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»Numero pondere et mensura Deus omnia condidit. «
Isaac Newton (1722)!
»But for most of us, philistine enough to accept the
historically contingent nature of evolution, there is
nothing specially deep about the number five.
Pianists should ponder the challenge that our motor cor-
texes would have been set had Bach or Scarlatti sported
eight deeply and ineffably named fingers per hand«.
Jonathan Cooke (1990)2

The appearance of the number five and fivefold symmetry in Nature and
their uses in several fields of human activity are presented with a special em-
phasis on chemistry.

INTRODUCTION

The concept of number is one of the oldest and most useful concepts in the history
of the human race.** (The reader should note that in this essay under the term num-
ber I will consider the natural numbers or non-negative integers). People have been
aware of the number concept from the very beginnings of humankind. However, there
was (and there still is) a difference in the use and appearance of numbers in different
contexts, some numbers being used more often than others.> There is a variety of
reasons for the frequent utilization of certain numbers in cultural contexts such as:
religious (three in the Catholic faith, five in Islam); dramatic (three and nine by Wil-
liam Shakespeare (1564-1616) in Machbet); alchemistic (four by Robert Fludd (1574—
1637), a notable alchemist and opponent of Johannes Kepler (1571-1630), who wrote
a beautiful essay on the manifold qualities of the number four®); symbolic (different
numbers depending on the political, cultural or religious circumstances, as, for ex-
ample, the number 13 a fundamental holy number in the religion of the Aztecs); count-

*This article is dedicated to the contemporary Croatian poet dr. Boro Pavlovié
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ing systems (seven days in a week, 12 months in a year); sports (nine is a significant
number in baseball); efc. On the other hand, there is no difference in the frequency

of appearance of numbers in computational work: There all numbers appear somewhat
randomly.

In my case, some numbers are definitely more interesting and attractive than
others. For example, I like the numbers 13, 5, 6, 2, 1 and 3 in that order. Other people
may have similar sets of numbers that they like. Talking to several friends has con-
firmed this supposition; each of them has her or his special set of numbers.

All kinds of symbolic meanings are given to the number 13.7 However, my relation
to the number 13 is much simpler: 13 is the root word of the family name Trinajstié
(13 = trinajst in Chakavian dialect of the Croatian language). I may even suffer from
triskaidekaphilia, an unreasonable liking for the number 13. However, I am sure that
there are quite a few people who suffer from triskaidekaphobia, an irrational fear of
the number 13. Thus, many hotels do not have rooms or storeys with the number 13.

The number five is the second on the list of my favourite numbers. Whilst my at-
tachment to the number 13 is personal, the interest in the number five is stimulated
by observing the appearance (sometimes inexplicable) of this number in Nature and
its usage in various fields of human interest. My attraction to the number five is also
emotional because the Croatian coat-of-arms has a checkered 5 x 5 square pattern
consisting of alternating (horizontally and vertically) red and white squares.® Other
people may have other reasons for being interested in the number five.? However,
some other people may not be so impressed by the number five. For example, the num-
ber nine is the magic number for Iyer.!® He stated: »Every number has its character,
its own distinctive coloring: 5, for instance, is the gray accountant, the user-friendly
solid citizen, the John Major, if you like of integers,...But what of 9? It is, we all know,
an odd number (very odd), and an early square. It is 6 on its head, a circle and a line,
the highest digit and the last, with something of the darkness that attaches to last
things. Yet it has strange magic in it.«

Similarly, Devi'! said about the number five: »Perhaps the most important thing
about 5 is that it is half of 10,...« Croatian poet Zelimir Mader, on the other hand,
equates five with sadness (five = sadness).!?

Human awareness of the number five is natural. All the time that we are awake,
most of us see five fingers on each hand. Five fingers on a hand is the result of an
anatomical incident,” which appears to be quite satisfactory since in the course of
evolution it was not altered. In support of the above is the fact that some mammalian
families have a different number of »fingers«.!* However, there are people with more
than five fingers on a hand or five toes on a foot. This abnormality, known as polydac-
tylism (from Greek word daktylos for finger), is very rare. I have never met a person
with more than five fingers on each hand or five toes on each foot, but in the literature
such people do appear occasionally. For example, Dr. Hannibal Lecter, a mad psychiatrist
in Thomas Harris’ bestselling novel »The Silence of the Lambsg, is a polydactyl (since
he has six fingers on his left hand).

The decimal (or decadic) system that we use today is founded on the practice of
counting by tens. This counting system is the result of counting by using fingers. The
quinary system was probably also used by early people. (Actually, it is still today found
in a South American Arawakan language named Saraveca in which counting has solely
base five.)!* It may be that the use of the decimal system was much simpler than the
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use of the quinary system for practical purposes and, consequently, the former system
has developed exclusively. In addition, the development of language to cover abstrac-
tions such as numbers was rather slow. Probably, the difficulties in producing numeri-
cal verbal expressions were the smallest in the case of the decimal system and this per-
chance also favoured the base 10 system. Possibly, for this reason, modern languages
are built almost uniformly around the decimal system. A mathematician may argue
that more interesting counting systems than quinary or decimal systems would emerge
if Hominids had four (quartal or octal systems) or six (sextal or duodecimal systems)
fingers on each hand.

At this point I wish to tell an instructive funny story entitled »Why With Five
Fingers.«!%:

»Somebody saw Nassruddin Khoja eating greedily good food with all five fingers.

'Why do you, Khoja, eat with five fingers?” This man asked Nasruddin Khoja
wondering.

‘Because I do not have six fingers’, replied Nasruddin Khoja without interrupting
his partake of food.«

In this essay, I will present some uses and occurrences of number five and fivefold
symmetric objects in a variety of areas. I will not attempt to explain why the number
five is used instead of some other small non-negative integer (see the story above). I
will just state the facts. However, one may speculate that the occurrence of the number
five in Nature is somehow related to evolution, whilst in the fine arts and literature
it may he a requisite ingredient in the source of aesthetic pleasure. No introduction
to the concept of fivefold symmetry will be given, since there are a number of texts
available on the subject.1%:17

The essay is structured as follows. In the next section, I will list the appearances
of the number five in various contexts. The third section will contain a presentation
of several fivefold symmetric objects. In the fourth section, I will give some examples
of the use of fivefold symmetry in the literature. In the fifth section, I will discuss the
use of the number five and fivefold symmetry in chemistry. I will end this essay with
concluding remarks.

THE NUMBER FIVE IN VARIOUS CONTEXTS

The number five is the third odd integer and represents the sum of the first even
(2) and the second odd numbers (3). It is also a prime number.

