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k-type null slant helices in Minkowski space-time
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Abstract. In this paper, we introduce the notion of a k-type null slant helices in Minkowski
space-time, where k ∈ {0, 1, 2, 3}. We give necessary and sufficient conditions for null
Cartan curves to be k-type null slant helices in terms of their curvatures κ2 and κ3. In
particular, we characterize k-type null slant helices lying on the pseudosphere S3

1(r). We
find the relationships between 0-type and 1-type null slant helices, as well as between 1-type
and 2-type null slant helices. Moreover, we prove that there are no 3-type null slant helices
in Minkowski space-time.
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1. Introduction

In the Euclidean 3-space, it is well-known that a general helix (or a curve of constant
slope) is a curve whose tangent makes a constant angle with a fixed direction, which
is called the axis of the helix. The ratio of the curvature and the torsion of such
curve is constant, which is the necessary and sufficient condition for a curve to be a
general helix. Several authors introduced different types of helices and investigated
their properties.

In [8], a slant helix is defined as a curve having the property that its principal
normal vector makes a constant angle with a fixed direction (see also [9]). In [2]
and [6], some characterizations of slant helices in Minkowski 3-space are given. In
Lorentz–Minkowski spaces, null generalized helices are studied in [7]. In [3], k-type
spacelike slant helices in Minkowski space-time are defined and characterized.

In this paper, we introduce the notion of k-type null slant helices in Minkowski
space-time, where k ∈ {0, 1, 2, 3}. We give necessary and sufficient conditions for
null Cartan curves to be k-type null slant helices in terms of their curvatures κ2 and
κ3. In particular, we characterize k-type null slant helices lying on the pseudosphere
S3
1(r). We find the relationships between 0-type and 1-type null slant helices, as well

as between 1-type and 2-type null slant helices. Moreover, we prove that there are
no 3-type null slant helices in Minkowski space-time.
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2. Preliminaries

The Minkowski space-time E4
1 is a 4-dimensional affine space endowed with an in-

definite flat metric g with signature (−,+,+,+). This means that there are affine
coordinates (x1, x2, x3, x4) such that metric bilinear form can be written as

g(x, y) = −x1y1 + x2y2 + x3y3 + x4y4, (1)

for any two x = (x1, x2, x3, x4) and y = (y1, y2, y3, y4) in E4
1. Since g is an indefinite

metric, recall that a vector v ∈ E4
1\{0} can be spacelike if g(v, v) > 0, timelike

if g(v, v) < 0 and null (lightlike) if g(v, v) = 0. The vector v = 0 is said to be
spacelike. The norm of a vector v is given by ||v|| =

√
|g(v, v)|. Two vectors v and

w are said to be orthogonal, if g(v, w) = 0. An arbitrary curve α(s) in E4
1 can locally

be spacelike, timelike or null (lightlike) if all its velocity vectors α′(s) are spacelike,
timelike or null, respectively ([4]). A non-null curve α is parametrized by the arc-
length parameter s (or has the unit speed) if g(α′(s), α′(s)) = ±1. In particular, a
null curve α is said to be parameterized by the pseudo-arc s if g (α′′ (s) , α′′ (s)) = 1,

where a pseudo-arc function s is defined by s(t) =
∫ t

0
(g(α′′(u), α′′(u)))

1
4 du in [4].

Consider a null curve α = α(s) in E4
1 parameterized by the pseudo-arc s.

Then there exists a unique pseudo-orthonormal frame {T,N,B1, B2} along α, where
T (s) = α′(s), N(s) = α′′(s), B1(s) and B2(s) are the tangent, the principal normal,
the first binormal and the second binormal vector of α, respectively, satisfying the
conditions

g(T, T ) = g(B1, B1) = 0, g(N,N) = g(B2, B2) = 1,

g(T,N) = g(T,B2) = g(N,B1) = g(N,B2) = g(B1, B2) = 0, g(T,B1) = 1.

The frame {T,N,B1, B2} is called the Cartan frame of α, and it consists of two
linearly independent null vectors T and B1 of two spacelike vectors N and B2. Any
two vectors of the Cartan frame up to the pair (T,B1) are orthogonal. It is positively
oriented if det(T,N,B1, B2) = 1.

