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ABSTRACT. The paper is devoted to the study of coarse shape of
Cartesian products of topological spaces. If the Cartesian product of two
spaces X and Y admits an HPol-expansion, which is the Cartesian product
of HPol-expansions of these spaces, then X X Y is a product in the coarse
shape category. As a consequence, the Cartesian product of two compact
Hausdorff spaces is a product in the coarse shape category. Finally, we
show that the shape groups and the coarse shape groups commute with
products under some conditions.

1. INTRODUCTION AND PRELIMINARIES

Since founding shape theory, by K. Borsuk ([2]), it has been developing
in several directions. Papers introducing equivalence relations of metric com-
pacta, strictly coarser than the shape equivalence (K. Borsuk g-equivalence,
S. Mardesi¢ S-equivalence, S*-equivalence) can be found in the literature since
1976. Recently, N. Kocei¢ Bilan and N. Uglesi¢ [7] have extended the shape
theory by constructing a coarse shape category, denoted by Sh’(ﬂr,m, where P
is a pro-reflective subcategory of T, whose objects are all objects of 7. Its
isomorphisms classify objects of T strictly coarser than the shape does. This
category is functorially related to the shape category Sh(7 p) by a faithful
functor and consequently the shape category Sh(r py can be considered as
a subcategory of Sh?’r,P)' Since the homotopy category of polyhedra, HPol,
is pro-reflective (dense) in the homotopy category HTop [9, Theorem 1.4.2],
the coarse shape category Sh*::Sh?HTop,HPol) is well-defined. The shape and
coarse shape coincide on the class of spaces having homotopy type of polyhe-
dra.
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Other direction in the developing of the shape theory was a studying of a
strong shape. Strong shape for metric compacta was introduced by Edwards
and Hastings ([3]) and shortly afterward by Bauer ([1]) for arbitrary spaces. A
standard category framework for the strong shape is the strong shape category
SSh.

For every category 7 an essential question is: Does a category 7 admit
products?

The product of a pair of objects X and Y (in the categorical sense) is
the object W along with the morphisms px : W — X and py : W — Y
such that, for every object Z and every pair of morphisms f : Z7 — X,
g:Z — Y, there exists a unique morphism h : Z — W such that px oh = f
and py o h = g. Although there are several particular results concerning this
question for the shape and strong shape categories, this problem is still open
for these categories. It is well-known that for compact Hausdorff spaces X
and Y, their Cartesian product X x Y is a product in the both categories.
For ordinary shape this was proved by Keesling ([4]) and for strong shape it
was proved by Mardesi¢ ([8]). On the other side it was shown by Keesling
that Cartesian product of two non-compact spaces need not be their product
in the shape category. Therefore, the following question naturally has arisen:
(Q) For which topological spaces the Cartesian product X x Y along with
the induced projections form a product of X and Y in the (strong) shape
category?

In this paper, we consider the problem (Q) in the coarse shape category. In
Section 2, we intend to verify existence of product in the coarse shape category.
Before studying products in coarse shape category we study products in the
category pro*-HTop and we show that every pair of inverse systems X, Y in
this category has a product. By a similar argument of [8] we prove that if the
Cartesian product of two spaces X and Y admits an HPol-expansion, which
is the Cartesian product of HPol-expansions of these spaces, then X X Y is
a product in the coarse shape category. As a consequence we show that the
Cartesian product of two compact Hausdorff spaces is a product in the coarse
shape. Also we show that the shape groups and the coarse shape groups (of
compact Hausdorff spaces) commute with the product under some conditions.

By the fact that every inverse system is isomorphic to a cofinite inverse
system ([9, Remark 1.1.5]), in this paper every inverse system is assumed to
be cofinite inverse system.

Now, let us recall from [7] some of the main notions concerning the
coarse shape category and a pro*-category. Let 7 be a category and let
X = (Xx,panv,A) and Y = (Y}, guu, M) be two inverse systems in category
T. An S*-morphism of inverse systems, (f, f[j) : X — Y, consists of an index
function f: M — A and of a set of T-morphisms f} : X)) — Y, n € N
and p € M such that, for every related pair u < ' in M, there exist a A € A,
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A > f(w), f(i'), and an n € N so that, for every n’ > n,

G [ pwyx = Ji Proa-
If M = A and f = 14, then (1y, f7) is said to be a level S*-morphism.

