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Abstract. In this paper, we shall deal with p-pseudo almost automorphic solutions to
a semi-linear fractional differential equation by a new concept of p-pseudo almost auto-
morphic functions presented recently. First we establish some new properties of p-pseudo
almost automorphic functions, and then apply the obtained results to prove some existence
theorems combined with the Leray-Schauder alternative theorem.
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1. Introduction

The concept of almost automorphy was first introduced in the literature by Bochner
in [8]; for more details about this topic we refer to [1, 2, 12, 13, 20, 21, 24]. Since
then, there have been several interesting, natural and powerful generalizations of
classical almost automorphic functions. The concept of asymptotically almost auto-
morphic functions was introduced by N’Guérékata in [19]. In [17, 28], Liang, Xiao
and Zhang presented the concept of pseudo almost automorphy. In [22], N’Guérékata
and Pankov introduced the concept of Stepanov-like almost automorphy and applied
this concept to investigate the existence and uniqueness of an almost automorphic
solution to the autonomous semilinear equation. In [6], Blot et al. introduced the
notion of weighted pseudo almost automorphic functions with values in a Banach
space. In [29, 30], Chang, N’Guérékata et al. investigated some properties and
new composition theorems of Stepanov-like weighted pseudo almost automorphic
functions. Recently, in [7], Blot, Cieutat and Ezzinbi applied the measure theory
to define an ergodic function and they investigate many interesting properties of
p-pseudo almost automorphic functions.

In recent years, great attention has been paid to different typed solutions to a
fractional differential equations [3, 4, 23, 25, 26, 27]. The study of almost automor-
phic solutions to fractional differential equation was initiated by Araya and Lizama
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[5]. In their work, the authors investigated the existence and uniqueness of almost
automorphic mild solutions to some fractional differential equations. For more de-
tails about fractional differential equations we refer to [4, 11, 16]. In [10], Cuevas
and Lizama considered the following fractional differential equation:

D¢u(t) = Au(t) + DY 1 f(tu(t), teR, 1<a<?2,

where A is a linear operator of sectorial negative type on a Banach space. Under
suitable conditions of f, the authors proved the existence and uniqueness of an
almost automorphic mild solution to the above problem. Mophou [18] investigated
the existence and uniqueness of weighted pseudo almost automorphic mild solutions
to the following fractional differential equation:

D&u(t) = Au(t) + DY f(t,u(t), Bu(t)), t€R, (1)

where 1 < o < 2, A: D(A) € X — X is a linear densely operator of sectorial
type on a complex Banach space (X, || -||), B : X — X is a bounded linear operator
and f: R x X x X — X is a weighted pseudo almost automorphic function in ¢ for
each z, y € X satisfying suitable conditions. The fractional derivative Dy is to be
understood in Riemann-Liouville sense.

Motivated by the above mentioned works [7, 18], the purpose of this paper is to
establish some existence results of p-pseudo almost automorphic mild solutions to
the problem (1) if f: R x X x X — X is a p-pseudo almost automorphic function
in t for each z, y € X satisfying suitable conditions. We first prove some results on
composition theorems of such functions, and then establish the existence results by
the Banach contraction principle and the Leray-Schauder alternative theorem.

The rest of this paper is organized as follows. In Section 2, we present some
basic definitions, lemmas, and preliminary results which will be used throughout
this paper. In Section 3, we first prove some composition theorems of the p-pseudo
almost automorphic functions, and then we prove some existence results of p-pseudo
almost automorphic mild solutions to semilinear fractional differential equations (1).
An example is given to illustrate the obtained results.

2. Preliminaries

In this section, we list some basic properties of p-pseudo almost automorphic func-
tions. Throughout the paper, the notations (X, || - ||) and (Y, | -||y) are two Banach
spaces and BC(R,X) denotes the Banach space of bounded continuous functions
from R to X, equipped with the supremum norm || f||o = sup,cp || f(¢)|. Let £(X)
be the Banach space of all bounded linear operators from X into itself endowed with
the norm:

1Tl 2y = sup{l|Tz]| : = € X, [ < 1}.