The number five is the fifth member of the Fibonacci series (so called by Francois
Eduard Anatole Lucas (1842-1891) in 1877) introduced by Leonardo Pisano (1170-post
1240), usually known as Fibonacci,* to model the breeding of rabbits.'” The rabbit
problem was introduced in his book on mathematics and calculation entitled Liber

* The use of the sobriquet Fibonaeci (contraction of filius Bonacei, son of Bonaccio) for Leonardo Pisano pro-
bably originated with the mathematical historian Guillaume Libri in 1838. However, there is no evidence that
Leonardo referred to himself in this way or was ever called so by his contemporaries. 18 Actually, Leonardo
referred to himself as Leonardo Pisano Bigollo. No one has so far been able to explain the meaning of Bigollo.
Furthermore, his father's name was Guilielmo. Bonaceio was most probably one of Leonardo’s not far remo-
ved ancestors.
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abaci (1202). However, it appears that the Fibonacei series may have been known to
and used by ancient mosaicists.2

The Fibonacei series looks like 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233,--- and
can be generated by

Fn o Fn + Fn—2 (1)

where F, is the n-th Fibonacci number. Note that F, = F, = 1, and by convention F, = 0.

The Fibonacci series has been the subject of many studies?! and is closely related
to the golden section (sectio aurea), that is, the division of a line segment AB by a
point P, such that: AB : AP = AP : PB.22 AB/AP or AP/PB is called the golden ratio
(or golden mean). In a more general sense, the golden ratio is a proportion in which
the ratio of the whole to the larger part is the same as the ratio of the larger part to
the smaller. Greek architects and sculptors made use of it. The proportions of Phidias’
(ca. 490-430 B.C.) Athena Parthenos and the Parthenon in Athens well illustrate this
point? The golden ratio was also known to early Croatian builders and was applied by
them when they were huilding, in the 9th and 10th century, the first Christian chur-
ches in the Slavic world®?5 (Some of them, such as the Church of the Holy Cross in
Nin or the Church of the Holy Trinity in Zadar are still well-preserved and in good
shape, even after the heavy shelling in the 1990-1993 war of Serbian and Montenegrine
fascists against the Republic of Croatia). Likewise, modern architects use the golden
ratio in their works.”® The golden section also plays an important role in the meas-
urement theory.?’

The value of the golden ratio is (1 + ¥5)/2 = 1.618034. The ratios of pairs of suc-
cessive Fibonacci numbers F,/F,_; approach this value by increasing n. For example,
F;/F4 = 1.666667, F\4/F;; = 1.618026 and F;/F;, = 1.618034.

In many patterns that can be expressed in terms of numbers, a Fibonacci series
is hidden. For example, such a number pattern is Pascal’s triangle. Although it is called
so because Blaise Pascal (1623-1662) made extensive use of this triangle, it is of very
ancient standing, heing probably more than a thousand years old. One of its hidden
properties is that it contains the Fibonacci series. However, there is no record available
to show that Pascal had noticed this property of the triangle.

In animal (the rabbit problem), insect and plant worlds, patterns showing regularity
related to the Fibonacei series have been found.?*2° For example, the genealogical tree
of a bee is such a pattern with a hidden Fibonacci series.?

There is also a mathematical journal, named »Fibonacci Quarterly«, in which re-
search concerning Fibonacci numbers is published,

The number five is the third Catalan number. The Catalan series was discovered
by Leonhard Euler (1707-1783) for counting triangulations. (A triangulation of an
n-gon is a division of the inside into triangles. For example, a pentagon has five dif-
ferent triangulations.) However, it is named after the Belgian mathematician Eugene
Charles Catalan (1814-1894) who rediscovered it in connection with a different prob-
lem.*” The Catalan series looks like 1, 2, 5, 14, 42, 132, 429, 1430, 4862, - and can
be generated by

C, = 1 (Zn] @
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where C, is the n-th Catalan number.

The number five is also, of course, a pentagonal number.”? Pentagonal numbers
belong to the series whose name is derived from an association with patterns shaped
like regular pentagons (see Figure 1). They are part of a special class of numbers called
polygonal numbers.

Figure 1. Diagram of the first five pentagonal numbers.

The pentagonal number series is: 1, 5, 12, 22, 35, 51, 70, 92, 117, 145, --
and the n-th pentagonal number, P, is given by

n . —_—
Pp=5(n=1) 3)

Pierre de Fermat (1601-1665) found that there is a strikingly simple relationship be-
tween the polygonal number series and the natural number series. This may be ex-
pressed by the following simple statement: Every number is either pentagonal, or the
sum of two, three, four of five pentagonal numbers.

There are also some special occurrences of 5 in mathematics: It is only quintic and
higher polynomials that cannot be solved by radicals. Dimension 5 is often some sort
of critical dimension (even as regards phase transitions in physics or chemistry), where
e.g. it is the first dimension d where the only regular polytopes are hypertetrahedron, the
hyperoctahedron and the hypercube — all d=5 having exactly these regular polytopes.
All the alternating groups A, are simple for n=5. Indeed, it appears that A; is the smal-
lest nontrivial simple group. Also, the graph K; plays a crucial role in Kuratowski’s
theorem for planar graphs.®! (K; is a complete graph with five vertices, each of degree
four, and 10 edges. It has the shape of a pentagon containing a star, see Figure 2 later
in the text.

The number five is present in the structure of the Bible.*” For example, the Bible
begins with the Pentateuch (from Greek wevre = five and zevyoo = tool, vessel, book),**
a collective name for the five books of Moses, called Genesis, Exodus, Leviticus, Num-
bers and Deuteronomy. The number five is also an important number in the Islamic
faith and in the Maya and Aztec religions. In Islam, the number five is a favourable
number. It represents the number of calls to prayers each day, the number of ways of
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praying, the number of elements of hadj, etc. Mayas considered the number five to be
a »perfect« number. It was a numerical symbol of the maize deity.** In Aztec mythol-
ogy, this deity was the master of dance and music, thus symbolizing love, spring, dawn,
plays, efc.%

Artists have been inspired by the number five. There is an interesting painting hy
Charles Demuth from 1928 entitled »I Saw the Figure 5 in Gold«. It may be found in
the Alfred Stieglitz Collection of the Metropolitan Museum of Art in New York. This
painting is also reproduced in the book by Blackwell on geometry in architecture.
The number five has been used occasionally by poets as a symbal or metaphor.36-3%

Poets do like to play with numbers because they intuitively realize that a number
is an element in the field of variations, which can be used in many ways by an im-
aginative person.”® I present here, as an illustrative example, a part of a rather lengthy
poem »On Top of the Point« by John Updike (b. 1932) in which all the first 10 integers
are used and, consequently, in its »numerical« form, it is not confined to the boun-
daries of the English language:4

1
2
st s
6 8 it
9 10 » H ey«

In Roman times five witnesses had to be present at the closing of a deal in order
for the venture to be considered legal. This fact and the possibility of corrupted wit-
ness(es) was used by Costain for the plot of his historical novel on the fate of the cup
of the last Supper entitled »The Silver Chalice.«*!