Definition 1. A non-geodesic null curve α : I 7→ E4
1 parameterized by the pseudo-

arc s is called a Cartan curve if there exists a unique positively oriented Cartan
frame {T,N,B1, B2} along α and three smooth functions κ1, κ2 and κ3 satisfying
Cartan equations [5] 

T ′

N ′

B′
1

B′
2

 =


0 κ1 0 0
κ2 0 −κ1 0
0 −κ2 0 κ3

−κ3 0 0 0




T
N
B1

B2

 . (2)

The functions κ1(s) = 1, κ2(s) and κ3(s) are called the first, the second and the
third Cartan curvature of α.

Let us set T (s) = V1(s), N(s) = V2(s), B1(s) = V3(s) and B2 = V4(s).

Definition 2. A null Cartan curve α with the Cartan frame {V1, V2, V3, V4} in the
Minkowski space-time E4

1 is called a k-type null slant helix if there exists a non-zero
fixed direction U ∈ E4

1 such that there holds

g (Vk+1, U) = const,
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for 0 ≤ k ≤ 3. The fixed direction U is called an axis of the helix.

In particular, 0-type null slant helices are generalized null helices and 1-type null
slant helices are null slant helices.

3. k-type null slant helices in Minkowski space-time

In this section, we will consider only non-geodesic null Cartan curves lying in E4
1,

i.e., the null Cartan curves with the first curvature κ1(s) = 1 and the third curvature
κ3(s) ̸= 0 for each s. When the third curvature κ3(s) is a non-zero function, note
that the second curvature κ2(s) can be equal to zero or different from zero. Let R0

denote R\{0}.

Theorem 1. Let α : I → E4
1 be a null Cartan curve in E4

1. Then α is a 0-type null
slant helix if and only if its curvature functions κ2 ̸= const and κ3 ̸= 0 satisfy the
relation (

κ′
2

κ3

)′

+ κ3 = 0. (3)

Proof. Assume that α is a 0-type null slant helix parameterized by the pseudo-arc
s. Then there exists a non-zero fixed direction U ∈ E4

1 such that

g (T,U) = c, c ∈ R0. (4)

Differentiating equation (4) with respect to s and using Cartan equations (2), we
easily get

g (N,U) = 0.

With respect to the Cartan frame {T,N,B1, B2}, the fixed direction U can be de-
composed as

U = u1T + cB1 + u4B2, (5)

where u1 and u4 are some differentiable functions of s. Differentiating equation (5)
with respect to s and using Cartan equations (2), we obtain the following system of
differential equations u′

1 − κ3u4 = 0,
u1 − cκ2 = 0,
u′
4 + cκ3 = 0.

(6)

If κ2 = 0, relation (6) implies c = 0 or κ3 = 0, which is a contradiction. Thus
κ2 ̸= 0. From the second and the third equation of (6) we get{

u1 = cκ2,
u4 = −c

∫
κ3ds.

(7)

Substituting (7) in the first equation of (6) we obtain

κ′
2 + κ3

∫
κ3ds = 0. (8)
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If κ2 = const, the previous relation implies κ3 = 0, which is a contradiction. Hence
κ2 ̸= const. Differentiating (8) with respect to s, it follows that (3) holds. Con-
versely, assume that curvature functions κ2 ̸= const and κ3 ̸= 0 satisfy relation (3).
Consider the vector U given by

U = cκ2T + cB1 + c

(
κ′
2

κ3

)
B2.

where c ∈ R0. Differentiating the previous equation with respect to s and using
Cartan equations (2), we find U ′ = 0. Hence U is a fixed direction. It can be easily
checked that

g(T,U) = c.

According to Definition 2, the curve α is a 0-type null slant helix with the axis U .

Corollary 1. The axis of a 0-type null slant helix α in E4
1 with the curvatures

κ2 ̸= const and κ3 ̸= 0 is given by

U = cκ2T + cB1 + c

(
κ′
2

κ3

)
B2, (9)

where c ∈ R0.

Putting c = 0 in relation (4) and differentiating relation (4) three times with
respect to s, we get κ3g(B2, U) = 0. Since κ3 ̸= 0, it follows that g(B2, U) = 0.
Then relation (5) reads U = 0, which is a contradiction. Therefore, we obtain the
next corollary.

Corollary 2. There are no 0-type null slant helices in E4
1 with curvatures κ2 ̸= const

and κ3 ̸= 0, whose axis U is orthogonal to the tangent vector of the helix.

