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ABSTRACT

An urban passenger transportation problem is studied.
Municipal authorities and passengers are regarded as par-
ticipants in the passenger transportation system. The mu-
nicipal authorities have to optimise road width and public
transport frequency. The road consists of a dedicated bus
lane and lanes for passenger cars. The car travel time de-
pends on the number of road lanes and passengers’ choice
of travel mode. The passengers’ goal is to minimize total
travel costs, including time value. The passengers try to find
the optimal ratio between public transport and cars. The
conflict between municipal authorities and the passengers
is described as a game theoretic model. The existence of
Nash equilibrium in the model is proved. The numerical ex-
ample shows the influence of the value of time and intensity
of passenger flow on the equilibrium road width and public
transport frequency.
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1. INTRODUCTION

The developing nations are facing a number of
problems, of which the transport problem is especially
acute. The traffic is getting heavier, but the infrastruc-
ture is not developing so fast. Not so long ago the
greater part of the population had few chances to own
and use cars because of low income.

Gradually the situation has changed. The increas-
ing income of citizens enabled more people to own
cars. A steady increase in car fleet has already result-
ed in the decline of public transport passenger flow
[1]. Thus, public transportation is under pressure in
this situation; round trip time increase, expenditure
growth, passenger flow decline and outdated vehicles
maintenance costs question the very existence of pub-
lic transport.

The municipal authorities have to solve two costly
problems, i.e. how to develop public transport and
transport infrastructure. These problems have no
simple solutions. Passengers’ travel mode choice and
route choice may lead to paradoxical results. The wide-
ly known Braess’s paradox [2] states that adding extra
capacity to a network when the moving entities selfishly
choose their route, can in some cases reduce overall
performance. The Downs-Thomson paradox [3] shows
that increasing road capacity can make traffic conges-
tion worse. Wide roads shift additional passengers into
cars; therefore, public transport frequency will decline
and traffic congestion will be worse than before.

Sometimes authorities make wrong decisions
which only aggravate the situation. However, many
cities try their hardest to improve the public transport
service, e.g., by dedicating lanes and ways for buses
[1].

The given paper is about mathematical modelling
concerning how municipal authorities make their deci-
sions in conditions of passengers’ travel mode choice.
It is the most complicated problem solved on the game
theory basis; therefore, it singles out two participants.

The transport scientists’ interest for game theory is
increasing greatly [4]. Many papers considered com-
petition among transport operators [4-7] or between
the transport operator and the government [4]. Paper
[5] introduced such participants as “potential pas-
sengers”, “operators” and “public authority”, but the
statement of the problem was presented as a non-
game model. The urban transportation system [6] was
represented as a coalition-free game between a set
of private companies (which change frequency) and a
set of passenger flows (that make travel mode choice).
The competition between operators with optimisation
of bus capacity, fares and frequency was researched
in[7].

The peculiarity of this paper is the construction of
the conflict model between the authorities and pas-
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sengers with the traffic congestion taken into account.
In this paper the traffic congestion is modelled by the
well-known Greenshields’ equation [8, 9].

"

The traffic model depends on the road structure.
In the paper the road consists of two parts (Figure
1): dedicated bus lane (only for public transport) and
for passenger cars. In this case public transport has
priority and its travel time decreases. In [10] simula-
tion models were developed in order to examine sev-
eral scenarios of dedicated bus lanes and bus priority
schemes so that the buses can provide the desired
level of service with the minimal impact on the rest of
the traffic.

Such road structure is spreading worldwide. For ex-
ample, modern bus rapid transit system is constructed
on busways [1]. However, the optimisation of public
transport frequency in bus way was also considered
in many papers i.e. [10-12]. In paper [11] a microeco-
nomic model for the operation of a bus corridor was
constructed that minimises total cost (users and oper-
ator) and has five decision variables: frequency, capac-
ity of vehicles, station spacing, fare payment system
and running speed. In [12] an extension of Jansson’s
model for a single period is developed analytically, in-
cluding the effect of vehicle size on operating costs
and the influence of crowding on the value of time.