Let me end this section by pointing out that the number five is also present in
sports. For example, the pentathlon is an athletic contest involving participation of
each competitor in five different events. It has recently been abolished from regular
competition in favour of the decathlon. The modern pentathlon is a very demanding
composite contest which consists of five very different categories of competition: a 300 m
freestyle swim, a 4000 m crosscountry run, a 5000 m 30-jump equestrian steeplechase,
épce fencing and target shooting at 25 meters. Basketball is an example of an indoor
game between two teams of five players each. It is considered by many as the most
perfect game to play or to watch. The beauty and the grace of a game of basketball
is rooted in the athletic ability of each player and in the coordinated togetherness of
all five of them in the action. Some of their actions are so well coordinated that we
are reminded of Henry Matisse’s famous painting »Dance« (presently at the Hermitage
in St. Petersburg). The game of basketball is full of symmetries, broken symmetries
and fivefold symmetric structures that are often so rapidly created (and destroyed) that
they can be analyzed only by a slow motion camera.

FIVEFOLD SYMMETRIC OBJECTS

The most elementary fivefold symmetric objects are the regular pentagon and the
five-pointed star. The regular pentagon and the five-pointed star, viewed as ohjects in
the 2-dimensional Euclidean plane, have 10 symmetry operations (five rotations and
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five reflections) and, thus, they belong to the group 5m of order 10. Both these objects
are related: each pentagon contains a star and each star contains a pentagon, i.e. the
central area of the star has the shape of the pentagon which again may contain the
star. This is illustrated in Figure 2.

Figure 2. The regular pentagon and the five-pointed star. Labels A, B and C are to illustrate the
golden ratio (AC : BC = BC : AB). A progression of star shapes within pentagons is also shown.

The construction of the five-pointed star is subjected to the golden ratio and, con-
sequently so is the construction of the related pentagon.

The regular pentagon and the five-pointed star are pretty structures and are ob-
jects of manifold symbolism related to the number five. The five-pointed star in Greek
times was used as a symbol and badge of the Pythagorean brotherhood. By this sign
they recognized a fellow member. (The motto of the Pythagoreans was »All is num-
ber«.) This star was also used by alchemists and magicians as one of their most potent
symbols. The five-pointed star is found in early sacred edifices, such as the baptistery
of the Cathedral in Split and in the rosette of the Cathedral in Amiens. The five-
pointed star is the symbol of a human being: five points — head, two arms and two
legs — and a pentagonal center-torso. Leonardo de Vinci (1452-1519) has nicely il-
lustrated this in his well-known drawing.*>

The five-pointed star was the symbol of the Third International, because it sym-
bolized the union of workers from all five continents. The (red, yellow, blue, white,
etc.) five-pointed star is one of the symbols of many countries. In the case of the former
socialist countries, this was a red star which symbolized the power and union of the
working class of the world to which they belong. Fifty white stars representing fifty
states of the Union appear on the flag of the United States of America. The state of
Texas displays the five-pointed star prominently in its flag and state seal, and indeed
Texas is often termed »The Lone Star State« (where I have spent altogether four
happy years of my life in Austin and Galveston). A number of five-pointed stars is also
a symbol of good quality (see, for example, the ranking of restaurants by Michelin, a
tourist guide) and, by coincidence, of the ranking of generals in the US Army, the
highest rank being a five-star general. It appears that a five-pointed star is amongst
the most often used symbols nowadays.*?

The pentagon is in many ways an unusual polygon.** For example, a plane surface
cannot be completely covered with regular pentagons, because fivefold symmetry is in-
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compatible with packing requirements.*> Of the regular polygons, only equilateral triangle,
square and regular hexagon can be used alone for floor tiling.*®* However, an interest-
ing and unusual pentagonal tile pattern may be seen in the street tiling in Cairo and
occasionally in the mosaics of Moorish buildings.”® Pentagons in this pattern are equi-
lateral but not equiangular. An example of such a pattern is given in Figure 3. This
pattern was also mentioned by Lothar Collatz (b. 1910) in a lecture on geometric or-
naments given during the celebration of his 75th birthday.*” One way of generating
the pentagonal pattern in Figure 3 is described by Williams.%®

Figure 3. A pentagonal tile pattern with pieces that are equilateral but not equiangular.

Kepler was also interested in the pentagonal-symmetry of a plane.*® The first stages
of 5-fold symmetric plane tiling by Kepler are shown in a recent issue of Mathematical
Chemistry Newsletter.%® Also, tiling involving pentagonally symmetric tiles often occurs
in »Penrose« tilings which are now believed of relevance in quasicrystals — one char-
acteristic of these species is that their diffraction patterns exhibit a unique five-fold
symmetry.> 152

I have found a just-opened jewelry shop (Schmuck-Galerie) in downtown Diisseldorf
(Friedrichstr. 6, 4000 Diisseldorf 1) called »Pentagramm« (owners: Angelika Koch and
Peter Tierling). There is a prominently displayed pentagon at the entrance. »Art & So«
is inscribed in the pentagon. I talked to the owners and asked them why they had
chosen this particular and unusual name for their shop. Their answer was they had
selected this name simply because they liked it. Interestingly enough, I did not find
any piece of jewelry in the shape of a pentagon displayed in the shop window.

An intriguing structure is Petersen’s graph,®® which in one of its geometric repre-
sentation (with apparent symmetry Ds,) combines the pentagon and the five-pointed
star (see Figure 4).

Petersen’s graph has been introduced in mathematics to provide a counterexample to
the Tait conjecture concerned with resolving the four colour problem.5 % It has been
found important in discussions of various mathematical problems® and it appears to
be one of the important graphs in chemistry where it depicts possible routes for the
isomerization of trigonal bipyrimidal complexes with five different ligands.?® The rear-
rangement graph for the trigonal bipyramid was first discussed by Balaban et al® Tt is
also the incidence graph for the 10 lines and 10 planes resulting from 5 general points
in 5-dimensional space, as noted by Cayley in 1878. Petersen’s graph may have other
geometric representations with different apparent symmetries. Some of these structures
are shown in Figure 5.
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Obviously, Petersen’s graph has all the symmetry properties that can be associated
with its geometrical representations, which one may regard as special subgroups of the
actual symmetry group of the graph. It is found that the order of the symmetry group
for Petersen’s graph is 120 and that the group is fully symmetric on five objects S;.5%:59
Since Petersen’s graph is a structure which has found application in mathematics and
chemistry, it was selected for the logo of the Journal of Mathematical Chemistry (pub-
lished since 1987 by Baltzer of Basel), a journal devoted to novel applications of math-
ematical methods in the chemical realm. Similarly, the Journal of Graph Theory (pub-
lished since 1977 by Wiley of New York) has also Petersen’s graph as its logo.

The line graph of Petersen’s graph is a bilaterally symmetric structure (see Figure 6).

Figure 4. Petersen’s graph in geometrical representation with D, symmetry.