Theorem 2. Let α : I → E4
1 be a null Cartan curve in E4

1. Then α is a 0-type null
slant helix if and only if for its curvature functions κ2 ̸= const and κ3 ̸= 0 it holds

2κ2 +

(
κ′
2

κ3

)2

= const. (10)

Proof. Assume that α is a 0-type null slant helix parameterized by the pseudo-arc
s. According to Corollary 1, the axis of α is given by (9). By using (9) and the
condition

g(U,U) = const,

it follows that (10) holds. Conversely, assume that (10) holds. Differentiating rela-
tion (10) with respect to s, we obtain

2κ′
2 + 2

(
κ′
2

κ3

)(
κ′
2

κ3

)′

= 0.

It follows that

κ3 +

(
κ′
2

κ3

)′

= 0.

According to Theorem 1, α is a 0-type null slant helix.
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If the axis U of 0-type null slant helix with the curvature κ3 ̸= 0 is a null direction,
by using relation (9) we obtain

2κ2 +

(
κ′
2

κ3

)2

= 0.

Integrating the last equation, we get the next corollary.

Corollary 3. Let α be a 0-type null slant helix in E4
1 with the curvature κ3 ̸= 0. If

the axis of α is a null direction given by (9), then curvature functions of α satisfy
the relation

κ2(s) = −1

2

(∫
κ3(s) ds+ C1

)2

,

where C1 ∈ R.

Theorem 3. Let α be a 0-type null slant helix with curvatures κ2 ̸= const and
κ3 ̸= 0, lying on a pseudosphere S3

1(r) in E4
1. Then its curvature functions are given

by

κ2(s) = −1

2
A2s2 +Bs+ C, κ3(s) = A, (11)

where A ∈ R0 and B,C ∈ R.

Proof. Assume that a 0-type null slant helix α parameterized by pseudo-arc s lies
on the pseudosphere S3

1(r) with the center at the origin and of radius r ∈ R+. Then

g(α, α) = r2.

Differentiating the previous relation four times with respect to s and using (2), we
obtain

g(α,B2) = − 1

κ3
.

Differentiating the last relation with respect to s and using (2), we get(
1

κ3

)′

= 0.

It follows that

κ3 = const = A, A ∈ R0. (12)

According to Theorem 1, the curvatures of α satisfy relation (3). Substituting (12)
in relation (3), we obtain

κ2 = −1

2
A2s2 +Bs+ C, (13)

where A ∈ R0 and B,C ∈ R. By using (12) and (13), it follows that (11) holds.
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Corollary 4. Let α be a 0-type null slant helix with curvatures κ2 ̸= const and
κ3 ̸= 0 lying on a pseudosphere S3

1(r) in E4
1. Then its position vector satisfies the

differential equation

α(5) +
(
A2s2 − 2Bs− 2C

)
α′′′ + 3

(
A2s−B

)
α′′ = 0,

where A ∈ R0 and B,C ∈ R.

Let us consider now 1-type null slant helices in E4
1 .

Theorem 4. Let α : I → E4
1 be a null Cartan curve in E4

1. Then α is a 1-type
null slant helix if and only if its curvature functions κ2 ̸= 0 and κ3 ̸= 0 satisfy the
relation

sκ′
2(s) + 2κ2(s) + κ3(s)

∫
sκ3(s) ds = 0. (14)

Proof. Assume that α is a 1-type null slant helix parameterized by the pseudo-arc
s in E4

1. Then there exists a non-zero constant vector field U ∈ E4
1 such that there

holds
g (N,U) = c, c ∈ R0. (15)

By using the Cartan frame of α, the fixed direction U can be decomposed as

U = u1T + cN + u3B1 + u4B2, (16)

where u1, u3 and u4 are some differentiable functions of s. Differentiating equation
(16) with respect to s and using Cartan equations (2), we obtain the following system
of differential equations 

u′
1 − κ3u4 + cκ2 = 0,

u1 − κ2u3 = 0,
u′
3 − c = 0,

u′
4 + κ3u3 = 0.

(17)

If κ2(s) = 0, relation (17) implies c = 0, which is a contradiction. Hence κ2(s) ̸= 0.
From the last three equations of (17), we getu1 = csκ2,

u3 = cs,
u4 = −c

∫
sκ3ds.

(18)

Substituting (18) in the first equation of (17), we obtain that curvature functions of
α satisfy the relation (14). Conversely, assume that (14) holds. Consider the vector
U given by

U = csκ2T + cN + csB1 − c

(∫
sκ3 ds

)
B2,

where c ∈ R0. Differentiating the previous equation with respect to s and using
Cartan equations (2) and (17), we find U ′ = 0. Hence U is a fixed direction. It can
be easily checked that

g(N,U) = c, c ∈ R0.