The composition of S*-morphisms (f, f;) : X — Y and (g,97) : Y —
Z = (Z,,ru, N) is an S*-morphism (h, h}}) = (g, 9, )(f, f}) : X — Z, where
h = fg and h] = g} ;L(V) for all n € N. The identity S*-morphism on X is
an S*-morphism (14,1%,) : X — X, where 1, is the identity function and
1%, =1x, in T, for all n € N and every A € A.

An S*-morphism (f, f}) : X — Y is said to be equivalent to an S*-
morphism (f/, f/') : X — Y, denoted by (f, f;) ~ (f', f,"), provided every
w € M admits a A € A and n € N such that A > f(u), f/(¢) and for every
n' >n,

Frgox = 1 prrua-

The relation ~ is an equivalence relation among S*-morphisms of inverse
systems in 7. The category pro*-T has as objects all inverse systems X in
T and as morphisms all equivalence classes f* = [(f, f})] of S*-morphisms
(f, f;;)- The composition in pro*-7 is well defined by putting

gt = = (A
where (h,hy) = (g9,9,)(f, f}) = (fg9, 90 ;L(V)). For every inverse system X in
T, the identity morphism in pro*-7 is 15 = [(14,1%,)]-

In particular if (X) and (") are two rudimentary inverse systems in HTop,
then every set of mappings f : X — Y, n € N, induces amap f* : (X) — (V)
in pro*-HTop.

A functor J = J - : pro—T — pro* — T is defined as follows: For every
inverse system X in 7, J(X) = X and if f € pro — T(X,Y) is represented
by (f, fu), then J(f) = £* = [(f, f})] € pro* — T(X,Y) is represented by
the S*-morphism (f, f;}), where f = f,, for all y € M and n € N. Since the
functor J is faithful, we may consider the category pro-7 as a subcategory
of pro*-T.

Let P be a subcategory of T. A P- expansion of an object X in T is a
morphism p : X — X in pro-7, where X belongs to pro-P characterised by
the following two properties:

(E1) For every object P of P and every map h : X — P in T, there is a
A€ A and amap f: X, — P in P such that fpy = h;
(E2) If fo, f1: Xa — P in P satisfy fopx = fipa, then there exists a X' > A
such that fopax = fipax-
The subcategory P is said to be pro-reflective (dense) subcategory of T pro-
vided every object X in 7 admits a P-expansion p : X — X.

Let P be a pro-reflective subcategory of 7. Let p: X — X and p’ : X —

X’ be two P-expansions of the same object X in 7, and let q: Y — Y and
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q' : Y — Y’ be two P-expansions of the same object Y in 7. Then there exist
two natural (unique) isomorphismsi: X — X’ and j: Y — Y’ in pro-P with
respect to p, p’ and q, q’, respectively. Consequently J(i) : X — X’ and
J () : Y = Y’ are isomorphisms in pro*-P. A morphism f* : X — Y is said
to be pro*-P equivalent to a morphism f* : X’ — Y’ denoted by f* ~ f*,
provided the following diagram in pro*-P commutes:

x L0, <

(1.1) |

v 2O,

This is an equivalence relation on the appropriate subclass of Mor(pro*-
P). Now, the coarse shape category Sh’(*Tﬂ,) for the pair (7, P) is defined as
follows: The objects of Sh?T,P) are all objects of 7. A morphism F*: X —» Y
is the pro*-P equivalence class < f* > of a mapping f* : X — Y in pro*-P.
The composition of F* =< f* >: X — Y and G* =< g* >: Y — Z is defined
by the representatives, i.e. G*F* =< g*f* >: X — Z. The identity coarse
shape morphism on an object X, 1% : X — X, is the pro*-P equivalence class
< 1x™* > of the identity morphism 1x* in pro*-P.

The faithful functor J = Jrp) : Shirp) — Sh’("TJ,) is defined by
keeping objects fixed and via the inclusion functor J = J, : pro— P —
pro* —P.

REMARK 1.1. Let p: X — X and q : Y — Y be P-expansions of X
and Y respectively. For every morphism f : X — Y in 7, there is a unique
morphism f : X — Y in pro-P such that the following diagram commutes in
pro-P:

X +— X
P

(1.2) K 7|

Y +———Y.
q

If we take other P-expansions p’ : X — X’ and ¢’ : Y — Y’, we obtain
another morphism f’ : X’ — Y’ in pro-P such that f'p’ = q'f and so we
have f ~ f’ and hence J(f) ~ J(f’) in pro*-P. Therefore every morphism
f € T(X,Y) yields an pro*-P equivalence class < J(f) >, i.e. a coarse shape
morphism F* : X — Y, denoted by S*(f). If we put S*(X) = X for every
object X of T, we obtain a functor §* : T — Sh*, called the coarse shape
functor.