Ty

Figure 5. Geometrical representation of Petersen’s graph with different symmetries.
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However, the centre of this graph contains a five-pointed star and its boundary has
the shape of the pentagon. Both Petersen’s graph and the corresponding line graph
are distance-regular graphs.®?

Pentagonal (fivefold) structures also occur in Nature.?®:51.62 The fivefold symmetry
is very frequent amongst flowers.%® Families such as Caryophyllaceae or Rosaceae and
many others possess fivefold symmetry. Individual examples are Herniaria glabra L.,
Cydonia Oblonga, Gentiana pumila, etc. Some lower animals also exhibit fivefold sym-
metry. For example the sea star (Astropecten Aurantiacus), the starfish (Ophiotrix capil-
laris) and the sand dollar (Echinarachnius parma) have pentagonal structures which
are well suited to the sedendary habits of these sea creatures and to facing threats to
their safety from all sides. The Bank of the West in Galveston has quite appropriately
chosen the sand dollar for its logo. Galveston (Texas) is an island in the shallow
Mexican Gulf which abounds in these flat circular sea urchins. Skeletons of some
Radiolaria. such as Cirrorrhegma dodecahedra, possess fivefold symmetry.®

Figure 6. The line graph of Petersen’s graph.

Whilst fivefold symmetric structures occur amongst living creatures, they cannot
be found amongst the most perfectly symmetrical creations of Nature, crystals. If a
translationally symmetric plane pattern cannot have pentagonal symmetry, neither
can a stack of such plane patterns; consequently, no form constructed of translation-
ally symmetric layers can have it either. Since the atoms in a crystal are arranged in
such pattern layers, the lattice structure of crystalline substances cannot possess a
fivefold axis of symmetry. If pentagon faces appear in crystals, they are irregular. A
good example to illustrate this point is dodecahedral pyrite whose pentagonal faces are
irregular indeed, because no crystal can have fivefold symmetry. On the other hand, if the
condition of translational symmetry is relaxed, long-range ordered patterns based upon
fivefold symmetry are possible, as noted by Penrose, and recently believed to have
been observed as the so-called quasicrystals,5!52,65,566

While there is an unlimited number of regular polygons possible in 2D space, only five
regular convex polyhedra can be constructed in 3D space. These are the tetrahedron,
the cube (or hexahedron), the octahedron, the icosahedron and the dodecahedron. The
surface of a regular polyhedron is bounded by congruent regular polygons and each
vertex is symmetrically equivalent to each other. The simplest polygons that can form
the surface are the equilateral triangle, the square and the pentagon. It is also clear
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that an angle of a polyhedron cannot be formed by fewer than three faces and that
an angle may be formed by joining three, four and five equilateral triangles. With six
such triangles, the angle flattens into a plane. The same will happen if four squares are
united. Similarly, three regular pentagons at an angle are the maximum. But hexagons
and higher polygons are all ruled out. This argument for the limitation to five regular
polyhedra is based on Euler’s formula:''"?2%" V + F _E = 2 where V is the number
of vertices. I the number of faces and E the number of edges.

The regular polyhedra have very high symmetries and one important common
characteristic, i.e., none of their rotational axes is unique, but each axis is associated
with several axes equivalent to itself. They can be classified into three symmetry clas-
ses. Here, I am interested in the icosahedron and the dodecahedron because they are
the only regular polyhedra which possess fivefold axes of rotation. They, of course,
belong to the same symmetry class. The fivefold, threefold and twofold rotation axes
intersect the midpoints of faces, the vertices and the edges of the dodecahedron, respec-
tively. The corresponding axes intersect the vertices and midpoints of faces and edges
of the icosahedron. Consequently, the icosahedron and the dodecahedron exhibit a
dual relationship with regard to their faces and vertex figures.

These five regular polyhedra are also referred to as the Platonic solids'®17%2 since
they are prominent objects in Plato’s philosophy. However, Theaetetos (c. 380), a
mathematician, a pupil of Socrates (c. 470-399) and Theodoros of Cyren, a friend of
Plato, discovered the octahedron and the icosahedron. Theaetetos was also the first to
write on the five regular solids.®® Plato (c. 427-347) in Timaeus®® associated the regular
tetrahedron, the cube, the octahedron and the icosahedron with four elements: fire,
earth, air and water, respectively. In the dodecahedron (see Figure 7), which is aestheti-
cally the most appealing convex polyhedron, Plato saw the outer shape of the Universe.

Leonardo da Vinci (1452-1519) was also attracted to the beautiful form of the dodeca-
hedron™ as well as many other people.!6:1722:43 There are a number of Escher’s
prints with fivefold symmetric objects.™ A few of his prints such as »Order and Chaos«,
»Gravity« and »Reptiles« contain, for example, the dodecahedron or dodecahedral star.”!

The icosahedron is also an attractive structure. Superimposition of several figures
in some modern dances has a spatial structure of the icosahedron. Thus, in the theory
of dance, the icosahedron is called the dance crystal.” It is interesting to note that
Crick and Watson™ suggested that the symmetry group of a small virus which appears
to be a polyhedron must be that of one of the five regular polyhedra. Their suggestion
initiated investigations of the shapes of viruses. The findings were interesting: Most

Figure 7. Dodecahedron (V=20, F=12, E=30).
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small polyhedral viruses have the symmetry of the icosahedron.” The icosahedron ap-
pears quite appropriately as the logo of »Polyhedron«, an international journal for in-
organic and organometallic chemistry, published by Pergamon Press. Several hydro-
boranes are based upon icosahedral structures.

As it can be seen from Figure 7, twelve pentagons make a dodecahedron. German
renaissance painter and graphic artist Albrecht Dirrer (1471-1528) also tried to pack
pentagons. He was perhaps the first to construct a fold-up cardboard dodecahedron:™
12 pentagons fold into a dodecahedron. Five pentagons arranged around a sixth in a

flower-like pattern can be folded to make half of the dodecahedron. This pattern is
shown in Figure 8.

Figure 8. The pattern for one-half of the dodecahedran. Six regular pentagons and five isosceles
triangles make a larger pentagon.

It is pleasing to note that a similar pattern is exhibited by the apple blossom, the dog-
wood blossom, and blossoms of some other plants.

Playing with the pattern in Figure 8 may lead to some non-periodic regular ar-
rangements as described by Mackay.’® Six pentagons in Figure 8 combined make a
larger pentagon and the resulting five isosceles triangles when joined together with
still another smaller regular pentagon produce a pentagon which is identical to six
other pentagons (see Figure 9).

Figure 9. Five isosceles triangles and a smaller pentagon make a pentagon identical to each of
the six pentagons in Figure 8.
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If this construction is repeated on an ever-increasing scale, then the hierarchical pack-
ing of pentagons builds up like a pentagonal snowflake.