According to Definition 2, the curve α is a 1-type null slant helix with the axis U .
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Corollary 5. The axis of a 1-type null slant helix α in E4
1 with curvatures κ2 ̸= 0

and κ3 ̸= 0 is given by

U = csκ2T + cN + csB1 − c

(∫
sκ3 ds

)
B2,

where c ∈ R0.

If α is 1-type null slant helix whose principal normal is orthogonal to the axis
U , substituting c = 0 in relation (17), we get that (3) holds, which means that α is
0-type null slant helix. Conversely, every 0-type null slant helix is a 1-type null slant
helix with respect to the same axis whose principal normal is orthogonal to the axis.
This proves the next corollary.

Corollary 6. Let α be a null Cartan curve with the curvature κ3 ̸= 0 in E4
1. Then α

is a 0-type null slant helix if and only if α is a 1-type null slant helix whose principal
normal N is orthogonal to the axis U of the helix.

Example 1. Let α be a 0-type null slant helix in E4
1 . By using Cartan equations (2),

it follows that its tangent vector satisfies the fourth order linear differential equation

T (4) = (κ′′
2 + κ2

3 −
κ′
2κ

′
3

κ3
)T + (3κ′

2 −
2κ2κ

′
3

κ3
)T ′ + 2κ2T

′′ +
κ′
3

κ3
T ′′′. (19)

By choosing one of the curvatures κ2 and κ3 to be an arbitrary differentiable
function and using relation (3), equation (19) is very difficult to solve in a gen-
eral case. Only in some special cases, it can be solved in such way to give a nice
parametrization of the curve α. Let us choose

κ3(s) =

√
12

s2
.

Relation (3) implies

κ2(s) = − c0
s2

− 6

s2
+ c1, c0, c1 ∈ R0.

Putting c0 = c1 = 0 and substituting κ2 and κ3 in relation (19), we get the fourth
order linear differential equation with non-constant coefficients

s3T ′′′′ + 2s2T ′′′ + 12sT ′′ − 12T ′ = 0.

Putting T ′ = N in the last equation, we obtain the third order Euler differential
equation

s3N ′′′ + 2s2N ′′ + 12sN ′ − 12N = 0,

whose general solution reads

N = C1s+ C2 sin(2
√
3 ln s) + C3 cos(2

√
3 ln s),

where C1, C2, C3 are constant vectors in E4
1 . Up to isometries of E4

1 , we may choose
C1, C2 and C3 such that

N(s) = (s, s, sin(2
√
3 ln s), cos(2

√
3 ln s)).
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Integrating the last equation two times, we find that α has a parameter equation

α(s) = (
s3

6
+

s

26
,
s3

6
− s

26
,
s2

104
(−5 sin(2

√
3 ln s)− 3

√
3 cos(2

√
3 ln s)),

s2

104
(−5 cos(2

√
3 ln s) + 3

√
3 sin(2

√
3 ln s))).

A straightforward calculation shows that the Cartan frame of α is given by

T (s) = (
s2

2
+

1

26
,
s2

2
− 1

26
,
s

13
(sin(2

√
3 ln s)− 2

√
3 cos(2

√
3 ln s)),

s

13
(cos(2

√
3 ln s) + 2

√
3 sin(2

√
3 ln s))),

N(s) = (s, s, sin(2
√
3 ln s), cos(2

√
3 ln s)),

B1(s) = (−4− 3

13s2
,−4 +

3

13s2
,

1

13s
(−6 sin(2

√
3 ln s)− 14

√
3 cos(2

√
3 ln s)),

1

13s
(−6 cos(2

√
3 ln s) + 14

√
3 sin(2

√
3 ln s))),

B2(s) = (

√
3

13s
(1− 13s2),−

√
3

13s
(13s2 + 1),

1

13
(cos(2

√
3 ln s) + 2

√
3 sin(2

√
3 ln s)),

1

13
(2
√
3 cos(2

√
3 ln s)− sin(2

√
3 ln s))).

According to Corollary 1, the axis of α reads

U = cκ2T + cB1 + c

(
κ′
2

κ3

)
B2, c ∈ R0.

Substituting κ2, κ3, T,B1 and B2 in the previous equation, we find

U = (−13c,−13c, 0, 0).

Consequently, the axis is a lightlike vector. It can be easily checked that

g(T,U) = c, g(N,U) = 0,

which means that α is also a 1-type null slant helix whose axis U is orthogonal to
the principal normal.

