pa’(X) V5 51 =1, ..., n. We infer that p,, p,..P.(x) €st(F, st v;). This
means that

PajaPa (%) € Page, (52(E stV))), )

Puja’( P (st(EstV))) € e (st(F stv;),i =1, ..., n. (3)

Let d= (a’, V’)eD be such that (AS) [7, p. 592] is satisfied for each a; and each
normal cover p;ﬂ‘:l, (v;),1=1, ..., n. This means that
(Pap> PaibPb) < P;c‘:n, (Vi)si=1,.,n,bza (4)
From (2) it follows that there exists a pairV,!,V,? ep,., Vv such that
PewPe(x)e V2, VI NV, £Dp,., (F)NV,'. Then from (4) it follows that there ex-
ists a V:J € p;oi‘ V; such that p,,p.(x), pi(x) € V.* and V,r3 intersects V‘2 U T,
We infer that p,. (x)e p;;,l (st(F, st Vv))),i=1,..,n. This means thatxe p,’ (p.., (st(F,
st V;))). From the continuity of the projections p, it follows Wy & N{W;:i=1, ...,
n}. Finally, let us prove d). If x e N {Wc: ceC}, then pe(x) € Z,. This means that p,.p,
(x) est(F, stv), where ¢ = (a, V). From (4) it follows that p, (x) est(f,stV). Since this is
true for each normal cover, we infer that p,,(x) €F, i.e, xe p.' (F). Thus, p.' (F)2N
{W. : ceC}. Conversely, if xe p;' (F), then p,,(x)est(F, stv) for each v. By (4) it
follows that p,(x)eZ. for each c=(a,stv). This means that xe N{W_ceC}, i.e,
?. (F) S N{Wc:ceC}. Finally, we have p,' (F) =N{W_:ceC}, as desired. The proofs
is completed.

THEOREM 3.2 Let X = {X,, pa, A} be an approximate inverse system of locally
compact noncompact topologically complete (|4| - compact) spaces and surjective perfect
bonding mappings. If all spaces X, are locally connected and if all bonding mappings p,,

are monotone, then the projections p, : X— X, ac A, are monotone and X = limX is a
locally connected space.

Proof. Let a; €A and let x,, be any point of X,. Let us prove that p, (x,,)is con-
nected. Let F = {x,,}. Applyng Lemma 3.1 we see that p, (x,) = N{W_:ceC}. By
virtue of the local connectedness of X, we may assume that each st(F, stV) is connect-
ed. This means that each Z_ is connected since every p,,, is perfect and monotone.
Now, suppose that p, (x,,) = N{Wc:cC} is disconnected. This means that there ex-
ists disjoint closed sets G, H such that p (x40) = GUH. By virtue of Theorem 2.1 the
set p.' (X,,) is compact. We infer that G and H are compact. Thus, there exist the
open subsets U, V of X such that GE U, HZ V and CIUNCIV = @ because of local
compactness of X. Moreover, we may assume that ClU and CIV are compact. Since
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GUH = N{W. : ceC} and the family {Wc: ceC} is directed by inclusion, it follows
that there exists a ¢;€C such that W. S UUV and W.NU # @W_ NV for each ceC
with W. S W,. By virtue of Lemma 2.3 there exists an acA such that
pp (CIU) Np,(CIV) = & for each b=a. Let b and V be such that ¢ = (b, V)=c,. Then
p»(ClU) and p,(CIV) are disjoint closed subsets of X, which contains Z, and both
intersects Z,. This is impossible since Z, is connected. Hence, p.' (x,,) is connected.
At the end of the proof, let us prove that X is locally connected. Let x be any point of
X and let U be a neighbourhood of X. By virtue of the definition of a base in X, there
exists an a€ A and an open set U, containing p,(x) such that xe p;' (U,) € U. By vir-
tue of the local connectednes of X, we may assume that U, is connected. This means
that p;' (U,) is connected [3, p. 441, Theorem 6.1.29] since p, is perfect and mono-
tone. Since, xe p' (U,), we infer that X is locally connected. The proof is completed.

The following example shows that the local connectedness of the spaces X, in The-
orem 3.2 cannot be omitted.

EXAMPLE 3.3 Let X be the space as in the example 2.2 and let Y be the closure of
X in IR2. This space is locally compact, topologically complete but not locally connect-
ed at the point (0,1). Set Y, = Yand Y = {Y,, Q> IN}, where gy, are defined by the
same equations as p,,, in the example 2.2. As in 2.2. we infer that ¢;' (0,1) =
{(0,1)}U{(x,0) : 0<x<1}. Thus, g, (0,1) is not connected and q; is not monotone.
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CROATIA

Lonéar L, Biljeska o projekcijama aproksimativnog limesa.

SAZETAK

Ako je X = {X,, p.p, A} obi¢an inverzni sistem T, - prostora sa savrenim veznim
preslikavanjima, tada su i i projekcije p, : lim X—X, savriene [9, Theorem 7]. Primjerom
2.2 dokazuje se da to nije istina za aprok51mat1vne inverzne sisteme. Glavni teorem
rada (Theorem 2.1) tvrdi da su projekcije p, savriene ako su prostori X, lokalno kom-
paktni topoloski kompletni (A - kompaktni) a vezna preslikavanja savriena. Spomenu-
ti primjer 2.2 pokazuje da se lokalna kompaktnost u teoremu 2.1 ne moZe izostaviti.
Autoru nije poznato da li se topoloska kompletnost (|A| - kompaktnost) moZe izostaviti.
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