There are also other families of polyhedra with smaller degrees of regularity.”’.78
One such family are the semiregular or Archimedean polyhedra which are similar to
the Platonic solids in that all their faces are regular and their vertices are congruent.
The difference is that their faces are not polygons of the same kind. There are 13 semi-
regular polyhedra.” These are the truncated tetrahedron, truncated cube, truncated oc-
tahedron, cuboctahedron, truncated cuboctahedron, rhombicuboctahedron, snub cube,
truncated dodecahedron, icosidodecahedron, truncated icosahedron, truncated icosi-
dodecahedron, rhombicosidodecahedron and snub dodecahedron. All 13 semiregular
polyhedra possess twofold and threefold rotation axes. Structures from the trun-
cated cube to snub cube possess fourfold rotation axes, whilst the last six semiregular
polyhedra have fivefold axes of rotation. It is interesting to note that Stanko Bilinski,
a renowned Croatian mathematician, discovered and reported in his dissertation in
1943, and later published (1948),* the 14th Archimedean polyhedron which dif-
fers from the rhombicuboctahedron only in that the upper part, which consists of 5
squares and 4 equilateral triangles, is rotated for 7/4 radians. The same geometric
figure was later (in 1957) rediscovered by Russian mathematician Askinuze.*! How-
ever, there are different definitions of semiregular polyhedra, and if one (along with
Griinbaum’” and others®?) requires all their vertices to be point-group equivalent,

then this 14th semiregular polyhedron is excluded from the family of Archimedean
polyhedra.

It is pleasing to note at this point that two of the most popular ballgames possess

either pentagonal symmetry (baskethall) or are played with a fivefold symmetric object
(soccerball).

Buildings other than geodesic domes but with fivefold symmetry are very rare.%
This is a pity because the effect of the pentagonal shape, especially in a tall building
or sky-scraper, could be quite attractive. The best known pentagonal building in the
world is the Pentagon, headquarters of the U.S. Department of Defense near Washington,
D.C. This building is a hollow low pentagonal prism, built so during the Second War
in order to save steel. The hollow part of the Pentagon has also the shape of the pen-
tagonal prism. However, the rooms in the Pentagon are not pentagonal. Some ten
years ago, I saw the Pentagon from a distance, but I have never been in a pentagonal
room. It seems strange that the architects are biased against pentagonal rooms, be-
cause this shape has many appealing features. The corners are more open than those
in rectangular rooms, the walls are not parallel, there is a strong focus on the axis in
the center, it may diminish claustrophobic feelings, efc.

It is interesting enough to report that the European postal system is not prejudiced
against pentagonal letters. A letter in the form of a pentagon was mailed to my address
at the Rugjer Bogkovi¢ Institute in Zagreb by Professor Sven J. Cyvin from Trondheim
in Norway. I got it without any problem. In addition, my family name Trinajsti¢ was
short-handed to 13-i¢. A photo of this letter is shown in Figure 10.

In a science-fiction classic about life in a 2D world entitled »Flatland« by a noted
Shakespearean scholar Edwin A. Abbott (1838-1926), whose hobby was the study of
higher mathematics, almost all houses are pentagonal.® The following lines explain
why pentagonal houses are preferred in Flatland:
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THE RUGJER BOSKOVIC INSTITUTE

P.C.B. 1018
401001 Zograb, Croovia

Figure 10. A photo of a pentagon-shaped letter which arrived at my Zagreb address without any
difficulty from Trondheim.

»The most common form for the construction of a house is five-sided or pen-
tagonal, as in the annexed figure. The two Northern side RO, OF, constitute the roof;
and for the most part have no doors; on the East is a small door for the Women; on
the West a much larger one for the Men; the South is usually doorless.

) \
Men’'s door |\

t :’ Women's door

Square and triangular houses are not allowed, and for this reason. The angles of
a Square (and still more those of an equilateral Triangle), being much more pointed
than those of a pentagon, and the lines of inanimate objects (such as houses) being
dimmer that the lines of Men and Women, it follows that there is no little danger lest
the points of a square or triangular house residence might do serious injury to an in-
considerate or perhaps absent-minded traveler suddenly therefore, running against
them: and as early as the eleventh century of our area, triangular houses were univer-
sally forbidden by Law, the only exceptions being fortification, powder-magazines, bar-
racks, and other state buildings, which it is not desirable that the general public should
approach without circumspection.
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At this period, square houses were still everywhere permitted, though discouraged
by a special tax. But, about three centuries afterwards, the Law decided that in all
towns containing a population above ten thousand, the angle of a Pentagon was the
smallest house-angle that could be allowed consistently with the public safety. The
good sense of the community has seconded the efforts of the Legislature; and now,
even in the country, the pentagonal construction has superseded every other. It is only
now and then in some very remote and backward agricultural district that an anti-
quarian may still discover a square house.« Unfortunately, even in Flatland rooms are
not pentagonal, though in some houses the Hall and the Cellar have the shape of an
irregular pentagon.

Not only houses, but some people are also pentagonal in Flatland: »Our Profes-
sional Men and Gentlemen are Squares (--+) and Five-Sided Figures or Pentagons.«
The sons have one more side than the fathers, but his rule does not apply to all classes:
»It is a Law of Nature with us that a male child shall have one more side than his
father, so that each generation shall rise (as a rule) one step in the scale of develop-
ment and nobility. Thus, the son of a Square is a Pentagon; the son of a Pentagon, a
Hexagon; and so on.

But this rule applies not always to the Tradesmen, and still less often to the Sol-
diers, and to the Workmen; ...«

My interest in the book by Abbott was aroused after I read the article based on
the Nobel prize lecture delivered on December 12, 1975 in Stockholm by Vladimir
Prelog on chirality in chemistry.*” In this article, Prelog described chiral objects in
Flatland. The simplest chiral object in Flatland is scalene. However, in the book there
are all kinds of amusing objects that can easily stimulate the imagination of a scientist.
Actually, this book, although written in the early 1880’s, is still a first-rate fictional
introduction to the concepts of relativity and multidimensions of space. Furthermore,
besides being fascinating reading, »Flatland« helps the reader to understand certain
aspects of modern science better than most texts,

FIVEFOLD SYMMETRY IN THE LITERATURE

Symmetry in general and fivefold symmetry in particular provide artists and writers
with a rich source of themes, images and metaphors.!6:17.25:42,61,62,70.8-90 Hera [ will
present some examples of the use of fivefold symmetry in the literature.