The following Theorem 5 can be proved similarly to Theorem 2, so we omit its
proof.

Theorem 5. Let α be a null Cartan curve in E4
1 with curvatures κ2 ̸= 0 and κ3 ̸= 0.

Then α is a 1-type null slant helix if and only if it holds

2s2κ2 +

(∫
sκ3 ds

)2

+ 1 = const. (20)



k-type null slant helices 91

Theorem 6. Let α be a 1-type null slant helix with curvatures κ2 ̸= 0 and κ3 ̸= 0
lying on a pseudosphere S3

1(r) in E4
1 . Then its curvature functions are given by

κ2(s) =
B

s2
− 1

8
A2s2, κ3(s) = A, (21)

where A ∈ R0, B ∈ R.

Proof. By assumption, the curve α lies on the pseudosphere S3
1(r). This implies

κ3 = A, A ∈ R0. Substituting κ3 = A in relation (20), we get

2s2κ2 +

(
A

∫
s ds

)2

+ 1 = C, C ∈ R.

It follows that the curvature κ2 is given by (21), which proves the theorem.

Corollary 7. Let α be a 1-type null slant helix with curvatures κ2 ̸= 0 and κ3 ̸= 0
lying on a pseudosphere S3

1(r) in E4
1 . Then its position vector satisfies the differential

equation

4s4α(5) − (8Bs2 −A2s6)α′′′ + (24Bs− 3A2s5)α′′ − (24B + 3A2s4)α′ = 0,

where A ∈ R0, B ∈ R.

In the next theorem, we obtain the relationship between 1-type null slant helices
and 2-type null slant helices.

Theorem 7. Let α be a 1-type null slant helix with the curvature κ3 ̸= 0 in E4
1.

Then α is a 2-type null slant helix with respect to the same axis if and only if its
curvature functions satisfy the relations

κ2(s) =
d

cs+ e
, (cs+ e)κ3 +

(
cd

(cs+ e)κ3

)′

= 0, (22)

where c, d ∈ R0 and e ∈ R.

Proof. Assume that a 1-type null slant helix α parameterized by the pseudo-arc s
is a 2-type null slant helix with respect to the same axis U in E4

1. Then it holds

g(N,U) = c, g (B1, U) = d, c, d ∈ R0. (23)

By using the Cartan frame of α, a non-zero fixed direction U can be decomposed as

U = dT + cN + u3B1 + u4B2, (24)

where u3 and u4 are some differentiable functions of s. Differentiating equation (24)
with respect to s and using Cartan equations (2), we obtain the system of differential
equations 

−κ3u4 + cκ2 = 0,
d− κ2u3 = 0,

u′
3 − c = 0,

u′
4 + κ3u3 = 0.

(25)
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From the first two equations of (25) we obtain

u3 =
d

κ2
, u4 =

cκ2

κ3
.

Substituting this in the last two equations of (25), it follows that (22) holds. Con-
versely, assume that α is a 1-type null slant helix parameterized by the pseudo-arc
s whose curvature functions satisfy relation (22). Consider the vector U ∈ E4

1 given
by

U = dT + cN +
d

κ2
B1 +

cκ2

κ3
B2, (26)

where c, d ∈ R0. Differentiating relation (26) with respect to s and using Cartan
equations (2), we find U ′ = 0. Hence U is a fixed direction. It can be easily checked
that

g(N,U) = c, g(B1, U) = d, d ∈ R0.

According to Definition 2, the curve α is a 2-type null slant helix with respect to
the same axis, which proves the theorem.

Theorem 8. Let α be a null Cartan curve in E4
1. Then α is a 2-type null slant helix

if only if its curvatures κ2 ̸= const and κ3 ̸= const satisfy the relation

u′′
3 = κ2u3 − c, (27)

where u3 is given by

u3 = ce
−

∫ κ3(κ2
2+κ2

3)

κ′
2κ3−κ2κ′

3
ds

∫
κ2κ3

κ′
2κ3 − κ2κ′

3

e
∫ κ3(κ2

2+κ2
3)

κ′
2κ3−κ2κ′

3
ds
ds

and c ∈ R0.