Since the homotopy category of polyhedra HPol is pro-reflective (dense) in
the homotopy category HTop ([9, Theorem 1.4.2]), the coarse shape category
Sh’("HTOp,HPOl):Sh* is well defined.
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2. PRODUCTS IN COARSE SHAPE CATEGORY

As we know the shape category doesn’t have the product, in general.
Keesling ([4]) proved that for compact Hausdorff spaces, X xY is a product in
shape category and Mardesié ([8]) showed this result for strong shape category.
We intend to verify the existence of product in the coarse shape category. By
a similar argument of [8] we proved that the Cartesian product of two compact
Hausdorff spaces is a product in this category. In this section, we prove that
if the Cartesian product of two spaces X and Y admits an HPol-expansion,
which is the Cartesian product of HPol-expansion of these spaces, then X xY
is a product in the coarse shape category. Finally, we show that the kth shape
groups and the kth coarse shape groups of compact Hausdorff spaces commute
with the product for every k € N.

Now, we intend to prove that X x Y is a product in the coarse shape
category under some conditions. First consider some notations.

Let p: X - X = (Xy,pawv,A)andq: Y =Y = (Y,,quu, M) be
morphisms of pro-HTop. Then X x Y = (X X Y,,,pax X quu, A x M) is
an inverse system and H-mappings py X g, : X XY — X x Y, form a S*-
morphism px q: X xY — X xY in pro-HTop, where A x M is directed by
putting (A, p) < (N, ') if and only if A < N and p < p'.

To define the canonical projection 7% fix an index p € M. Let #7% :
X XY — X be the S*-morphism which consists of the index function f#* :
A — A x M defined by f#(\) = (A, ) and of the set of homotopy classes
of projections #7% : X\ x Y, — Xy, A € A, n € N. If ¢/ is another index
in M, then #7% and “/TF;( are equivalent S*-morphisms. Hence they induce
the same morphism of pro*-HTop which is denoted by 7%. In the following
theorem we show that every pair of inverse systems X and Y has a product
in the category of pro*-HTop.

THEOREM 2.1. Let X and Y be inverse systems of spaces. Let £* : Z — X
and g* : Z — Y be morphisms of pro*-HTop, then there exists a unique
morphism h* : Z — XXY in pro*-HTop such that txh* = £* and 7 h* = g*.

PRrROOF. Let f* : Z = (Z,,r,, N) = X = (Xx,pan,A) and g* : Z —
Y = (Y, quu, M) be given by their representatives (f, f{) and (g,g};), re-
spectively. To prove existence of h*, consider the morphism h* : Z - X xY
in pro*-HTop represented by S*-morphism (h, h&u)) which is defined as fol-
lows: Since f(A),g(u) € N and N is directed there exists an 7 € N such
that n > f(XA),g(u), we can choose one n with this property by the axiom
of choice and define the index function h : A x M — N by h(A\,u) = 7.

For all (A\,u) € A x M and n € N we define h?A,u) CZponu) — Xa x Y, by

hism(2) = (FXTroonoum (2), 90T g(un(aw) (2)), where z € Zy. We first prove
that h* is a morphism in pro*-HTop, i.e. (h, h& M)) is an S*-morphism. Let
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A p) < (V,p'), then A < XN and p < g/, Since f* is a morphism in pro*-
HTop, for A < X there exist a vy € N, v > f(A), f(V), and an n; € N such
that for every n’ > nq,

(2.1) TN Trom = PN T
Since g* is a morphism in pro*-HTop, for pu < p’ there exist a vo € N,
vy > g(u),g(y'), and an ny € N such that for every n’ > nao,

(2.2) 9 Ta(uyve = Qup 9 g yva -

Since N is directed there exists a v3 € N such that v3 > vq,v5. Also there
exists a vy € N such that vy > h(\ p), h(N, ') and so a v € N in which
v > vs,v4. By putting n = max{ny,na} we have the following equalities for
every n’ > n:

n'

i Thumr = X T H 0RO ThOumws I Ta(uh (o) Th(rn)w)