To detect symmetry in the literature is not an easy task, though in some case the
writer may use, in a direct way, a symmetric and/or asymmetric object as a descriptive
means or a metaphor. The abstractness of language makes literary works difficult to
analyze in terms of symmetry operations. Symmetry operations such as rotations, reflec-
tions or translations do not appear discernible in a simple way in the literature; they
are, if they exist, usually hidden. Lately, however, efforts have been made®® to associate
the structure of a literary work (e.g., poem, novel, short story, play) with a diagram
or a geometric object with some characteristic symmetry or antisymmetry. A diagram
may be used, for example, to visualize the characters in a novel or a play.®! A whole
literary work may be associated with some geometric (spatial) form or it may be as-
sociated with several spatial forms, tightly or loosely related.*%2% Very often in poetry,
we find poems in graphical shapes which are isomorphic with diagrams that possess
recognizable symmetric or asymmetric characteristics. A good example to illustrate this
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point is a funnel-like bilateral symmetric shape of a poem by the German neoromantic
poet Christian Morgenstern (1871-1914), appropriately entitled »Die Trichter«.

To associate the structure of a literary work with a 3D object is not simple because
we deal with non-spatial objects to which we ascribe spatial features. Such an analysis
and interpretation are usually highly subjective and a given non-spatial configuration
may be associated with different symmetric or asymmetric figures, depending on the
imagination of the person carrying out such a study.%

I have already stated in section two that numbers are often used by poets. Here,
I present a poem entitled »Quinta essentia«*®® by an important modern Croatian poet
Boro Pavlovié (b. 1922) in which he plays »in quantized harmony«, as a poet and
Nobel-prize winning scientist Roald Hoffmann (b. 1937) would say,*® with the first five
numbers in five languages (English, Latin, Greek, Italian and Croatian):

QUINTA ESSENTIA

one unus eis un(o) je(da)n
one una mia una je(d)na
one unum en un je(d)no
two duo dyo due dva
two duae dyein due dvije
three tres treis tre tri
four quattour tessares quattro cet(i)ri
five quinque penta cinque pet

PANTA

&

TUTTA

QUANTA

The formal structure of this poem may be associated with an inverted pentagonal
pyramid whose base is a regular pentagon (see Figure 11):

T

A

Figure 11. The geometry of the poem »Quinta essentia« by Boro Pavlovié. The labels have the
following meaning: A = Arabic numerals, C = Croatian language, E = English language, I =
Italian language, G = Greek language and L. = Latin language.
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Each vertex of a pentagon represents one language and each edge the translation
process from one language into the other. The bottom of the pyramid is labelled by
Arabic numerals. Rotation by 27/5 radians always brings a different code for a given
number at the bottom of the pyramid, which serves as a decoding device.

Since the meaning is always the same, all the vertices are of the same kind, but
since the coding process (language) is different, the vertices are labelled by different
letters. Therefore, the hidden structure of this poem possesses pentagonal symmetry.

I have already pointed out that the possible origin of the number five is the fact
that there are five fingers on each hand. Hands have also been used by writers in dif-
ferent contexts. For example, the Croatian writer Ranko Marinkovi¢ (b, 1913) has
produced a wonderful short story entitled »Hands«”” in which the hands possess a life
of their own. The author aims to show in this story that the hands are something more
than simply the executive organs of the spirit. Bach hand differs: the right hand is
more aggressive and stronger than the left hand. However, when they work, the work
is efficiently performed only if they act together. (We should remember that two hands
are chiral objects, identical in shape, but not superimposable because one is right and
one is left. They represent a prototypical chiral pair.%5) In this story, Marinkovi¢ has
shown that each hand individually is unique (an asymmetric figure, but by acting
together, they form a symmetric figure).

It is amusing to note that there is a horror story related to the above by William
Fryer Harvey entitled »The Beast With Five Fingers,«* in which one severed hand
possesses all the (even evil) characteristics of a human being. It walks, talks, writes,
hates, efc. the same as hands in the above mentioned story. The element of horror in
the story is produced by the persistent persecution of the main character (Eustace
Borlsover) by the severed right hand of his uncle (Adrian Borlsover) because he has
offended it. But there is nothing unfathomable about the hand as Eustace said to
Saunders (the secretary of the late Adrian) who admitted that he was scared stiff by
the hand’s continuous harassment: »You've no need to be. There’s nothing super-
natural about the hand, Saunders, I mean, it seems to be governed by the laws of time
and space. It’s not the sort of thing that vanishes into thin air or slides through oaken
doors...« Here, I point to a recent movie »The Addams Family« that pokes fun at hor-
ror films, and in which a hand called »the Thing« is an irreplaceable servant to the
whole family.

There is also a fair number of other stories in which hands have a life and a pur-
pose of their own. For example, Guy de Maupassant (1850-1893) wrote two stories in
which a hand is central: »The Hand« and »The Withered Hand«. Sir Arthur Conan
Doyle (1859-1930) one: »The Brown Hand« and Theodore Dreiser (1871-1945) also
one; »The Hand«. To these, it is appropriate to add William Jacob’s (1863-1943) classic
spine-chiller »The Monkey’s Paw«. Here, I wish to mention a sinister tale by Thomas
Burke (1886-1945) entitled: »The Hands of Mr. Ottermole«,® perhaps one of the finest
short stories in the detective story genre. In this story, at the climatic end, the main
character (the sergeant Mr. Ottermole) expressed the following idea, which might be
considered the idea common to all the three stories about hands mentioned here:
»..Can’t ideas live in nerve and muscle as well as in brain? Couldn’t it be that parts
of our bodies aren’t really us, and couldn’t ideas come into those parts all of a sudden,
like ideas come into - into’ - -+ - ‘into my hands™«

A poem about the hand entitled: »The hand that signed the paper« by Dylan Thomas
(1914-1953) is terrifying. A few lines of this poem are given below:
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»The hand that signed the paper felled a

city;

Five sovereign fingers taxed the breath,

Doubled the globe of death and halved a

country;

These five kings did a king to death.«

Much nobler are the following lines from the prose poem »The Hands« by Srecko
Karaman (1909-1964):'" »Hands are the strongest in the prayer. And much more in
the gratitude.«

An example of the direct use of a fivefold symmetric object in the literature, e.g.,
the pentagon, may be found, for instance, in a spectacular novel »Poland« by James
A. Michener (b. 1907).1%!

One chapter (Chapter 63) in the part entitled »Gevurah« of the monumental novel
»Foucalt’s Pendulum« by Umberto Eco'"* contains discourse about the first ten num-
bers and the human body. Each of these numbers enumerates some part of the body.
For example, in the words of the author: »..two arms and two legs make four, and
four is a beautiful number when you consider that animals have four legs and little
children go on all fours, as the Sphinx knew. We hardly have to discuss five, the fingers
of the hand, and then with both hands you get the other sacred number, ten. There
have to be ten commandments because, if there were twelve, when priest counts one,
two, three, holding up his fingers, and comes to the last two, he’d have to borrow a
hand from the sacristan.« However, our body does not know the number three. But,
the matching of a male and female may lead to the number three through their marital
union when they produce a child.