Throughout this paper, we denote by B the Lebesgue o-field of R and by M the
set of all positive measure p on B satisfying u(R) = +oo and pu([a, b]) < 400, for all
a,b €R (a < b).
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Definition 1 (see [20]). A continuous function f : R — X is said to be almost
automorphic if for every sequence of real numbers {s], }nen there ezists a subsequence
{8n}nen such that

g(t) = lim f(t+s,)

n— oo

exists for all t in R, and
lim g(t — s,) = f(¢t)

n— oo

for all t in R.

Definition 2 (see [18, 20]). A continuous function f: R x Y x Y — X is said to
be almost automorphic if f(t,z,y) is almost automorphic in t € R uniformly for all
(x,y) € K, where K is any bounded subset of Y x Y. The collection of all such
functions will be denoted by AA(R x Y x Y, X).

Definition 3 (see [18]). A bounded continuous function with a vanishing mean value
can be defined as

1 /7
Ado(R, X) = {¢ € BO(R,X) : lim 7/ l6(o)ldo = 0}.
T—o0 2T -T
Similarly, by AAy(R x Y x Y,X) we define the set of all continuous functions f :
R xY xY — X which belong to BC(R x Y x Y,X) and satisfy

1 7
lim — =
A 5 /T lp(o, z,y)||do =0,

uniformly for (x,y) in any bounded subset of Y x Y.

Definition 4 (see [18]). A function f € BC(R x Y x Y,X) s called pseudo al-
most automorphic in t € R uniformly in (z,y) € Y X Y if it can be written as
f =9+ ¢, where g € AAR XY x Y,X) and ¢ € AAg(R x Y x Y,X). We de-
note by PAA(R, X) (respectively PAA(R x Y x Y, X)), the set of all pseudo almost
automorphic functions f: R — X, (respectively f : R x Y x Y — X).

Definition 5 (see [7]). Let u € M. A bounded continuous function f : R — X is
said to be u-ergodic if

1
lim ————~ t)||ldu(t) = 0.
[, 1@

r=too p([=r,7])

We denote the space of all such functions by (R, X, u).
Similarly, by e(R x Y x Y, X, u) we define the space of all continuous functions
iR XY xY — X which belong to BC(R x Y x Y,X) and satisfy

. 1
lim .[ 150 ldut) =

e W=, )

uniformly for (x,y) in any bounded subset of Y x Y.
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Definition 6 (see [7]). Let p € M. A continuous function f : R — X is said
to be p-pseudo almost automorphic if f is written in the form: f = g+ ¢, where
g € AAR,X) and ¢ € e(R,X,u). We denote the space of all such functions by
PAAR, X, ).

Definition 7. Let p € M. A continuous function f : R x Y xY — X is said
to be p-pseudo almost automorphic if f is written in the form: f = g+ ¢, where
g€ AAR XY xY,X) and p € e(R x Y x Y, X, ). We denote the space of all such
functions by PAAR x Y x Y, X, p).

Obviously, we have AA(RxYXY,X) C PAARXYXY,X, u) C BORxYxY,X).
For p € M and 7 € R, we denote p, the positive measure on (R, B) defined by

pr(A) =pla+7:a€ A) for A€ B.

From pu € M, we list the following hypothesis ([7]).
(HO) For all 7 € R, there exist v > 0 and a bounded interval I such that

fir(A) < yu(A),
when A € B satisfies A(I = @.

Lemma 1 (see [7]). Let u € M satisfy (H0). Then e(R,X, u) is translation invari-
ant; therefore, PAA(R, X, u) is also translation invariant.

Lemma 2 (see [7, Proposition 2.13]). Let u € M. Then (e(R, X, pn), ] - ||e) is a
Banach space.

Lemma 3 (see [7, Theorem 4.1]). Let p € M and f € PAA(R, X, u) be such that
f =g+ ¢, where g € AAR,X) and ¢ € e(R, X, ). If PAA(R, X, p) 4s translation
invariant, then {g(t) : t € R} C {f(¢) : t € R}, (the closure of the range of f).

Lemma 4 (see [7, Theorem 2.14]). Let u € M and I be a bounded interval (even-
tually I = 0). Assume that f € BC(R,X). Then the following assertions are
equivalent.

(i) | € (R, X, p).