= (fx T’f(x)wgu rg(;t)l/)

= T’fmuﬂ"vwvgu Tg(u)uﬁuzu)

(pk)\’ 2\ Tf()\/)lllrllll/) Wug;ﬂ“g( )Dzrllgl/)

by (2.1) and (2.2),
= (Pax I3y Tr(\)ws qML’gZ/ rg(;t’)u)
= (PN SR T RO i) TRV 1 Y5 Dyags? T Tg (YN o) TN Y)
= (Pax X G )Wl(s iy TR -
This proves that (h, h?)\’#)) is an S*-morphism. Note that, for (A, u) € Ax M
and for all n € N, one has *7' (h{} ,)) = f{Ts(\)» and hence mxh* = f*.
Analogously, 7y,h* = g*.
To prove uniqueness, assume that we have another morphism h'™* : Z —

X x Y is represented by the S*-morphism (h', h{} ) such that mxh™ = f~
and 73h"™ = g*. Since nh™ = f* for (A, ) € A x M there exist a 14 € N,
v1 > f(A), R (A 1), and an ny € N such that for every n' > nq,
(2.3) X rrogm =11k, (hl(g,u))rh’(k,u)vr
Since 73, h"™ = g* for (A, u) € A x M there exist a vy € N, vo > g(u), h'(A, ),
and an ny € N such that for every n’ > no,
(2.4) 9y Tg(pyva = AW}% (hl(g,u))rh'(k,u)w-
Since N is directed there exists a v3 € N such that v3 > vq,v5. Also there

exists a v € N such that v > h(A, u), v3. From (2.3) and (2.4) we have,

(2.5) N oo = “Wﬁk(hl&u))rh’(k,u)v



ON PRODUCTS IN THE COARSE SHAPE CATEGORY 229

and
(2.6) 9 To(uyw = /\ﬁl’u (PG )70 iy

By putting n = max{ni,na} and using (2.5) and (2.6) we have the following
equalities for every n’ > n:

R T o = (X T 0 91 Ta(uyw)

= h?k,;t)rh()\au)’"

Hence h™* = h* and so h* is unique. O

THEOREM 2.2. If X and Y admit HPol-expansions p : X — X and
q:Y =Y, respectively such that p x q : X XY — X x Y is an HPol-
expansion, then X x Y along with the coarse shape morphisms S8*(rx) and
S*(my), induced by ordinary projections, is a product in the coarse shape
category.

PROOF. Let tx : X XY — X and 7y : X x Y — Y denote the canonical
projections. We want to show that X x Y together with coarse shape mor-
phisms §*(rx ) and S*(ny) is a product in Sh*. Let Z be a topological space
and let F* : Z — X and G* : Z — Y be coarse shape morphisms. We must
prove that there exists a unique coarse shape morphism H* : Z — X x Y
with $*(nx)H* = F* and §*(ny )H* = G*.

We will first prove uniqueness of H*. Assume that H*: Z — X X Y has
the desired properties. Consider the HPol-expansionspxq: X XY — X xY
andr: Z — Z and let h* : Z — X x Y be the morphism of pro*-HTop
representing H*. Similarly, consider the HPol-expansions p : X — X and
q:Y —>Yandlet f*:Z — X and g* : Z — Y be morphisms of pro*-HTop
representing F* and G*, respectively. Note that the canonical projection
P, o X x Y, — X\ satisfies the equality *m' (px X qu) = pamx, for all
n € N. Therefore 7% (J(p x q)) = J(p)J (7x), i.e. the following diagram is
commutative:

XXxY +——— X xY
J(pxa)

2.7) | 7mx) |

X — X.
J(p)

It follows that, by Remark 1.1, S*(7x) =< 7% > i.e. the morphism 7%
represents the coarse shape morphism S*(rx) and so the morphism 7xh*
represents the coarse shape morphism §*(rx)H* = F*. However, we know
that f* represents F'*. Consequently, 73 h* = f*.