In the present paper we are trying to optimise both
the public transport frequency and the width of road
for passenger cars.

L
A

Public Road

Dedicated Bus Lane

Figure 1 - Road width

2. STATEMENT OF THE PROBLEM FOR PEAK
PERIOD

Car congestion depends on traffic which increases
during peak period. Thus, the road capacity must be
optimised for this period.

The scheme in Figure 2 describes the transporta-
tion management system for peak period. Municipal

authorities optimise public road width and public
transport frequency (or interval) which depends on
passengers’ travel mode choice. The authorities’ solu-
tion determines the travel time by car and by public
transport. This information is required for passengers’
decision-making. The information about passengers’
travel mode choice is passed to the authorities.

The model of the transportation system consists of
the following parameters:

t: - average travel time on public transport (not

including waiting time);
average waiting time for public transport;

average travel time by car (reaching the
parking from the place where the need for
transportation occurred; leaving the park-
ing; parking; reaching the destination).
Time for transportation by car is not includ-
ed as it depends on car velocity;

average car velocity;

tw -
te -

cr - fare on public transport;
cc - cartravel costs (cc > cr);
y - average passengers’ value of time;
L - road length;

p -

A - passenger flow intensity.

probability that the travellers choose a car;

2.1 Passenger flow

Travel mode choice (TMC) theory describes pas-
sengers’ decision-making which depends on a lot of
parameters. For example, logit and probit distributions
are usually used for TMC models [13]. The logit mod-
els describe decisions made by the passengers in ac-
cordance with survey data, but these models do not
describe the objective functions. To construct the ob-
jective function in this research we developed further
the model from [6].

The model described passengers’ decision de-
pending on their time value, which has the exponen-
tial distribution [6]. Passengers with low income (less
than 7”) prefer public transport, but those with high
income (more than y’) use passenger cars. Such ap-
proach was used in [7, 14] where the uniform distri-
bution of passengers’ value of time is used. But the

Transit Travel Time |

| Optimise Transit Interval

y

[ Passenger Flow ]—>| Optimise Travel Mode Choice

Transit Passenger and Traffic
I g ={ Municipal Authorities ]

A

Car Travel Time |

Optimise Road Width

Figure 2 - Transportation management system during peak period
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presented paper is based on exponential distribution
with average 7 .

The average value of time of the passengers who
use public transport (mathematical expectation on
condition that value of time is less than 7").

g
x o fx : :
f Vexp{ V}dx [V-V’exp{-7 }-Vexp{-7 H

0 Y Y

‘1 i 1 { 7'}
4L X “expy-
Ofyexp{ 7,}dx Y

The probability that travellers choose car p is re-
lated to 7' as follows: 7' =-7In(p), therefore, the
average value of time for passengers who use public
transport is

[y +7pIn(p)-7p]
1-p

There is a simple formula for total travel time by
public transport ty + t:. Then time costs per travel by
public transport are

+rpin(p)-
[y rpl_ép) 2] P )

Using similar manipulation the time costs per trav-
el by car are obtained.

-7t +£) (2)

The passenger’s average total spending per travel

is
Go(twp,v) =[y +7pIn(p)-yp](tw+t) +cr(1-p) +
+[7P'7P|n(p)]<tc+%)+ccp~ min. (3)

Formula (1) includes full travel costs on public
transport (time costs (1) and fare cr), which are taken
with probability 1 -p, and full travel costs by car (time
costs (2) and car travel costs) which are taken with
probability p.

The main property of function (3) is convex down-
wards on variable p. The proof of the property is based
on the second derivative in (3). Also we must take into
account that the car mode requires less time than
public transport.

Go'(tw,p,v) = %[tw + bt H >0. (4)

This conclusion ensures the existence and unique-
ness of the solution to problem (3). The decision made
by passengers depends on public transport interval
and car velocity. The solution of (3) determines car
traffic intensity Ap and the number of passengers in
public transport A(1-p).