(ii) Tim, 4 ﬁ St 1F@ldut) = o.

u({t € [=r ]\ 12 IS0 > )
=\ D)

Remark 1 (see [7, Remark 2.15]). From p € M and the fact that p([—r,r]) =
w([=r, ]\ I) + u(I) for r sufficiently large, we deduce that

=0.

(11i) For any e > 0,lim,_, | o

Jim (] \ 1) = +oc.
Lemma 5 (see [7, Theorem 4.7]). Let p € M. Assume that PAAR,X,p) is
translation invariant. Then the decomposition of a p-pseudo almost automorphic
function in the form f =g+ ¢, where g € AA(R,X) and ¢ € e(R, X, p), is unique.
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Lemma 6 (see [7, Theorem 4.9]). Let p € M. Assume that PAAR,X,p) is
translation invariant. Then (PAA(R, X, 1), | - |loo) s a Banach space.

Definition 8 (see [9]). A closed linear operator (A, D(A)) with a dense domain
D(A) in a Banach space X is said to be sectorial of type w and angle 0 if there are
constants w € R, 6 € (0, %), M > 0 such that its resolvent exists outside the sector

w+Xg:={A+w:AeCl, |arg(—N)| <0}, (2)

M
A=A < ——, A Yg. 3
0= A7 < o A+ Ty 3)
Definition 9. Let 1 < a < 2. Let A be a closed and linear operator with a domain
D(A) defined on a Banach space X. We say that A is the generator of a solution

operator if there exist w € R and a strongly continuous function E, : Ry — L(X)
such that {\* : ReA > w} C p(A4) and

AT — A) e = / e ME, (t)adt, Rel > w, z € X,
0

From [9], if A is sectional of type w € R with 0 < 6 < (1 — /2), then A is a
generator of a solution operator given by

Eo(t) = / NN — A)7laN, >0,
g

with G a suitable path lying outside the sector w + ¥y. Furthermore, the following
lemma holds.

Lemma 7 (see [9]). Let A: D(A) C X — X be a sectorial operator in a complex
Banach space X, satisfying hypotheses (2) and (3), for some M > 0, w < 0 and
0 <60 <7w(l—af2). Then there exists C(0,a) > 0 depending solely on 0 and «,
such that (8.0 M

9,0) > 0. (4)

FE,(t < —1 71
o)l < T+ e L2

Now, we recall a useful compactness criterion.
Let b/ : R — R be a continuous function such that h'(t) > 1 for all ¢ € R and
R (t) = oo as |t| — co. We consider the space

O (X) = {u € CRX): lim ;Z,((’?) = o} .

Endowed with the norm ||ul[n = sup,cp %, it is a Banach space (see [15]).

Lemma 8 (see [15]). A subset R C Cy (X) is a relatively compact set if it verifies
the following conditions:

(c-1) The set R(t) = {u(t) : u € R} is relatively compact in X for each t € R.

(c-2) The set R is equicontinuous.
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(c-8) For each € > 0 ,there exists L > 0 such that ||u(t)|| < eh/(t) for allu € R and
all |[t| > L.

Lemma 9 (Leray-Schauder Alternative Theorem, see [14]). Let D be a closed convex
subset of a Banach space X such that 0 € D. Let F : D — D be a completely
continuous map. Then the set {x € D: x = AF(z), 0 < XA < 1} is unbounded or the
map F has a fized point in D.

3. Main results

In this section, we first prove some composition theorems for pu-pseudo almost au-
tomorphic functions under suitable conditions, and then apply these composition
theorems to establish some existence results for problem (1).

Theorem 1. Let pe M and f =g+ h € PAAR x X x XX, u). Assume that

(H1) f(t,x,y) is uniformly continuous on any bounded subset K C X x X uniformly
mteR.

(H2) g(t,x,y) is uniformly continuous on any bounded subset K C X x X uniformly
inteR.

Then the function defined by F(-) = f(-,¢(-), (")) € PAAR,X,pu) if ¢, ¢ €
PAAR, X, ).