Probably the most prominent pentagram in the literature is the one used by Johann
Wolfgang Goethe (1749-1832) in »Faust«!® (the first part of this drama appeared in
1808 and the second part in 1832 after the death of its author). The pentagram was
used by sorcerers and magicians as a powerful device of magic.” Similarly, the pen-
tagram in »Faust« is used as a mighty device by dr. Faust to exorcise Mephistopheles,
the devil:

FAUST. Das Pentagramma macht dir Pein?
Ei sage mir, du Sohn der Hdlle,
Wenn das dich bannt, wie kommst du denn herein?
Wie ward ein solcher Geist betrogen?
MEPHISTOPHELES. Beschaut es recht! Es ist nicht gut gezogen;
Der eine Winkel, der nach aussen zu,
Ist wie du siehst, ein wenig offen.

THE NUMBER FIVE AND FIVEFOLD SYMMETRY IN CHEMISTRY

Amongst other applications, the Fibonacci numbers and Catalan numbers have
found use in chemistry'®!% for counting valence structures of polycyclic conjugated
systems. Fibonacci numbers correspond to the numbers of Kekulé valence structure!%-197
for the zig-zag chains of benzene rings called fibonaccenes!’® or fibonacenes*!% (poly-
phenanthrenes) and helicenes, whilst Catalan numbers represent the total number of

* Balaban 109 proposed the term »fibonacenes« (with one ¢) instead of etymologically more suitable »fibonac-
cenes« for simplicity and for similarity with the established term »polyacenes«
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valence structures (Kekulé structures, Dewar structures and higher excited valence
structures) for benzenoid hydrocarbons.!!V

There are only two benzenoid hydrocarbons with five Kekulé valence structures:
phenanthrene and tetracene, and only benzene has the total of five neutral valence
bond structures (two Kekulé structures and three Dewar structures). Fibonacci num-
bers were also identified as the numbers of conjugated circuits of fibonaccenes and
helicenes!!! and, thus, they are related to a simple VB resonance-theoretic model named
the conjugated-circuit model.!'*!'* A recent review article describes many other uses
of Fibonacci numbers in chemistry.!!

The number five additionally appears in a number of areas of chemistry. For ex-
ample, there are 3 isomeric alkanes, 5 isomeric alkenes, 8 isomeric alkyl radicals, 4
isomeric primary alcohols, 3 isomeric secondary alcohols, 1 tertiary alcohol, 9 isomeric
esters, 14 isomeric glycols, efc. with five carbon atoms. Similarly, there are 22 polyhex
hydrocarbons!!® with five hexagons. The number five also appears in the count of d-
orbitals affording the colors to most beautiful and valuable gem stones.

Pascal’s triangle has found many uses in chemistry and physics. Let me mention
here only two examples of its recent utilization. The Kekulé structures of benzenoid
hydrocarbons may be counted using the truncated Pascal’s triangle!'® and a new class
of geometric fractals may be derived from Pascal’s triangle, of which the Sierpinski
gasket!!”:11% ig a3 gpecial case.!!?

In chemistry, a hydrocarbon, CsyHgg, named dodecahedrane, is known whose carb-
on skeleton has the structure of the dodecahedron, the most beautiful of Platonic
solids.'?"'2! Many borides and ice structures involve dodecahedra, as attractively il-
lustrated in the Pauling and Hayward book on chemical architecture.!??

In recent years, there has been considerable interest in Archimedean polyhedra
in general, and in the truncated icosahedron in particular.'?® The reason is the ex-
perimental observation of a remarkably stable cluster consisting of 60 carbon atoms,
formed by laser vaporization of graphite in a high-pressure supersonic laser.!?* It has
been proposed that this cluster takes the »unusually beautiful« form of the truncated
icosahedron (see Figure 12) with carbon atoms at each of the vertices and o-bonds
along each edge. Since the late autumn 1990, the buckminsterfullerene and the family

Figure 12. The truncated icosahedron that serves as a model for the structure of the stable Cgq
cluster.
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of related C, (n=26; n=even) clusters called fullerenes have been readily available by
the Kritschmer-Huffman method.!*® After their preparation of Cgg, an explosion of re-
search articles on the fullerenes has occurred.!?® Presently, the research on buck-
minsterfullerene and fullerenes is the hottest research topic in chemistry.'?? Fullerenes
are the third allotropic form of carbon, or rather a family of allotropes, after graphite
and diamond.

The truncated icosahedron has 60 vertices, 90 edges and 32 faces, 12 of which are
pentagonal and 20 hexagonal. This geometrical structure is of considerable interest in
the design of geodesic polyhedra, i.e., polyhedra constructed on the surface of a sphere
by a network of intersecting geodesic lines (i.e., line segments on great circles). Richard
Buckminster Fuller (1895-1983) developed the art of construction of geodesic (dome-
like ) polyhedra'®® for the Cy and the name buckminsterfullerene was suggested by
Kroto et al.'?*!? for the Cy, cluster with the geometry of the truncated icosahedron.

TABLE I

The characteristic polynomial of buckminsterfullerene

1A + xII = x60 - 90x58 + 3825x56
+ 24x55 - 102160x54
- 1920x53 + 1925160x52
+72240x51 - 27244512x50
- 1700640x49 + 300906380x48
+28113600x47 - 2661033600x46
- 347208896x45 + 19180834020x44
+3327625680x43 - 114118295000x42
- 2537643792041 + 565407465144x%0
+156652575440x39 - 2346799508400x38
- 792175427520x37 + 8189116955350x36
+3308173115904x35 - 24056403184260x34
- 11466942645600x 33+ 59443188508110x32
+33076275953760x31 - 123163094844616x30
- 79417625268960x29 + 212712221820840x28
+ 158412719276240x27 - 303315997028160x26
- 261359090670624x25 + 351861389316780x24
+354145195147200x23 - 324375523213200x22
- 390055074762240x21 + 228227031040884x20
+ 344185906596720x19 - 122654402736360x 18
- 238553091055200x 17 + 26617003666920x 16
+126428882536240x 15 + 4679380503120x 14
- 49433493646080x13 - 8131429397135x12
+ 13627897407360x 11 + 3576552321006x10
- 2527365617120x9 - 831616531095x8
+310065067080x7 + 108565938200x6
- 26034025632x5 - 7440712560x4
+1566501120x3 + 186416640x2
- 54743040x + 2985984
= (x+43) (x+1)9 (x-2)4 (x2+x-3)5 (x2-3x+1)3 (x2-x-1)5 (x2-x-4)% (x4+3x3-2x2-Tx+1)3
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Other names which could be used for the Cg cluster are footballene (in Europe) and
soccerballene (in the USA), because of its structural similarity with the surface struc-
ture of the modern soccerball.