2.2 Municipal authorities

Optimisation of road width and public transport
frequency depend on the car traffic and the number
of passengers in public transport, which, in turn, are
determined by passengers’ decision (3).

First of all, the road width (which is synonymous
with capacity) must be optimised, as the road capacity
influences velocity. The basic Greenshields’ model [9]
determines velocity as

- 4
v—vo<1-p—j), (5)
where vo is free speed, o; - jam density, i.e. the den-
sity when traffic is so heavy that it is at a complete
standstill, o - average traffic density.

Traffic congestion may occur only in public roads
(Figure 1). The average traffic density depends on traf-
fic intensity and velocity as follows

The jam density (number of cars per distance unit)
depends on the road width w (Figure 1), lane width a

and vehicle length b.

w
0i=ab-

Thus Greenshields’ formula (5) is rewritten as fol-
lows

(6)
Let us express road width w in terms of the function
of variable v (i.e. velocity determines the road width)
_ Apabvo
" v(vo-v)©
It is simple to prove the convex downwards of (5) on
variable v. The second derivative is

1 1
—_ + R
2/1pab<v3 (Vo‘V)s) >0.

Let us introduce additional parameters:
¢r - spending on road expansion (width in-
crease);
d: - city environmental damage and spending
on public transportation (per trip);

dc - city environmental damage and spending
on car (per trip).

The number of public transport trips depends on
the interval. The dedicated lane ensures that public
transport traffic is a deterministic flow. Thus, the inter-
val is equal to 2t, and the frequency is

1
2tw *

The objective function of the municipal authorities
is to reduce time losses for passengers (1) and curb
spending on the infrastructure (7) and transport main-
tenance:

Fo(tw,p,v) = [y +7pIn(p)-yp](ts + t) +

L Cr/ipabVO
+yp-7p In(P)](tc + 7) + vivo-v) *

(7)

+2%fw+dc/1p~ min. (8)

The (6) includes the variables tw and v in the dif-
ferent addends. Therefore, it is easy to prove convexity
downwards on (8).
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2.3 Statement of the problem

The decision of municipal authorities depends on
passengers’ decisions. Also passengers use the au-
thorities’ decision (public transport interval and car ve-
locity) for their own decision-making. The interference
between decision-making of passengers and that of
the authorities leads to game theoretical formulation
of the problem.

Go (tw,p,V) — min
p

R (tw,p,v) — min ©)

tw,v

The Nash theorem [15] is used to prove the exis-
tence of equilibrium. Let’s consider the basic condi-
tions of the theorem.

First of all, the set of strategies is compact and con-
vex: p €[0,1], ve[0,w] and t, €[0,tv], where 2ty
is maximal interval for public transport during peak
period.

Secondly, the participants’ payoff functions are
convex upwards functions on their own strategies and
continuous functions on each participant’s strategies.
These conditions were proved in sections 2.1 and 2.2
(but we used loss functions (payoff functions with the
minus) which are convex downwards).

3. STATEMENT OF THE PROBLEM
FOR OFF-PEAK PERIOD

Passenger flow varies considerably. During on-
peak period it reaches its maximum, thus, road capac-
ity must be increased for such periods. As for off-peak
period, the municipal authorities have to manage only
public transportation frequency during this time.

The transportation management system is shown
in Figure 3. Passengers predetermine car traffic, but
any changes in traffic have an impact on car travel
time, which influences passengers’ decision-making.