Proof. Let f = g+ h with g € AAR x X x X,X), h € e(R x X x X, X, ), and
o=u+v, p=x+y, withu, x € AA(R,X), and v, y € e(R, X, ). Now we define

F(t) = g(t,u(t), z(t)) + f(t, o(t), (1)) — g(t, u(t), x(t))
= g(t,u(t), z(t) + f(t, 6(t), (1)) = f(t,u(t), 2(t)) + h(t, u(t), x(t)).

Let us rewrite

G(t) = g(t,u(t), z(t), ®(t) = f(t,o(t), (1)) = f(t, u(t), x(t)), H(t) = h(t,u(t), z(t)).
Thus, we have F(t) = G(t) + ®(t) + H(t).

In view of [17, Lemma 2. 2], G(t) € AA(R,X). Next we prove that ®(t) €
e(R,X,p). Clearly , ®(¢t) € BC(R,X). For ® to be in (R, X, y), it is enough to
show that

N / el =0

By Lemma 3, u(R) x 2(R) C $(R) x ¢(R) which is a bounded set. From assumption
(H1) with K = ¢(R) x ¢(R), we conclude that for each € > 0, there exists a constant
& > 0 such that for all ¢t € R,

16— ull + llp — x| <20 = [[f(t,6(t), 0(t)) — f(t,u(t),z(t)]| <e.
Denote the following set by A, . = {t € [-r,r] : || f(t)|| > €}. Thus we obtain

Are(®) = Are(F(t,6(8), 0() — F(tu(t), 2(1))) C Ars(8(t) — u(t))
A s5(0(t) = 2(t)) = Ars(v) U A, s(y).
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Therefore, the following inequality holds
plt € [=r, v || F (2 (1), o(t) — f(t u(t), z(t))]| > e}

p([=rr])
< mte=rrl:llo@) —u@) > o}
B /”'([_Tv T])
Lt lznr] o) — =] > 0}
p(l=r,7])

Since ¢(t) = u(t) + v(t), (t) = x(t) + y(t) and v, y € (R, X, u), Lemma 4 yields
that for the above-mentioned ¢ we have

pft € [=rr] : [|9() — u(t)|| > 63

e e
oy Ml o) el > 8
g8 pll=r7]) |

and then we obtain

Ly BLEE o] (00, 9(0) = F(t (), 2@)] > 2}

r—+00 M([_rv 7‘])

()

From Lemma 4 and relation (5), we draw a conclusion that ®(t) € (R, X, p).
Finally, it remains only to show that H(t) = h(t, u(t),z(t)) € e(R, X, u). We
have that the set u([—r,7]) X ([—r,r]) is compact since v and z are continuous on R
as almost automorphic functions. So, the function g belongs to AA(R x Y x Y, X),
and g is uniformly continuous on [—r,7] X u([—r,7]) X ([-r,r]). Then it follows
from (HI) that A(t,a,b) is uniformly continuous with (a,b) € u([—r,r]) x z([—r,7])
uniformly in ¢ € [—r,7]. Thus for any € > 0, there exists a constant § > 0 such that
for (a1,b1), (az2,b2) € u([—r,r]) x z([—r,r]) with |a; — az| + ||b1 — b2|| < § we have

e
Hh(taalabl) - h(ta a%b?)” < §a vt € [_T7 T]' (6)

On the other hand, since the set u([—r,r]) x x([—r,7]) is compact, there exist fi-
nite balls Oy with center (Bg,vx) € u([-r,7]) x z([-r,7]), &k = 1,---,m, and
radius less than 6 such that w([—r,7]) x z([—r,7]) C UL 0. Then the sets
Uy :={t € [-rr]: (u(t),z(t)) € Ok} ,k=1,--- ,m are open in [—r,r] and [—r,7] =
Upe Uy
Define Vj, by
Vi=Up, Vi =Up —UZU;, 2 <k <m.

Then it is obvious that V; N V; =0, if i # j, 1 <4, j < m. So we get

Ac={tel=ro]: JH@)| > &) = {t € [=r0]: |t u(0),2(0)] > )
€ URa{t € Vit (e, u(t). 2(8)) = h(t, By )l + IACE B ) | > <)
C Uiy ({1 € Vi Int.ule). 2(0) = hie. Bl > 5 }

U{te Ves vt 8ol = 5 }) -
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It follows from relation (6) that
5
{t € Vi« ||t u(t), z(t)) — h(t, Br, )| > 5} =0, k=1,....,m.