The Cyp cluster is a very stable conjugated structure. It possesses 12.500 Kekulé
structures.'*'%! Its reconance energy (computed, for example, by the conjugated-cir-
cuit model with Herndon’s parameters)®®!''? is comparable in the normalized form
(RE/N; N=60; RE/60=0.120 eV) to that of benzene (RE/6=0.140 eV).'%1%2 Buck-
minsterfullerene is also a hard'®® and inert™®* molecule. I also give here its charac-
teristic and acyclic (matching) polynomials.!*1:185.136 These polynomials are given in
Table I and Table II. Their zeros can be used in the computation of topological resonance
energ (TRE) of Cg. TRE of buckminsterfullerene in the normalized form (TRE/N;
N=60) is equal to 0.02745. Note, that TRE/N for benzene (N=6) is 0.046f. Similarly,
the zeros of the characteristic polynomials can be used to generate a Hiickel-based
resonance energy (RE/60=0.55383) of Cg.

When the characteristic and acyclic polynomials are given in the forms such as in
Tables I and II, their pictures have, as stated by Brendsdal et al.,'*® »an intrinsic beauty,
not quite unlike a modern poems. It reminds me of some poems by the Croatian poet
Drazen Mazur (b. 1951).

The last coefficient ay™ of the acyclic polynomial is equal to the Kekulé-structure
count K of Cgg: ay™ = K = 12.500. Perhaps, the evident »fiveness« of the Kekulé-struc-
ture count, written differently: K = 2°5° for buckminsterfullerene is also some kind
of manifestation of the fivefold symmetries of the Cg, cage.!3!

The number of spanning trees in buckminsterfullerene'” is 375 291 866 372 898 816 000,
or, factorized into powers of prime numbers: 225 x 3% x 5% x 11° x 19°. The authors
of this computation also noted with amusement that, in the above numbers, the sum
of the bases, (2+3+5+11+19), is equal to the sum of the powers, (25+4+3+5+3),
both being 40.

TABLE 11

The acyclic polynomial of buckminsterfullerene

x60 - 9Ox38
+ 382556 - 102120x54
+1922040x52 - 27130596x50
+ 298317860x48 - 2619980460x46
+ 18697786680x% - 109742831260x42
+534162544380x40 - 2168137517940x38
+7362904561730x36 - 20949286202160x34
+ 49924889888850x32 - 90463457244844x30
+ 165074851632300x28 - 227043126274260x26
+ 256967614454320x24 - 237135867688980x22
+ 176345540119296x20 - 104113567937140x 83
+ 47883826976580x16 - 16742486291340x14
+4310718227685x12 - 783047312406x10
+94541532165x3 - 6946574300x6
+269272620x4 - 4202760x2
+ 12500
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The enumeration of all Cyy cages associated to trivalent polyhedra with five- and
six-sided faces produced 1812 cages (not distinguishing mirror images).'**-'4 The ear-
lier computation of Liu et al.'"! was erroneous. They obtained 1790 isomeric Cg cages.
A valuable result of these enumerations is that the most stable of isomeric Cgy cages
is the buckminsterfullerene structure.

In 1965, a hydrocarbon, CygH,p, was proposed!*? whose carbon skeleton resembled
the Pentagon and which was named the pentaprismane (see Figure 13). In this figure,
the flat drawing emphasized the prism containing two regular pentagons in parallel
planes conjoined by five-membered rings. Incidentally, the name: »pentaprismane« is
much prettier than the IUPAC name »hexacyclo[5.3.0.0.2:60.%100.4%05%] decane«.'*®

Figure 13. The model for the carbon skeleton of pentatprismane as a regular pentagonal prism
(of Dsp, symmetry).

Empirical force-field calculations'#*%® predicted pentaprismane to be loaded with
strain (135-145 kcal/mol). Apparently, pentagonal systems are not easily constructed.
Many efforts at preparing this ring system have failed. However, in 1981, pentaprismane
was synthesized and isolated'®® in quite high yields (40-45%). Pentaprismane belongs to
the Dgy, symmetry group, similarly as, for example, ruthenocene (CsHs):Ru. Ruthenocene
is a sandwich-like compound’” in which ruthenium is sandwiched between two cyclo-
pentadienyl ring systems in the syn position. Because of its symmetry (Dg,), the struc-
ture of ruthenocene may also be modeled by a regular pentagonal prism (see Figure
14) which is, in this case, much taller than that representing pentaprismane.

Figure 14. The structure of ruthenocene represented by a regular pentagonal prism. The twofold
and fivefold axes of rotation are indicated.
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Ferrocene,'#!1% exhibiting somewhat similar sandwiched molecular structure, in
which iron is sandwiched between two cyclopentadienyl ring systems in the anti posi-
tion (see Figure 15), is also a pentagonally symmetric compound that played a central
role in Fischer and Wilkinson’s Nobel Prize in chemistry (1973).

Figure 15. The structure of ferrocene. Iron is sandwiched between two cyclopentadienyl ligands
in the anti position.

Cyclopentane, which is a parent molecule of cyclolpentadienyl moiety, exhibits a
broken 5-fold symmetry which, as Kilpartrick and Pitzer'® proposed, is elegantly res-
. tored through pseudorotation.

CONCLUDING REMARKS

In this essay, I have collected the appearances and uses of the number five in dif-
ferent areas. In many cases, it is understandable why the number five appeared, but
in some cases we do not comprehend why five rather than four or six. In some sports,
the number five probably emerged as an optimum number after much trial and error.
The game of basketball may be (as it was early in its YMCA days) played by twelve
or four players (as it is nowadays done in parks and streets), but, the optimum number
of players is established to be five on each side in the regular professional or amateur
game.

I also noted some occurrences and utilizations of the fivefold symmetric objects,
such as the pentagon, five-pointed star, isocahedron, dodecahedron, truncated iso-
cahedron. They are used for many reasons: symbolic, esthetic, mathematical, practical,
efc. Some plants and animal possess fivefold symmetry. The reasoning behind that
must be related to evolution, since it seems that evolution follows the symmetry rules.
For example, the representatives of a given animal species in order to survive must
have an optimum size and shape, which is ordinarily very symmetric. The symmetry
requirements for the (pentagonal) spatial organization apparently appear indirectly in
the genetic code of all living matter, e.g.1%!

Several examples of the use of the number five and fivefold symmetry in the litera-
ture are also shown. These latter examples are not as abundant as those with other
types of symmetry.*® To conclude, I may say that the use of the number five and five-
fold symmetry in the art and literature is related, in some way, to the search for un-
usual beauty inherent and induced by this particular type of symmetry. However, we
should remember that the aesthetic effects resulting from symmetry of an object or a
literary work lie in the mental process of perception, and this process is highly in-
dividualistic.
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The number five and fivefold symmetry are abundantly present in chemistry. Only
a few examples are listed in this essay. However, even in this limited number of ex-
amples, it is easily seen that five-fold symmetric objects in chemistry are the molecules
with unusual, but attractive, structures which posses out-of-ordinary properties.
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SAZETAK
Carobnost broja pet
Nenad Trinajstié¢

Prikazana je pojava broja pet i petorostruke simetrije u prirodi, te njihova upotreba u ne-
koliko podrudja ljudskog djelovanja, s osobitim naglaskom na kemiji.
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