3.1 Passenger flow

It is better to use the car driving time as a variable:

t=L. (10)

The objective function of passenger flow (1) is
changed by substituting (11)

G(tw,p,ta) = [y + ypIn(p)-7p](tu + ) +

+cr(L-p)+[yp-7pIin(p)|(tc + to) + cop — min. (11)

Passengers try to cope with two tasks: choosing
travel mode and reducing car travel time. But these
parameters are linked by Greenshields formula (6).
The solution of quadratic equation (6) determines the
velocity

Vo + /vé- 4/1pv§bVO

v= 5 (12)
The driving time is not less than
L _ 2L
o=+ = . (13)
v \/ > 4Apabvo
oy vorTy

The equality (12) is attained by solution of (11).
Also, the driving time (10, 12) is not greater than

2L
ta < Vo !
The conditions (13, 14) describe the convex set,
because the second derivative of (13) is

16A%2a%b°VEL

3
W2 (VO . /vg ) 4/1pv?bvo > (vS ) 4/1p;bvo )

vo+ 1/ V2 - ZMpv?va

2\/V§ ] 4/1p£bvo

(14)

11

3.2 Municipal authorities

Municipal authorities have only one variable during
off-peak period - public transport interval. Thus, (8)
may be simplified by removing unessential summand

F(tw,p) = [7 +7pIn(p)-7p](tw + t) + ZL{W — min. (16)

Itis evident that (15) is convex downwards function
on tw.

3.3 Statement of the problem

The statement of the problem for off-peak period is
based on the conflict between the passengers and the

Transit Travel Time |

| Optimise Transit Interval

y

[ Passenger Flow ]—>| Optimise Travel Mode Choice

Transit Passenger
I g { Municipal Authorities ]

Car Travel Time

Figure 3 - Transportation management system during off-peak period
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Figure 4 - Influence of the parameters of the models on the equilibrium frequency of public transport
and road width concerning: a) value of time; b) road construction costs;
c) car ownership costs; d) fare on public transport

authorities. The passengers have two variables while
the municipal authorities have one.
G(tw,p,ta) — min
p,ta
17
F(tw,p) — min (17)
tw
The solution of (17) is Nash equilibrium. The condi-
tions of Nash theorem are met. The proving is based
on the results of the last sections (3.1 and 3.2).

4. NUMERICAL EVIDENCE

The specific data values are different for each na-
tion. So the numerical evidence shows only the influ-

ence of the parameters on the solution. The solution
for peak is considered in Figure 4. The variables of the
municipal authorities are the road width for pasenger
cars and frequency of public transportation (inverse
value of waiting time).

Figure 4a shows that the increase in value of time
leads to the increase in the road width. But the fre-
quency is up for low income (when the possibility of
car using emerges) and down for high income (pas-
sengers prefer cars). Figure 4b shows that the increase
in road construction costs leads to the increase in fre-
quency (the authorities stimulate passengers to use
public transport). Figure 4c shows that the increase in

— — Road width

— Public transport frequency

— — Road width
—— Public transport frequency

) Intensity of Passenger Flow
a

Intensity of Passenger Flow

Figure 5 - Influence of the passenger flow intensity on the equilibrium frequency of public transport
and road width for a) peak period b) off-peak period
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car ownership costs leads to the increase in frequency
and decrease in infrastructure expenditure. Obviously,
increase in fares leads to degradation of public trans-
port.

The off-peak and peak periods have the same
parameters with the exception of the passenger flow
intensity. Thus, Figure 5 shows that the frequency in-
creases during off-peak period more rapidly than dur-
ing peak period, because the authorities may increase
not only the frequency but the number of lanes, too.

5. CONCLUSION

Vigorous social and economic changes in develop-
ing countries lead to transportation problems result-
ing from the possibility of citizens to choose the travel
mode. At present the level of motorization is growing;
therefore, the choice is getting very sensitive to time
value and travel time by each mode. Municipal authori-
ties have to decrease travel time for the sake of the
city sustainable development, therefore dedicated bus
lanes should be used. This problem solution requires
two parameters, road width and public transportation
frequency.

The mutual influence of road width, public trans-
portation frequency, travel time, congestion and travel
mode choice leads to constricting complicated mathe-
matical models. It must be noted that the general goal
function for authorities (which takes into account pas-
sengers’ decision-making) is not convex. Therefore,
such an approach cannot be a true way to the solution
of the problem for a real-sized city.