Thus, if we set An%(hk) = Aré(h(t,ﬁk,’yk)), then A, .(H) C UzlzlAn%(hk) and

1 - 1
M/{} [ H (t) |dpu(t) < ;M/[] ([ he (£)]dpa(t).

1
And since h € (R x X x X, X, i), we have

1

lim 7/ i (D)l|du(t) = 0, k=1,--- ,m.
T+400 M([—T,’f‘]) [—r,7]

It follows that lim, 4 m f[ir . |H(t)||dp(t) = 0. According to Lemma 4, we
deduce that H(t) = h(t,u(t),z(t)) € e(R,X, u). The proof is completed. O
From the above theorem, we have the following results.

Corollary 1. Let up € M. Suppose that f = g+ h € PAAR x X x X, X, u) with
g € AAR x X x X, X), h € e(R x X x XX, 1), and both f and g are Lipschitzian
with (x,y) € X x X uniformly in t € R. Then the function defined by F(-) =
Feo(),0(4) € PAAR X, ) if ¢, ¢ € PAAR, X, ).

Lemma 10. Let p € M and f = g+h € PAARXXXX, X, ). Assume that f and g
satisfy condition (H1),(H2). Then the function defined by F(-) := f(-,u(-), Bu(-)) €
PAAR, X, u) if u € PAAR, X, ).

Proof. First we note that if u € PAA(R, X, u), then v = z +y with x € AA(R, X)
and y € (R, X, ). Since B is a bounded linear operator on X, it is easy to show
that Bu = Bz + By are also bounded and By(-) € ¢(R, X, ). Therefore, Bz(-) €
AA(R,X)(]20, Corollary 2.16]), we deduce that Bu(-) € PAA(R,X, ). Hence, in
view of Theorem 1, we have F(-) € PAA(R, X, p). O

Definition 10 (see [3]). Assume that A generates an integrable solution operator
E,(t). A continuous function u : R — X satisfying the integral equation

u(t):/_ Ea(t — ) f(s,u(s), Bu(s))ds, € R

is called a mild solution on R to problem (1).
Let us list the following assumptions:
(H3) A is a sectorial operator of type w < 0.

(H4) There exist positive constants Ly, L', such that

1f &2, u) = f(ty, o)l < Lelle — yll + Lillu = oll, Vo, y, u, vEX.
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(H5) There exists a continuous nondecreasing function W : [0,00) — (0, 00) such
that

1f &z, o)l < Wzl +llyll)  for all teR and z, y e X.

Lemma 11. Let p € M. Let also f = g+ h € PAA(R, X, ) with g € AA(R,X)
and h € e(R, X, u). Then

F(t) :/t Ey(t—s)f(s)ds € PAA(R, X, p).

Proof. Let F(t) = G(t) + H(t) with

o= [ Bult = oo
_ /_too Bt — $)h(s)ds.

Applying Lemma 3.1 in [5], we obtain that G € AA(R,X), and by equation (4), the
operator E,(t) is bounded above by = +\w\)ta which belong to £}(R) .
Now let us show that H(t) € (R, X, ). For r > 0, we notice that

1 1
W) /H IE®Id® = Ty / o

_M/[ y /OOE (s)h(t — 5)ds

ree il /||E (e — s)ldsd(t)

1
SC("’“)M/ = |w|sa ( Tl - 8)”d“(t)> v

/ 1+ |w|50‘ %

where Q.(s) = gy Ji g 1R = ) [ldu(t)
By the fact that the space (R, X, u) is translation invariant, it follows that
t — h(t — s) belongs to (R, X, ) for each s € R and hence Q,-(s) = 0 as r — +oc.
Next, since Q, is bounded (||| < ||h]|s) and 1+|w|8“ is integrable in [0, oo,
using the Lebesgue dominated convergence theorem it follows that

[ ; Eo(t — $)h(s)ds

dp(t)

dp(t)

o0
Q
lim r(s)

————ds=0.
r=too Jo 14 |w|s®

The proof is now completed. O
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Theorem 2. Let p € M. Let also f = g+ h € PAAR x X x X, X, u) with
g€ AAR x X x X, X) and h € e(R x X x X, X, u). Assume that (H3)-(H4) hold,
then (1) has a unique mild solution in PAA(R,X, p) provided

wl=Hn

(Ly + L§lIBll£x))C(0, ) M <1, (%)

asin(m/a)
where the constants C(0,a) and M are those defined in Lemma 7.