Proof. Assume that α is a 2-type null slant helix parameterized by the pseudo-arc
s. Then there exists a non-zero fixed direction U ∈ E4

1 such that there holds

g (B1, U) = c, c ∈ R0. (28)

By using the Cartan frame of α, the fixed direction U can be decomposed as

U = cT + u2N + u3B1 + u4B2, (29)

where u2, u3 and u4 are some differentiable functions of s. Differentiating equation
(29) with respect to s and using Cartan equations (2), we obtain the system of
differential equations 

κ2u2 − κ3u4 = 0,
u′
2 − κ2u3 + c = 0,

u′
3 − u2 = 0,

u′
4 + κ3u3 = 0.

(30)
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If κ2(s) = const and κ3 = const ̸= 0, relation (30) implies c = 0, which is a
contradiction. Consequently, κ2(s) ̸= const and κ3(s) ̸= const. From the first and
the third equation of (30) we get

u4 =
κ2

κ3
u′
3. (31)

Substituting (31) in the fourth equation of (30), we find(
κ2

κ3

)′

u′
3 +

κ2

κ3
u′′
3 + κ3u3 = 0. (32)

From the second and the third equation of (30) we obtain

u′′
3 = κ2u3 − c. (33)

Substituting (33) in (32), we obtain the first order linear differential equation

u′
3 +

κ3(κ
2
2 + κ2

3)

κ′
2κ3 − κ2κ′

3

u3 =
cκ2κ3

κ′
2κ3 − κ2κ′

3

.

A general solution of the previous differential equation reads

u3 = e
−

∫ κ3(κ2
2+κ2

3)

κ′
2κ3−κ2κ′

3
ds
(c0 + c

∫
κ2κ3

κ′
2κ3 − κ2κ′

3

e
∫ κ3(κ2

2+κ2
3)

κ′
2κ3−κ2κ′

3
ds
ds),

where c0 ∈ R. Taking c0 = 0, we find

u3 = ce
−

∫ κ3(κ2
2+κ2

3)

κ′
2κ3−κ2κ′

3
ds

∫
κ2κ3

κ′
2κ3 − κ2κ′

3

e
∫ κ3(κ2

2+κ2
3)

κ′
2κ3−κ2κ′

3
ds
ds. (34)

Relations (33) and (34) imply that relation (27) holds. Conversely, assume that (27)
holds. Consider the vector U given by

U = cT + u2N + u3B1 + u4B2, (35)

where 
u2 = u′

3,

u3 = ce
−

∫ κ3(κ2
2+κ2

3)

κ′
2κ3−κ2κ′

3
ds ∫ κ2κ3

κ′
2κ3−κ2κ′

3
e
∫ κ3(κ2

2+κ2
3)

κ′
2κ3−κ2κ′

3
ds
ds,

u4 = κ2

κ3
u′
3.

and c ∈ R0. Differentiating relation (35) with respect to s and using Cartan equa-
tions (2), we find U ′ = 0. Hence U is a fixed direction. It can be easily checked
that

g(B1, U) = c, c ∈ R0.

According to Definition 2, the curve α is a 2-type null slant helix.
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If α is a null Cartan curve lying on a pseudosphere S3
1(r), then κ3 = const ̸= 0.

According to Theorem 8, if α is a 2-type null slant helix, then κ3 ̸= const. Hence
the next corollary holds.

Corollary 8. There are no 2-type null slant helices with curvatures κ2 ̸= const and
κ3 ̸= const, lying on a pseudosphere S3

1(r) in E4
1.

Corollary 9. The axis of 2-type null slant helix α in E4
1 with curvatures κ2 ̸= const

and κ3 ̸= const is given by

U = cT + u2N + u3B1 + u4B2,

where 
u2 = u′

3,

u3 = ce
−

∫ κ3(κ2
2+κ2

3)

κ′
2κ3−κ2κ′

3
ds ∫ κ2κ3

κ′
2κ3−κ2κ′

3
e
∫ κ3(κ2

2+κ2
3)

κ′
2κ3−κ2κ′

3
ds
ds,

u4 = κ2

κ3
u′
3.

and c ∈ R0.

Theorem 9. There are no 3-type null slant helices in E4
1 with the curvature κ3 ̸= 0.

Proof. Assume that there exists a 3-type null slant helix α with the curvature
κ3 ̸= 0, parameterized by the pseudo-arc s in Minkowski space-time. Then there
also exists a constant vector field U ̸= 0 in E4

1 such that it holds

g (B2, U) = c, c ∈ R0. (36)

Differentiating relation (36) with respect to s and using Cartan equations (2), we
get

g (T,U) = 0.

Differentiating the last equation three times with respect to s, we get

κ3g(B2, U) = 0,

which is a contradiction.
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