The present paper suggests a decomposition of the
models. Two participants are used; they are the pas-
sengers and the municipal authorities. In this case the
problem solution is the Nash equilibrium. The funda-
mental result of the paper is the proof of the existence
of the Nash equilibrium for the presented models.

The models will be developed further for the solu-
tion of traffic problems in real-sized cities. The partici-
pants of such a model will be road segments, public
transport lines and passengers flows. The existence
of the Nash equilibrium allows constructing fast algo-
rithms for solution of the problem of cities in the devel-
oping nations.

MAPK KOPAIMH, poKTOPp TEXHUUDSECKMX HayK
E-mail: markkoryagin@yandex.ru
NabopaTtopua MOAEAMPOBAHUSA COLMANbHBIX,
9KOHOMMYECKMNX U MPOU3BOACTBEHHbBIX CUCTEM,
KeMepoBCKMI roCcyAapPCTBEHHbIN
CEAbCKOXO3SIUCTBEHHbIN MHCTUTYT

KemepoBo 650056, Poccusn

AHHOTALINA

ATEHTHbIW MOAXOA IMPU ONTUMMU3ALIMMN
LUMPUHBI MPOE3XKEN YACTU AOPOIM MU YACTOTbI
ABWXEHWS OBLLIECTBEHHOIO TPAHCIIOPTA

Uccrepyetcss  npobrema  YNpaBAEHUSI  FOPOACKHUM
naccaxmpckmumMm TPaHCMopTOM. Y4aCTHUKaMU TPaHCMOPTHOM
CUCTEMbI ABAAKTCA MYHULUMWNAAbHbIE OpraHbl BAactu "
naccaxwupesl. I\/IyHmumna/\bele opraHbl BAGQCTHU  AONKHbI
ONTUMMU3NPOBATH LUMPUHY MPOE3KEH uactu AOpPOrv M
4acToTy ABMXeHUs1 06LLeCTBEHHOro TpaHcnopta. [lpoedxasi
4acCTb COCTOUT U3 ABYX yacreun: BbIAEAEHHasT [oAoCa AAS
0611IECTBEHHOIO TPAHCOPTa M MOAOCHI AAS  ABMXEHMS
ANYHOro aBToTPaHcropTa. Bpel\/m nepeaBuXeHnAa Ha AMMHOM
aBTOTPaHCNopTe 3aBUCUT OT KOAMYECTBa IMOAOC U Bbl60pa
naccaxupamu criocoba nepeABuxeHus. Lleanb naccaxupoB
MWHUMHN3NPOBaATbL CTOMMOCTb MNEepPeABUXEHNA BKAKOYAKLLYHO
CTOUMOCTb BPEMEHN naccaxupa. I'Iacca)KMpbl HaxoAsT
ONTUMaAbHOE COOTHOLUEHNE  MEXAY 06LueCTBeHHbIM nu
AMYHBIM TPA@HCMIOPTOM. KOHPAUKT MEXAY MyHULUNaAbHbIMU
opraHamMu BAQCTU U naccaxunpamm orncbiBaeTcAa C MoOMOLLbIO
TEOPETUKO-UTPOBOM  MOAEAU. [AOKa3aHO CylLIecTBOBaHMEe
paBHoBecHe Halla And AaHHOM MOAEAN. YNCAEHHbIV npumep
rnoKas3blBaetr BAWMAHWE CTOMMOCTU BPEMEHU [accaxupa
W WHTEHCUBHOCTM MacCaxuvporiotoka Ha paBHOBECHbIE
LUMPUHY TPOEIXKEN HacTU AOPOTrM M 4acToTy ABMXKEHMWS
00611/eCTBEHHOrO TpaHcnopTa.

KAOYEBBIE CAOBA

Teopusa Urp, BblIAEAEHHasa [oAocCa;
nepeABUXEHNA; aBTOMOOMAbHbIE 3aropbl;

BblibOp criocoba
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