Proof. Consider the operator Q : PAA(R, X, u) = PAA(R, X, ) such that

(Qu)(t / Eu(t — 0)f(o,u(0), Bu(o))do, teR.

In view of Corollary 1, Lemmas 10-11, the operator (Qu) is well defined.
Now for u,v € PAA(R, X, p1). From relation (4) and condition (H4), we have

1(Qu)(t v)(8)]
H/ a(t = 0)(f(o,u(0), Bu(o)) — f(o,v(0), Bu(0)))do

S[ 1Ea(t = 0)llee | f(o;u(o), Bu(o)) = f(a,v(a), Bu(a))||do

¢ C(Q,Q)M i /
< /m Tl —aya Lo (@) = (@)l + L1 Bu(e) = Bu(@)])deo

a)M
< (L LB — 7d
< (Ly + L Bleco) sup u(t) ~ o ||/ e

_1

< ! L .
Thus
jw| "=
[Qu — Qullos < (Ly + L Bllzx))C(6, a)MmHu — Vloo-

From the equation (x) and the Banach contraction principle, we can complete the
proof. O

The following existence result is based upon the nonlinear Leray-Schauder alter-
native theorem.

Theorem 3. Assume that p € M and A is a sectorial of type w < 0. Let f €
PAAR x X x X, X, p) satisfying (H1), (H2) and (H5) and the following additional
conditions:

(i) For each C >0

. 1 /t W1+ [IBll£x))Ch'(s))
ltl=o0 B (1) J oo L+ [w|(t —s)*

ds =0,
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where h' is the function applied to define the space Cp/(X).
We set

B(C) = C(6, )M H [ (or |||f|(§(ig)2;ih’(s)) )

where C(0,a) and M are constants given in inequality (4).

h'

(ii) For each € > 0, there is 6 > 0 such that for every u, v € Cp/(X), |lu—v|jp < ¢
implies that

C,a M/ 1 (5, u(s), 1+(S)3;|th(s) ). BY O g < o for anl teR.

(ifi) liminfe o0 555 > 1.
(iv) For all a, b € R, a < b and A > 0, the set {f(s,z,Bx) : a < s<b, x €
Cr(X), ||lz|ln < A} is relatively compact in X.

Then equation (1) admits at least one p-pseudo almost automorphic mild solution.

Proof. We define the operator I : Cy/ (X) — Cp/(X) by

t
(Tz)(t) := / E.(t—s)f(s,x(s), Bx(s))ds, te€R.
We will show that T" has a fixed point in PAA(R, X, ). For the sake of convenience,
we divide the proof into several steps.
Step 1: For z € Cy/ (X), we have that

ITz(t)]| < C(60 / Wll(s) 1|+J|rw|||£llcs) l=G))
(L4 [IBlleeo)llz]lah'(s))
9, a)M/ T+ wi(t = 5)° ds.

It follows from condition () that I' is well defined.
Step 2: The operator I" is continuous.

In fact, for any £ > 0, we take § > 0 involved in condition (i7). If z, y € Ch/(X)
and [z — y|[p < 6, then

)0 - T (o] < Co.apy [ IHERERD T B,

<6,

which shows the assertion.
Step 3: The operator I' is completely continuous.