An analogous argument shows that 73,h* = g*. We now apply Theorem
2.1 and conclude that h* is unique. This implies that H* is also unique since
it represents h*.
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To prove existence of H*, choose f* and g* as above and let h* be the
morphism defined in Theorem 2.1. Then define H* : Z — X X Y as the
coarse shape morphism which is represented by h*. Arguing as before, 73 h*
is associated with $*(wx)H™*. By Theorem 2.1, nxh* = f*. Consequently,
S*(mx)H* is associated with f*. Since F™* is also associated with f*, we
conclude that S*(mx)H* = F*. Analogously, $*(my )H* = G*. O

Mardesi¢ showed that if p: X — X and q : Y — Y are HPol-expansions
of compact Hausdorff spaces X and Y, respectively, then p xq: X xY —
X x Y is also an HPol-expansion of X x Y ([9, Lemma 2 and Theorem 4]).
Therefore we have the following result from Theorem 2.2.

COROLLARY 2.3. If X and Y are compact Hausdorff spaces, then X XY
together with the coarse shape morphisms S*(wx) and S*(ny ) is a product in
the coarse shape category Sh*.

N. Kocei¢ Bilan ([5]) introduced the kth coarse shape group 7% (X, ),
k € N, as the set of all coarse shape morphisms F* : (S*, %) — (X, ) with
the following multiplication which makes it a group.

Fr4Gr =<f" >+ < g" >=<f"+g" >=<[(f1)]+[(g})] >=< [(fT+g})] >,

where coarse shape morphisms F* and G* are represented by morphisms
£ =[(f, f)) and g* = [(9,9%)] : (S*,*) — (X, x) in pro*-HPol,, respectively.
In follow, we show that the shape groups and the coarse shape groups of
coarse shape path connected, compact and Hausdorff spaces commute with
the product. Note that N. Koceié¢ Bilan proved that if X is a coarse shape path
connected space, then 7 (X, zo) = 75(X,z1) for any two points g, 21 € X
and every k € Ny ([6, Corollary 1]).

THEOREM 2.4. Let X and Y be two coarse shape path connected spaces.
If X and 'Y admit HPol-expansions p: X — X and q : Y — Y, respectively
such that p x q: X xY — X xY is an HPol-expansion, then 7 (X xY) =
7 (X) x 7 (Y), for every k € N.

PrROOF. Let S*(rx) : X XY — X and S*(ny) : X XY — Y be
the induced coarse shape morphisms of canonical projections and assume
that ¢x @ (X xY) — 75(X) and ¢y : 7(X xY) — 7} (Y) are the
induced homomorphisms of $*(7wx) and S*(ny), respectively. Then there
is a homomorphism ¢ = (¢x,dy) : TH(X xY) — 75(X) x 75(Y). By
Theorem 2.2, X x Y is a product in Sh* hence we can define a homomor-
phism ¢ : 75(X) x 75(Y) = 7(X x Y) by ¢(F*,G*) = |F*,G*], where
|F*,G*| : S* — X x Y is the unique coarse shape morphism such that
S*(nx)|F*,G*] = F* and S*(ny)|F*,G*] = G*. Indeed, if F* =< {* =
(£, £2)] > and G* =< g = [(g,g2)] >, then |F*,G*] =< |£*,g"] >, where
[f*,g*] is given by |f, gJS\L# =fy xg;: Sk — X, x Y, (see Theorem 2.2).
The homomorphism 1 is well-defined. Suppose F*, F'* € 7t} (X) represented
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by f* and f*, respectively and G*, G™* € 71;(Y) associated by g* and g'*,
respectively such that F* = F’* and G* = G'*, i.e. f* ~ f"* and g* ~ g'*.
One can see that [f*,g*| ~ [f*,g*| and hence |F*,G*| = [F"™*,G"*]. Tt is
routine to check that ¢ o1 = id and ) o ¢ = id. O

REMARK 2.5. (i) It is known that, for a shape path connected space,
shape homotopy groups do not depend on the choice of a base point (see
[10]). With similar to proof of Theorem 2.4 one can show that if X and YV’
are two shape path connected spaces and if X and Y admit HPol-expansions
p: X —>Xand q:Y — Y, respectively such that p x q: X xY - X xY
is an HPol-expansion, then 7 (X X Y) 2 71 (X) x 7, (Y), for every k € N.
(ii) If X and Y are coarse shape path connected, compact and Hausdorff
spaces, then by a result of [8, Theorem 10 pxq: X XY — X x Y is an
HPol-expansion, where p : X — X and q : Y — Y are HPol-expansions of
X and Y, respectively. Therefore in this case the 7y and 7, commute with
finite products, for every k € N, by Theorem 2.4.
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