We define B (X) for the closed ball with center at 0 and radius A in the space
X. Let V'(t) = T(Ba(Cr/(X))) and v'(t) = T'(z) for x € BA(Ch (X)). Firstly, we
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will prove that V’(t) is a relatively compact subset of X for each ¢ € R. It follows
W((L+ [|Blle) AN (t = s))
1+ |w|s>
on [0,00). Hence, for € > 0, we can choose a > 0 such that
oo !/
.o [ IO Bl =),
a L+ fw[s*

from condition (i) that the function s — is integrable

Since

V'(t) = / Ea(s)f(t—s,x(t—s),Bx(t—s))ds—i—/ Eu(s)f(t—s,z(t—s), Bx(t—s))ds
0 a

we get v'(t) € aco(N) + B¢(X), where co(N) denotes the convex hull of N and

N = {E.(s)f(¢,z,Bz) : 0 < s < a,t —a < & < |zl < A}. Just as the

proofs in [4, Theorem 3.5(ii)] and [15, Theorem 4.9(iii)], using the continuity of

E,(s) and property (iv) of f, we can infer that N is a relatively compact set and

V'(t) C aco(N) + B:(X), which establishes our assertion.
Secondly, we show that the set V’(t) is equicontinuous. In fact, we can decompose

and

/OO E.(s)f(t —s,z(t —s),Bx(t — s))ds

< C(9, a)M/OO W1+ ||f—1—£|(i)|l{:h’(t —5))

ds < g,

V' (t+s) =V (t) = /OS E,(o)f(t+s—o,z(t+s—0),Bx(t+s—o0))do
+/Oa[Ea(a+s) — Ba(0)f(t — 0,2t — ), Ba(t — 0))do
+/O°[Ea<a +8) = Ba(0)]f(t — o,2(t — o), Ba(t — o))do.

For each € > 0, we can choose a > 0 and §; > 0 such that

/Os E,(o)f(t+s—o,z(t+s—o0),Bx(t+s—o0))do

+ /OO[Ea(O' + 5) - Ea(O')]f(t — 0, -T(t _ 0,)7 B:E(t _ o'))do—
<capy | [

< W((1 B AW (t —
o [ IO Bl ),
a 1+ |wlo®

a

<e/2

for s < é;. Moreover, since {f(t—o,x(t—0), Bx(t—0)) : 0 < 0 < a,z € By(Cp/ (X))}
is a relatively compact set and F,, is strongly continuous, we can choose d5 > 0 such
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that ||[Eq(0 +s) — Eq(0)]f(t —0,2(t —0), Bx(t — 0))| < 5 for s < 5. Combining
these estimates, we get ||v'(t + s) — v'(¢)|| < € for s small enough and independent
of x € BA(Ch’( ))

Finally, applymg condition (i), we can see that
1+||B AR
vl / IBec) ARG o o
h'(t) 1+|W|(t—8)°“

and this convergence is mdependent of z € Bp(Ch/(X)). Hence, by Lemma 8, V' is
a relatively compact set in Ch/ (X).
Step 4: The set {2} : 2* = AT'\(z*), A € (0,1)} is bounded.

Let us assume that 2*(-) is a solution of equation z* = AT'(z*) for some 0 < \ <
1.

We can estimate

||a:)‘(t)|| = )\H/Oo Eo(t —s)f(s,2*(s), Ba*(s))ds
W (L +IBlleeo) e [wh' (s))

t
< M
< C(6, ) [m 1 el — o) ds
< Bl )R (B).
Hence, we get
[EIP%
o < 1
BllzMar)

and combining with condition (i), we conclude that the set {z* : 2* = AT'(2*), A €
(0,1)} is bounded.

Step 5: It follows from hypotheses (H1)-(H2) and Lemma 10 that the function ¢ —
f(t,z(t), Bx(t)) belongs to PAA(R, X, 1) whenever x € PAA(R, X, ). Hence, using
Lemma 11, we obtain I'(PAA(R,X, 1)) C PAA(R, X, i) noting that PAA(R, X, u)
is a closed subspace of Cj/(X). Consequently, we can consider I' : PAA(R, X, u) —
PAAR, X, u). Using Steps 1-3, we deduce that this map is completely continuous.
Applying Lemma 9, we infer that T' has a fixed point + € PAA(R,X, ), which
completes the proof. O

Remark 2. Similar conditions (ii)-(iv) in Theorem 3 are applied in [15] to inves-
tigate the compact almost automorphic solutions of a semilinear integral equation,
and to consider pseudo almost periodic solutions of a fractional order differential
equation in [4].

From [3, 15] and Theorem 3, we deduce the following corollary.

Corollary 2. Assume that p € M and A is a sectorial of type w < 0. Let (H2) hold
and f € PAAR, X, u) satisfying (H1) and inequality (4) and the following Holder
type condition:

||f(t,$1,l'2) - f(t7y17y2)H <7 [Hxl - y1||ﬁ + ||(L'2 - y2||6] ) 0< B < ]-7

for allt € R and z;, y; € X fori = 1,2, where v > 0 is a constant. Moreover,
assume the following conditions:
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(a) f(t,0,0) =q.

1+ B W (s)”
(b) sup,cp C’(G,a)Mffoo %ds =72 < 00.

(c) Foralla,be R, a<bandp >0, the set {f(s,z,Bx):a<s<bxe Cp(X),
lz||n < p} is relatively compact in X.

Then equation (1) admits a p-pseudo almost automorphic mild solution.

Proof. Let 79 = ||q|l, 11 = 7. We take W(&1 + &) = v+ [5{3 —l—fﬂ Then

condition (H5) is satisfied. It follows from (b); we can see that function f satisfies
(i) in Theorem 3. Note that for each ¢ > 0 there is 0 < §° < =, such that for

every z, y € Cp/(X), [lx — yl[nr < 0 implies that

" f(s,2(s), Bx(s)) — f(s,y(s), By(s))|l
C(G,a)M/_OO Rl

ds <e¢g

for all ¢ € R. Assumption (iii) in Theorem 3 can be easily verified by the definition
of W. So from Theorem 3 we can prove that problem (1) has a p-pseudo almost
automorphic mild solution. O

Corollary 3. Let p € M. Let also f = g+ h € PAAR x X x X, X, u) with
g€ AAR X X x X, X, pu) and h € e(R x X x X, X, ). Assume that (H3)-H(4) hold.
Then

D&u(t) = Au(t) + DI (t,u(t),u(t — 7)), 7, t €R,

has a unique mild solution in PAA(R x X x X, X, u) provided

|w|71/o¢7.r

(Lg + Lp)CO.00M 2ot

< 1.

Proof. Since Vt € R, u(t) € X, it suffices to consider shift operators defined as
Vvt € R, Bu(t) :=u(t — 7). Thus || B| zx) = 1. O
Example 1. To illustrate Theorem 2, we consider the following fractional differen-
tial equation:
0? 1

Diult,z) = 5zu(t) — au(t,z) + D™ f(u(t, z), Bu(t, z)), (7)
t € R,z € [0,7], with boundary conditions u(t,0) = (t,7) = 0, t € R, where
l<a<?2, B=(ly,

1
n

2 + cost + cos /2t

f(u(t,z), Bu(t,z)) = <Si + Sin_(—|t|)> (sin(u(t, x)) + Cu(t, ))

for each t € R, a, ¢ > 0 (for sin™ (—|t|), we can see [7]).
Set (X, || - [Ix) = (L*([0,7]), || - l2) and define

D(A) = {u € L*([0,7]) : v € L*([0,7]),u(0) = u(n) = 0},
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Au=Au=1u", Yue D(A).

It is well-known that A is the infinitesimal generator of an analytic semigroup on
L2([0,7]). Thus A is a sectorial of type w = —a < 0. Set the measure whose Radon-
Nikodym derivative o is defined by o(t) = sin™ (—|t|) + exp(—|t|) (see [7]) for t € R.
Then e(R, X, ) is translation invariant. We have

Hf(t’ u(t7 ')7 Cu(t’ )) - f(t’ U(ta ')7<U(t7 ))”2
< lu(t,-) = vt )z + Cllult, ) — ot
< (X4 Ollult, ) —vlt, )2

for all u(t,-), v(t,-) € L*([0,7]), t € R. Furthermore, one can easily check that

b sin g sin™ (—|¢t|) belongs to PAA(R,X, u) with sin™ (—[t|) as a

w-ergodic component and sin as its almost automorphic component.

1
2-+cos t+cos V2t
Consequently, f is a p-pseudo almost automorphic function with Radon-Nikodym
derivative o(t) = sin™ (—[t|) + exp(—|t|) for t € R. Hence by choosing ¢ and a such
that
asin(m/a)

1/
1+Qa’* < CO.aM

Assumptions of Theorem 2 are satisfied and (4.1) has a unique solution in PAA(R, X, u).
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